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PREFACE 


This book has been written in an attempt to provide an introduc* 
tion to statistical mechanics suitable for students who, while of 
limited mathematical experience, require, nevertheless, to appreci- 
ate something of the content and importance of modern statistical 
theories, especially in the field of physical chemistry. It is based 
on lectures given during the past two or three years, while I was 
a member of the Department of Physical and Inorganic Chemistry 
in the University of Leeds, to third-year Honours chemistry 
students and young research workers. I could have wished no 
better audience, and should like here to acknowledge my indebted- 
ness to the lively discussions which often followed these lectures 
and contributed very greatly to my own understanding of the 
subject. 

The emphasis of the book is on the fundamental principles and 
techniques of statistical mechanics, rather than on their applica- 
tion to specific physical or chemical problems. Inevitably, how- 
ever, some application of these principles to definite experimental 
phenomena must be made : both in order to confirm the validity 
of the basic statistical postulates and to illustrate the kind of 
understanding which statistical interpretations afford. I hope that 
my choice of these illustrations will not seem too arbitrary. For 
the most part the examples chosen are of quite fundamental 
importance (as, for instance, the statistical interpretation of the 
specific heats of gases) : others have been included either on 
account of their mathematical suitability or because of current 
interest within the department in which I was lecturing. For this 
latter reason I have dealt in some detail with the theory of non- 
ionic solutions. But I must emphasize that these lectures were not 
intended in any way to cover the ground in theoretical chemistry. 
Nor is this book. Its aim is simply to take a student with no 
previous knowledge of statistical mechanics, and little mathe- 
matical equipment, sufficiently far for him afterwards to be able 
to read original papers and standard treatises (see bibliography) 
with some understanding and not too much effort. 
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PREFACE 


Until the last chapter, when something is said, briefly, of their 
interconnexion, statistical mechanics and thermodynamics are 
regarded as largely independent disciplines both bearing on our 
field of inquiry: some acquaintance, therefore, with the basic 
concepts of thermodynamics is presupposed. Nevertheless, I think 
that all the thermod 3 mamic formulae which have been used have 
been derived from first principles either in the text or in appendixes 
at the end of the book. Mathematically, no knowledge is presup- 
posed apart from that which is indispensable to any scientist: 
acquaintance with logarithmic and exponential functions, elemen- 
tary algebra, and the fundamentals of differential and integral 
calculus. Although there are problems of statistical mechanics 
which require for their satisfactory solution very powerful in- 
struments of pure mathematics, it is quite surprising how much 
progress is possible with the help only of simple and elementary 
tools. 

Any book which makes no special claim to originality necessarily 
owes much to current standard treatises, and while I have tried to 
avoid conscious plagiarism my indebtedness to the works listed 
in the bibliography will be apparent to all who are familiar with 
them. I only hope that the result of this present text will be that 
many others are enabled to enjoy those weightier publications, 
indispensable to serious research workers. It has seemed inappro- 
priate, in an exposition which is primarily theoretical, to make 
detailed reference to the origin of experimental values listed in the 
half-dozen tables of physical measurements. Most of these tables, 
which give the experimental values that I quoted in my lectures, 
were derived from miscellaneous sources: in so far as many of 
these can be traced in the reference books already mentioned, I 
hope that this expression of my indebtedness to them may be 
taken as sufficient acknowledgement. Table II is rather excep- 
tional in that its columns were taken as they stand from the 
corresponding table on p. 90 of Fowler and Guggenheim’s Statis- 
tical Thermodynamics, I am very grateful to Professor Guggen- 
heim, F.R.S., and the Syndics of the Cambridge University Press, 
for their kind permission to use this table. 

It gives me much pleasure to express my gratitude to the many 
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friends who have helped me in this work. Particularly must I 
thank Professor C. A. Coulson, who was not only responsible for 
my starting to write the book but has read the whole manuscript 
and corrected many of its errors, and Professor M. G. Evans, 
F.R.S., with whom I have had countless invaluable discussions : 
for their kind encouragement I am especially grateful. I must also 
thank by name Dr. N. B. Slater and Mr. J. S. de Wet for their help 
in correcting the proofs and checking the examples. 

Finally, I am much indebted to the officers of the Clarendon 
Press for their unfailing patience and helpfulness, which have made 
my share in the business of publication so agreeable and pleasur- 
able a task. 

G. S. R. 

OXFOBD 

January 1949 
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I 

INTRODUCTION 


!• Statistical mechanics is concerned with interpreting and, as 
far as possible, predicting the properties of macroscopic physical 
or chemical systems in terms of the properties of the microscopic 
systems (atoms, molecules, ions, electrons, etc.) of which these 
aggregates are composed. It is, moreover, primarily concerned 
with the equilibrium properties of macroscopic systems and not 
with the velocity with which this equilibrium is reached. The 
theory of rate-processes is called kinetic theory and, although of 
great importance, is still very much in process of development and 
hardly yet on as sound or final a basis as is the theory of the 
properties of thermodynamic systems which have attained com- 
plete equilibrium. This book will deal only with the latter field, 
in which the rules are already well established. 

The field is, of course, by no means an unimportant one. For 
we shall be concerned with the theory underlying the interpreta- 
tion, in terms of molecular structure and intermolecular forces, 
of such diverse physical or chemical properties as the specific heat 
of a gas, the partial vapour pressures of a solution or the melting- 
point of a solid. We shall not, however, attempt to deal with all 
existing applications of statistical mechanics. Some of these, e.g. 
to the melting-point of a solid, are necessarily either superficial 
or mathematically very involved: and most are already easily 
available either in standard treatises (such as Fowler and Guggen- 
heim; see Bibliography) or in original papers. The present book 
aims rather at preparing the ground so that such more detailed 
and elaborate works may be read with profit. The basic concepts 
and principles of statistical mechanics are introduced, it is hoped, 
both simply and systematically, and the examples chosen to 
illustrate the application of the principles, and to further a clear 
understanding of them, are generally of quite fundamental im- 
portance. Some examples of rather minor interest, however, have 
been included when these have served to extend the mathematical 
technique. For statistical mechanics is essentially a mathematical 

4t»73 « 
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science, and besides introducing the basic concepts and principles 
of the theory an elementary book must also develop some of 
the necessary mathematical tools. Here, however, we have 
deliberately kept to the very simplest methods. 

The theory is called statistical mechanics because it evidently 
has to do with average behaviour, in much the same way as an 
actuary is concerned with average behaviour when dealing with 
population statistics. The pressure of a gas, for example, on the 
walls of its container, is clearly some kind of average rate of 
destruction of the momenta of the gas molecules on collision with 
the walls. For, by definition, pressure is force per unit area and, 
by Newton’s laws of motion, force is rate of change of momentum. 
Strictly, the pressure will be subject to fluctuations, but these will 
usually be too small to measure. The existence of local fluctua- 
tions in the pressure, or density, of a gas is revealed by the blue 
colour of the sky (Rayleigh); the Brownian movement of colloidal 
suspensions and the shot effect in electronics are other well known 
instances of fluctuation effects. The theory of fluctuation pheno- 
mena is a branch of statistical mechanics, but one with which we 
cannot start off : it constitutes a rather specialized field, which is 
largely outside the scope of this book. 

2. Before the development of statistical mechanics, there were 
two major theoretical sciences which dealt with the behaviour of 
bulk matter: classical mechanics and thermodynamics. These, 
associated respectively with the names of such men as Newton, 
Euler, and Hamilton on the one hand and Carnot, Joule, and 
Planck on the other, formed well-estabhshed sciences, valid in 
their own proper domains, but with little or nothing by way of 
a link between them. 

By classical mechanics we mean mechanics based on Newton’s 
laws of motion, in distinction to the more recent quantum or 
Wave mechanics which, we now know, replaces the older theory 
when very small bodies, of atomic size, are considered. Although 
one of our main concerns in subsequent chapters will be to empha- 
size the differences in macroscopic properties resulting from quantal 
rather than classical behaviour (of the atomic systems of which 
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bulk matter is composed), in the present paragraph it will be 
sufficient to confine attention to the more familiar classical con- 
cepts. These concepts of classical mechanics are simply time, dis- 
placement, mass, velocity, energy, force, etc., and the equations 
of classical mechanics describe the motion, in time and space, of 
bodies, generally macroscopic bodies, acted upon by given forces. 
The equations can be solved accurately only when very few bodies, 
such as those of a planetary system, are involved. 

Thermodynamics, by contrast, deals with the general laws 
governing heat effects: the total conservation of energy, whether 
mechanical or thermal, the existence of entropy, the phase rule, 
and so on: a field having at first sight no intimate connexion with 
classical mechanics. It is concerned only with very general pro- 
perties of bulk matter: a typical thermodynamic formula, for 
instance, being that connecting the difference between specific 
heats at constant pressure and constant volume, respectively, with 
compressibility and the coefficient of thermal expansion, i.e. 


c^-c, = 



A certain familiarity, on the part of the reader, with the basic 
concepts of thermodynamics and some knowledge of the more 
important formulae, are assumed throughout this book. For easy 
reference, however, most of the formulae required, together with a 
concise derivation of them from statements of the first and second 
laws of thermodynamics, are collected together in Appendix I. 

Now just because the fundamental laws of thermodynamics are 
so general, applying equally to a litre of hydrogen and a block 
of ice, thermodynamics, as such, is completely unconcerned with 
specific molecular behaviour. Why, at the same temperature and 
external pressure, H 2 O molecules can form a solid while Hg mole- 
cules form a gas, is a question thermodynamics alone cannot 
answer.! Yet the limitations of classical mechanics are equally 
profound. It is easy to suppose that if we could solve the 3.10^ 
formulae of Newtonian mechanics for a thermodynamic system 


t It is, however, not quite true to say that thermodynamics is altogether 
unconcerned with molecular models: cf. the last chapter. 
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of 10*® atoms we should possess a complete description of the 
properties of the bulk matter. Quite apart from the possibility 
of so doing, this is not true. Our answer would still be in terms 
of space-time concepts (mass, position, velocity of each atom, etc.) 
and not in terms of thermodynamical concepts such as heat con- 
tent, entropy, or specific heat. There is a gap here which has to 
be bridged by some entirely new ideas. It is the theory of 
Statistical Mechanics, due to Boltzmann, Gibbs, Fowler, and 
others, which provides the bridge. 

3. Before stating the fundamental problem of statistical me- 
chanics explicitly, we must give rather more precision to our 
terminology. So far, as the reader will have observed, we have 
employed the word system to denote two very different entities. 

In the first place it has been used, e.g. in the phrase thermo- 
dynamic system, to describe any collection of macroscopic bodies 
(solids, liquids, or gases) among which thermal, physical, or 
chemical changes can occur. Secondly, it has been used, e.g. in 
the phrase microscopic system, to describe one of the basic particles 
(atom, molecule, ion, or electron) the statistical behaviour of a very 
large number of which gives rise to the measurable properties of 
a macroscopic body. Such dual usage is liable to produce confu- 
sion, and we shall, therefore, use the word assembly to denote what 
we have so far called a thermodynamic, or macroscopic, system; 
and we shall reserve the word system, by itself, for what we have 
hitherto called an atomic, or microscopic, system. This termino- 
logy is not universal, in the literature of statistical mechanics, 
though it is used in the writings of Fowler and Guggenheim and 
has a great deal to commend it. More precisely, then: 

(i) We shall refer to a thermodynamic system, no matter how 

many, or few, phases and constituents it comprises, as an 
assembly. 

(ii) We shall reserve the word system as a generic term for any 
of the atoms, molecules, ions, etc., of which the assembly 
is composed. 

There are two other related words which we shall use in a 
restricted technical sense, and it is convenient to give their defini- 
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tions here. They are the words species and components. The 
systems of an assembly can be of differing species. Thus we may 
take for our assembly a piece of brass: the systems then com- 
prise two species, copper atoms and zinc atoms (or, if we wish 
to be more precise, there are three species, copper ions, zinc ions, 
and electrons). Alternatively, we might consider a quantity of 
gaseous HCl. In this assembly HCl systems preponderate, but 
there are also necessarily some H2 and CI2 molecules in dissociative 
equilibrium with them. When these traces of Hg and Clg can be 
ignored, as, for instance, in the theory of the specific heat of 
gaseous HCl, we shall say that there is only one species present, 
namely HCl molecules. But if we are particularly interested in 
the value of the equilibrium constant between HCl, Hg, and Clg 
then we must recognize that our assembly contains (at least) three 
types of system, and we shall refer to each distinct type of system 
as a distinct species. In the present instance we should recognize 
(probably) three species in the assembly: Hg molecules, CI2 mole- 
cules, and HCl molecules. Quite generally, 

(iii) The number of species present is the number of different 
types of system which we recognize as existing as distinct 
entities in the assembly. Each distinct type constitutes a 
species. 

In the above example, however, the numbers of systems of the 
three species, Hg, Clg, and HCl, are not independent. If we add 
more systems of the type Hg, then the number of HCl systems 
will also change, on account of the chemical reaction. We shall 
refer to the independent chemical constituents of an assembly as 
its components. Thus, in the above example, there are two com- 
ponents: though whether we regard Hg and Clg or CI2 and HCl or 
HCl and Hg (molecules) as specifying these components does not 
matter. Actually we should, in this case, probably not choose any 
of the three species as components, but take the two components 
of the assembly to be H atoms and Cl atoms, from which all three 
species are built up. In general, 

(iv) the number of components of an assembly is the number 
of independent types of system from which we may regard 
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all the species present as built up or deriving. Which 
species, or types of system, we choose to regard as the 
primary components, and which as simply derivative 
species, is a matter of convenience. 

This particular nomenclature, however, will not concern us again 
until Chapter XII. 

After these preliminary definitions, we return to a statement of 
the fundamental problem of statistical mechanics. This is to derive 
the properties of assemblies from those of the systems which compose 
them. Or, in terms of our bridge metaphor. 


The Mechajstical Properties 

Velocities or momenta 
Positions 

Kinetic and potential energies 
etc. 

OF THE Systems 


( The Thermodynamic Properties 
Temperature 
Pressure 
Entropy 
Specific heat 
etc. 

^ OF THE Assembly. 


have 
to be , 
linked 
with 


The substitution of quantum mechanics for classical mechanics 
does not seriously affect this problem. It merely changes the 
‘mechanical’ description of the systems, precise assessments of 
position and velocity having to be replaced by probability distri- 
butions or wave-functions. 

In building this bridge, we shall not hesitate to work from both 
sides. In the last chapter of this book we shall look at the possi- 
bilities of building from one side only — which, of course, must be 
from the side of mechanics since we cannot pass from statistical 
averages to a precise knowledge of individual behaviour — but to 
start that way is only to add unnecessary difficulties to our task. 
Because statistical mechanics bridges the gap between mechanics 
and thermodynamics, the analogous term statistical thermodynamics 
is nowadays coming into use. It is possibly less forbidding but 
also, perhaps, less satisfactory, since it is mechanical and not 
thermodynamical properties which have to be averaged. 

4 . At first sight, the most obvious link between mechanics and 
thermodynamics is to be found in the similar properties of the 
average kinetic energy, per system, of an assembly consisting of a 
very large number of interacting systems and the temperature of 
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the assembly itself. We can, indeed, advance the following argu- 
ments in support of a connexion between the two concepts: 

(i) If an isolated assembly radiates heat its temperature falls: 

since heat is a form of energy, we may conclude that the 
average kinetic energy of each of its systems falls too. 

(ii) The kinetic energy of all the systems will, due to collisions, 
tend to become more or less uniform| throughout the 
assembly, just as temperature also tends to become uniform 
throughout an assembly. 

The mechanical aspect of (ii), though subject to theoretical proof, can 
be nicely demonstrated by a mechanical model due to Bohr. The model 
employs a number of small balls and a shallow basin (ball-bearings and 
a large watch-glass are quite suitable). If one ball is placed at rest in the 
bottom of the basin, and another is shot down the side so as to collide 
with it, then, on collision, the stationary ball may well acquire the 
momentum of the moving one and be ejected from the basin. But if 
several balls are placed in the basin, it is then possible to shoot another 
into them with considerable velocity without any of the originally 
stationary balls acquiring sufficient momentum to be ejected. The 
demonstration is most striking if the base of the basin is flat and the 
balls placed in it are not quite in contact with each other. 

(iii) The specific heats of assemblies tend to assume values inde- 
pendent of the temperature. Though this requires a lot of 
qualification, there is sufficient truth in the statement to 
suggest a linear relationship between mean kinetic energy 
and temperature. 

We shall later derive the relation between mean kinetic energy 
and temperature quite rigorously, and shall then find that such a 
linear dependence is frequently valid. In fact, we shall find that 
the mean kinetic energy corresponding to any particular momen- 
tum of a system, e.g. the average value of \mx^ corresponding to 
motion in the a:-direction, is often given by 

=: 

where T is the temperature and k is Boltzmann’s constant, i.e. 

t Wo shall find that there is an equilibrium distribution of kinetic energies; 
see § 6 below and later. 
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the gas constant per molecule, equal to 1*3805.10-^® erg/deg. 
It follows at once that gases whose systems are complex molecules 
will tend to have larger specific heats than those whose systems 
are simple atoms. For since complex molecules possess vibrational 
and rotational modes of kinetic energy as well as kinetic energy 
of translational motion, a given addition of heat to the assembly 
will cause a smaller increment in the average kinetic energy of 
any particular mode, and hence a smaller rise in the temperature 
of the assembly. 

Despite the ease, however, with which we can make out a strong 
case for an intimate connexion between average kinetic energy 
and temperature, this line of argument will not take us very far. 
The main reason is that the simplicity of relationship breaks down 
when classical mechanics gives place to quantum mechanics. The 
rather premature discussion above has been included solely to 
accustom the reader to thinking in terms both of mechanics and 
thermodynamics, and to show the kind of insight we may hope 
to gain from a properly founded statistical theory. We shall now 
proceed to develop a very much more useful line of approach. 

5. Thermodynamically, we know that entropy tends to increase, 
and never decreases, in an isolated assembly. 

As we shall illustrate below, this is a property also of the 
‘mechanical’ concept of disorder, or randomness, among the very 
many systems of the assembly. And a full exploitation of this 
analogy, between entropy and randomness, provides the link that 
we are seeking. 

Before attempting to give a precise measure to the ‘mechanical* 
concept of randomness or disorder, it will be well to explain 
qualitatively what is meant by these terms. The general idea is 
clear enough. When, for instance, a liquid evaporates to give a 
gas it is well known that the entropy, per mole, of the gas is 
considerably greater than that of the liquid. It is also evident 
that the evaporation of the liquid has destroyed a limited know- 
ledge that we had about the positions of the systems of the 
assembly. Randomness and disorder are almost synonymous 
with uncertainty and ignorance. Moreover, any further expansion 
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of the gas, say at constant temperature, increases our ignorance 
of the whereabouts of the molecules and simultaneously produces 
an increase in the entropy of the assembly. 

As a second illustration, we may consider the interdiflusion of 
two different gases. If, by the removal of a partition between 
them, two different gases, let us suppose originally at the same 
temperature and pressure, are allowed to diffuse into each other 
we again have an increase of entropy in the whole assembly. 
Again, too, we have lost a certain knowledge about the molecules, 
though this is not of quite the same kind as in the case of the 
expansion of a gas into a vacuum. We are more ignorant now in 
that whereas before the removal of the partition knowledge that 
a molecule was at a certain place gave us also knowledge of the 
nature of the molecule, after the removal of the partition this is 
no longer true: even if we have ‘located' a molecule we still have 
no a priori knowledge of the species to which it belongs. 

As the last example shows, it is sometimes not most helpful to 
think of entropy as associated simply with uncertainty or ignorance 
of position, although, in that case, since every system is somewhere 
we can reduce the uncertainty to ignorance of position if we so 
wish. Consider, for instance, the increase in entropy of a gas 
which results from an increase in temperature, the volume being 
kept constant. Increasing the temperature imphes that we have 
increased the kinetic energy of the systems of the assembly. If 
all these systems had exactly the same energy, i.e. had precisely 
the mean energy (given by the total energy divided by the 
number of systems), then merely increasing the total energy 
would not add to our ignorance of the microscopic state of the 
assembly. But this is not so. We shall find that the systems 
possess a distribution of energies about the mean, some having 
more than the average energy and others less; and increasing the 
total energy does, indeed, increase our ignorance as to which 
systems have a high energy and which have a low energy. Devia- 
tions from the equilibrium distribution of energies are actually 
unimportant and do not, in general, contribute to the entropy: 
consequently, if we so wish, we can again think of the entropy as 
associated with the positions of systems having various energies. 
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Nevertheless it is wiser, and certainly sounder at the present 
stage, to associate entropy with total ignorance or uncertainty, 
rather than merely with ignorance or uncertainty about the spacial 
positions of the systems. 

Having now a qualitative idea of what we mean by randomness 
or disorder, ignorance or uncertainty, as applied to the micro- 
scopic state of an assembly, it remains to give the concept a 
precise quantitative measure. 

To do so it is useful to consider, by way of analogy, the shuffling 
of a pack of cards. If these are originally in their correct order 
(corresponding to a state of zero entropy) and we start to shuffle 
them (comsponding to thermal agitation due to a rise in tempera- 
ture) then, at any later stage, we are uncertain of the order of 
the cards (corresponding to a gain in entropy). Obviously a 
measure of our uncertainty, or of the state of disorder in the pack, 
is given by the number of a priori equally probable arrangements 
of the cards at the stage that we have reached. Let us denote this 
number by m. 

Now consider two packs of cards shuffled independently. Then 
the number of equally probable arrangements of the cards in both 
packs (tu) is the product of the respective numbers of arrange- 
ments for the two packs separately (xi7i and tcrg): for any particular 
arrangement of the cards in one pack can occur with any of the 
possible arrangements of the cards in the other pack, i.e. 


W " W-ji^XJT2’ ( 1 ) 

On the other hand, thermodynamically, the entropy (aS) of an 
assembly consisting of two independent parts is the sum of the 
entropies (S^ and >§ 2 ) of the two parts separately, i.e. 

s = S,+S2. (2) 

Thus we may contrast: 

(i) The increasing property of vr with the increasing property 

of S, 

(ii) The multiplicative property oftiT with the additive property 
of S. 
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This suggests a relationship of the form*|* 

S = klnvT, (3) 

where is a constant for then (2) follows from (1), i.e. 

/S = i^lntJT = == khlvT^-\-k\iim2 = Si~{-S2‘ 


Equation (3) forms the basis of our first serious approach to 
statistical mechanics, except only that when dealing with an 
assembly we shall replace the symbol m, introduced in the example 
above, by the more customary symbol ii. The equation then 


reads 


S = klnD, 


(3') 


and connects S, the entropy of the assembly, with Q, the number 
of a priori equally probable complexions, or micromolecular states, 
of the assembly. 


6. Before we proceed to the evaluation of fi for particular 
assemblies there are two final points, concerning equation (3'), 
which must be made. 

The first is that, since in any isolated assembly the total internal 
energy {E), the volume (F), and the number of systems which it 
contains {N) are fixed, E, F, and N must be supposed fixed, i.e. 
given quantities, when we evaluate fi. The argument may not be 
entirely convincing but a further, and more cogent, reason is 
provided by a consideration of the thermodynamical equation (see 

Appendix I, §a) ^ dE+PdV-yidN. (4) 

This equation connects the small changes in entropy, internal 
energy, volume, and the number of systems in an assembly 
(assuming that only one species is present) consequent upon any 
small change in the thermodynamic state of the assembly. It 
shows that a change in ^ is governed by changes in the three 
independent quantities E, F, and N which, fortunately, are all 
‘mechanical’ concepts. Our problem, then, is to evaluate Q, not as 
a mere number which would be quite uninteresting, but as a 
function of the number of systems in the assembly, the volume 
within which these are contained, and their total energy. The 

t We use In in place of the more cumbersome log^ to denote natural logarithms. 

t It is not difficult to show that this is the only possible relationship for which 
(2) will follow from (1). 
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total energy, of course, includes contributions from all types of 
potential energy as well as from all types of kinetic energy. That 
Q depends explicitly on JS, F, and N is most simply expressed 
symbolically by the equation 

Q==n(E, V,N) 

to be read as 'fl depends on (or, is a function of) the variables 
E, F, and N\ 

The second point, following from this, is that once we know Q 
as an explicit function of E, F, and N we know not only S but 
all the thermodynamic properties of the assembly. For, by equa- 
tion (4), the temperature (T), the pressure (P), and the chemical 
potentialt are given by 



In terms of fl, by equation (3'), these formulae read 


and 



(ба) 

( бб ) 

(6c) 


Therefore when we know Q, explicitly as a function of P, F, and N 
we can, by partial differentiation, derive also expressions for T, 
P, and fx; and thence obtain any other thermodynamic quantities 
that we may require. 

We shall, later, prove that the constant k, occurring in equations 
(3') and (6), is simply Boltzmann’s constant, k (see §4 above). 


t Since N denotes the number of systems, is the chemical potential per 
system (not per mole). To obtain the partial molar Gibbs free energy we must 
multiply b> Avoga^’s number, N^, 
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Meanwhile, however, we shall leave k an unknown constant and 
proceed to the evaluation of II for certain simple, but very im- 
portant, assemblies. 

EXAMPLES 

1. A perfect gas satisfies the equation of state PV ~ ET, per mole, 
where R is a constant. Use the thermodjmamic formula quoted in section 2 
above to prove that for any such assembly 

^ (P®r mole). 

2. For any thermodynamical assembly, the Helmholtz free energy, F, 
is defined by the equation F — E— TS. Use equation (6 a) to prove 


/lnn\ / 

/ainn\ 

\ E /yj,l 

\ eE Jvji' 


3, For any thermod 5 mamical assembly, of one component, 

E--TS-\-PV = N/x. 

Use this equation to prove that for any such assembly D must satisfy the 
differential equation 


_/ainD\ , Tr/^hin\ , ../ainn\ 

+n-5r), 
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AN ASSEMBLY OF INDEPENDENT LOCALIZED 
SYSTEMS 


1 . In Chapter I we indicated a basis for statistical mechanics in 


the equation 


8=^klnQ, 


( 1 ) 


connecting the entropy of an assembly with the number of a priori 
equally probable complexions, or micromolecular states (of the 
assembly) corresponding to given values of jE?, F, and N. We 
certainly did not pretend to derive equation (1) at all rigorously, 
but merely indicated the field of statistical mechanics and gave 
plausible grounds for expecting an equation of this type to hold. 
For the present we must regard the validity of equation (1) as 
ultimately resting on the agreement of theoretical results deduced 
from it with experimental data. 

To proceed to derive these theoretical results, we have to 
calculate Q,{E, F,N), i.e. as a function of E, F, and N for the 
assembly. Now Q, by definition, is the number of a priori equally 
probable complexions of the assembly corresponding to given 
values of E, F, and N, In the absence of any indication to the 
contrary, we can only assume that 

all conceivable different micromolecular states of the assembly 
(complexions) corresponding to the same values of E, F, and N, 
are equally probable, (a) 

This hypothesis underlies the whole of statistical mechanics and, 
like equation (1), must, for the present, be regarded as justified 
a posteriori^ by the success of the theory based on it. In the last 
chapter of this book we shall consider again the foundations of 
the statistical mechanics which we shall now commence to develop 
on the basis of these assumptions. 

We shall work, to start with, in terms of quantum mechanics 
and not classical mechanics. For not only is quantum mechanics 
frequently more applicable to the systems of an assembly, but 
also the resulting formulae are simpler and more easily interpreted. 
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We shall make the transition to classical mechanics in Chapter IV 
and then, of course, use whichever theory is appropriate. 

The simplest of all assemblies to consider is one that consists 
of N systems, all alike, which are localized in space and inde- 
pendent of each other. Both these terms, however, require a little 
explanation. By localized we mean that though the systems may 
vibrate about their mean positions these mean positions are them- 
selves fixed in space and there is only one system in the neighbour- 
hood of each of them. Clearly a crystalline phase, in which the 
systems are more or less located at certain fixed lattice-points, falls 
in this category. By the second epithet, independent, we mean 
that, at any instant, the state of any one system is entirely un- 
affected by the state of any of the other systems. There is, of 
course, one condition making the above statement not quite 
precise, namely that the total energy of the assembly, E, is fixed. 
But, apart from this one condition, we mean by independent 
systems that the energy, or any other property, associated with 
any one system is entirely independent of the simultaneous charac- 
teristic properties of the other systems. 

Now the distinctive feature of quantum mechanics is that, for 
any single system moving in a potential field, there is generally 
a set of discrete energy levels to each of which belongs one 
stationary wave-function. f In terms of quantum mechanics, then, 
the condition of independent systems implies that for any one 
system there is a set of permissible energies, e^, eg,..., e^,... say, 
and whichever energy the system has is entirely unaffected by the 
energies of the other systems provided that the energy of the whole 
assembly is E, 

Our problem, now that we have defined an assembly of N 
independent localized systems, is to evaluate Q, the number of 
distinguishable states of the assembly. We have first to decide just 
what states to include; for any system, of course, need not be in 
a quantum -mechanically stationary state. Since, however, the 
energy of a system is not definite for a non-stationary state and, 
moreover, non-stationary quantum states are simply built up of 

t We do not exclude degenerate levels, but shall refer to them more particularly 
below. 
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linear combinations of stationary states, we are led to modify, or 
particularize, assumption (a) above so as to read, in terms of 
quantum mechanics, 

all distinguishable siaJtiomiry states of the assembly y correspond- 
ing to given values of E, V, and N, are equally probable ] and the 
number of them is JP, F, N), (6) 

The evaluation of il now involves a straightforward algebraic 
calculation. 

The problem is simple. We have N systems, each having one 
of its permissible energies, cg,..., and the total energy is E. 
In how many ways can this occur ? Suppose that, in any particular 
state of the assembly, 

n^ systems have energy 
rig systems have energy cg 
( 2 ) 


n^ systems have energy 


then the set of numbers n^, Wg,..., n^,... gives a certain specification 
of the state of the assembly, but does not fix it completely. Even 
when the numbers n^, rig,..., w^,... are known, we still do not know 
just which of the N systems have energies or cg, etc. ; we only 
know that n^ of them have energy n^ of them have energy cg 
and so on. But the number of different states of the assembly 
corresponding to a given set of numbers n^, Wg,..., is simply the 
number of ways of dividing N things into groups with rig,..., 
%,... members in each group, which is (see Appendix II) 

n^Irig! ,.,n^l ... 


or, as we shall write it, 



(3) 


Thus the total number of different states of the assembly is given 
by the sum of expressions of the form (3) for all possible sets of 
the numbers Wi, tIv,..., i.e. 


Q 


Nl 




r 


(4) 


(all possible sets of 
values of At. 
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There are, of course, two restrictions on the permissible values 
of the numbers ng,..., . The assembly contains N systems 

and their total energy is E: consequently 

= 2 (^) 

i 

and Wi€i+W 2 e 2 +...+w,e,-|-... = T = ^. (6) 

i 

We have, therefore, to sum the right-hand side (r.h.s.) of (4) subject 
to these two conditions, (5) and (6). 

We combine (4), (5), and (6) by writing briefly 



Before we proceed to evaluate this sum, there is one comment 
to be made. The numbers w, n without a suffix standing for the 
set of numbers Tig’-*** - » do iiot occur in the answer, i.e. in 

Q. They are introduced only for convenience and, since we sum 
over all possible values of them, do not appear in the final result. 
Nevertheless, we shall find their use most important, and they 
are known as distribution numbers. Conditions of the form of (6) 
and (6) we call restrictive conditions on the distribution numbers. 

2. The explicit evaluation of the sum (4'), in closed algebraic 
form, is difficult owing to the restrictive conditions on the distri- 
bution numbers. Yet if there were no such restrictive conditions 
we should not be much better off, for then the sum would diverge.^ 
Moreover, it is through the restrictive conditions that the quanti- 
ties E and N enter into Q, so that Q — 0.{E, V, N) as we require. 
As we shall see later, V enters into £2 through the energy levels 

€l» €2,.-, . 

Actually the evaluation of (4') in closed algebraic form is im- 
possible unless N is very large. But when N is very large it can 
be shown that only the largest term in the sum makes any effective 
contribution to £2. We shall discuss the meaning of this in more 

t The number of permissible energy levels for any one system is usually 
ini^te, and, without the restrictive condition (6), the sum (4') is simply the 
number of levels raised to the power N. 

4973 p 
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detail, and attempt some justification of the statement, in para- 
graph 6 below: meanwhile we shall proceed, on the basis of this 
postulate, to pick out the greatest term in the sum on the r.h.s. 
of (4'), and equate Q. to it. The number of systems in a thermo- 
dynamic assembly is customarily of the order of which is 
certainly a very large number. 

Now the general term in (4') is 

X 

and we require the greatest value of t for any permissible values 
of Tij, • The problem, therefore, is simply that of finding 

the w’s which make t{n) a maximum. At first sight, then, we might 
expect to have to satisfy dt(n)ldn^ — 0 for all i. But owing to the 
restrictive conditions on the n's these are not all independent 
variables, and we must be rather more careful. 

For any small changes, StIj, Sng,..., in Wg,..., 

producing a corresponding small change 8 ^ in t(n), we have 

S< = ^8ni + ^Sn2+...+^8»f+... (8) 

where dtjdni denotes the partial differential coefficient of t{n) with 
respect to t(n) being regarded as a function of independent 
variables ng,..., • This is true whatever the small changes 

8 ^ 1 , 8 n 2 v> . Owing, however, to the restrictive conditions 

(5) and ( 6 ), t and t-^8t are both terms of the sum in (4') only if 
8wj-|-87i2~t" •••”!“ 871 ^-}-... == 0 (9) 

and €i 8 wi+^ 2 ^^ 2 +-+^iSri^+- - == 0 . 10 ) 

Here (9) and ( 10 ), the differential forms of ( 6 ) and ( 6 ), assure the 
constancy of N and E, respectively, and restrict the small changes, 
87 I 1 , 8 n 2 ,..., 8 w^*,... among the w’s to those which correspond to 
passing from one to another of the terms of the sum in (4'). 

If we multiply (9) by a and ( 10 ) by j 8 and add these to ( 8 ), we 
obtain 

+ . .. ( 11 ) 

whatever the values of a and jS. 
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Now if the n's have values which make l(n) a maximum, then 
8< == 0 for all small changes Sn. Since we are looking for these 
particular w’s, we require the r.h.s. of (11) to vanish for all small 
values of consistent with (9) and (10). But 

equations (9) and (10) may be regarded as giving and Srig in 
terms of the independent small quantities Sn^, 8714,..., . If we 

choose a and j8 so that 


and 


^+.+fc = «, 


then 8^ = -f a+^e3j8n34--.. + |^^ + a+^fij87i^+**‘ 


and 8 t = 0 for any values of the independent small quantities 
8713, 8714,..., 871^,... only if 

— + — 0, 


dn.^ 

A 

dn^ 


+ 0L+p€^ = 0 , 


dn^- 


+ CX+p€i = 0 , 


i.e. the equations we have to satisfy, to find the n*& which make 
t{n) a maximum, are 


^ + = 0 


for all i, 

i.e. i = 1, 2, 3,... . 


(12) 


As we should expect, these equations are all of the same form; i.e. all 
values of i enter on the same footing. The restrictive conditions (9) and 
(10) may be regarded as giving any two of the 8n’s in terms of the others, 
and the argument above then modified accordingly, to give the same 
set of equations (12) for all values of i. 


The method which we have outlined here, and of which a more 
general discussion is given in Appendix III, is known as Lagrange’s 
method of undetermined multipliers. The 'undetermined multi- 
pliers’ are a and j8, the unknown constants by which we multiplied 
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the restrictive conditions (9) and (10) before adding them to 
equation (8). They do not, however, remain undetermined, for, 
as we shall see below, the equations (12) together with the restrictive 
conditions (5) and (6) are sufficient to determine a and j3 as well 
as the w’s for which t(n) has its greatest value. 


3. Having secured the requisite mathematical tool, we have 
now to use it in the case when t{n) is given by equation (7). The 
evaluation of dtjdn^ looks difficult, but is greatly simpUfied if we 
consider not t but In^. When t{n) is greatest so also is In^(n): we 
are therefore justified in seeking those n’s which satisfy the 
equations . 

— + a+iS£, = 0 (i= 1,2,3,...) (13) 

dn^ 

instead of equations (12).| This makes things easier, since 

hit = IniV^!— Innil—lnng!— Inri^! — ... 

= constant— ^ Inn^! 

1 

= constant— J (n^lnw^— w^.). 

% 

In the last step, we have used the well-known mathematical 
formula known as Stirling’s formula^ (see Appendix IV). Then 
differentiating with respect to (w.r.t.) n^, 


8\nt 

diii 



(riilnw,— nj 


= — ln»f— 1-f 1 


= -InWf. 


(14) 


Putting (14) into (13) we have, finally, 

Inn^ = a-f j8€f (i = 1, 2, 3,...). (16) 

The equations (16) are the equations we were looking for, giving 
us the values of n^, n^,—, w,-,... satisfying the restrictive conditions 
(6) and (6) and leading to the greatest term, t{n), in the sum in 

t Though the n’s are the same whether we satisfy (13), (6), and (6) or (12), 

(5) , and (6), a and p are, of course, altered. We shall, below, regard (13), (6), and 

(6) , and not (12), (5), and (6), as defining a and jS. (12) was introduced only for 
convenience in explaining the method of undetermined multipliers. 

} Inn! -^nlnn— n: read, Inn! can be replaced by nlnn— n when n is suffix 
cierUly large. 
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(4'). That the term corresponding to these n’s is indeed the 
greatest, and not the least, term in the sum, can be proved without 
much difficulty, but we shall not go into the proof here. The 
necessary satisfaction of the restrictive conditions is ensured by 
the, as yet, undetermined constants ol and j8. 

By good fortune the equations (15) are already separated equa- 
tions, i.e. only one n occurs in each equation. Their solution is 
immediate, i.e. 

r= (t =r 1,2,3,...) 

or where A = 

These, then, when a and are chosen to satisfy equations (6) and 
(6), are the values of the n's which correspond to the greatest 
of the terms in the sum in (4'), i.e. in Q. For the present, and 
for the sake of clarity, we shall denote these particular n's by 
n*, 71* V, (later we shall sometimes drop the stars when 

no confusion is likely to arise without them). Then 



^xnax 

= t(n*) 

II 

(16) 

where 

nf = = 

= 

1,2,3,...), 

(17) 

and 

II 

ss 



(S') 

and 

Xnte,= E. 



(6') 


I 


At the end of paragraph 1 of this chapter, we remarked that 
the distribution numbers, n, could not occur in Q{E, V,N) since 
we summed over all possible values of them. But since then we 
have assumed, so far without proof, that when N is sufficiently 
large (as is the case for all thermodynamic systems) only the 
greatest term in the sum representing Q makes any effective 
contribution to Q. That being so, i.e. if we are equating Q. to 
<xnax> certain particular values of the distribution numbers do 
occur in the simplest expression for £i (equation (16)) — although, 
of course, we could avoid their appearance, by getting rid of the 
n*'8 between equations (16), (17), (5'), and (6'), if we so wished. 
Actually, owing to their physical interpretation, this particular 
set of distribution numbers, nf, nj,..., n*,..., is very important 
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for a clear understanding of the properties of the assembly, and 
we shall call it the equilibrium set of distribution numbers. Our 
unproved postulate is that there are overwhelmingly more distinct 
microscopic states of the assembly corresponding to this particular 
set of distribution numbers than there are for all other possible 
sets of distribution numbers put together.! 

Since (assumptions (a) and (6) above) all distinct microscopic 
states of the assembly are, for thermodynamic equilibrium, counted 
as equally probable, it follows that the assembly is overwhelmingly 
more likely to be found in a state corresponding to the distribution 
numbers n*, tiJ,..., n*,,.. than in any other state: and therefore 
these particular distribution numbers are appositely described as 
equilibrium distribution numbers. Alternatively, we may refer to 
them as the distribution numbers corresponding to the most 
probable distribution (of energy among the many systems of the 
assembly). 

^ 4. The thermodynamic properties of our assembly are now 
given by 

S = klnQ 


— k In ^xnax 

= ilnA^I-jfc^lnn?! 

(by Stirling’s formula) 
= k^N In N— '^n*]nn*'j by (5') 

= k[N]nN-'^nf{c+p,i)] by (17) 

= k{NlnN-ocN-^E) by (6') and (6'). 

We can easily get rid of a since, by (17) and (5'), 



or a = lniyr-ln|; 

Consequently, 8 = k^N In e^*<— ?E). (18) 

t To be interpreted in the light of paragraph 6 below. 
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It is more difficult to get rid of but we shall find that this 
is not necessary. For, by equation (5 a) of Chapter I, 


and, from (18) 


m ==1 

[dEjy^^ T 

1 (18) 


The first term on the r.h.s. of (19) is self-evident: the second arises 
from the fact that jS itself depends on J^on account of the equa- 
tions (17), (5'), and (6'). In the partial differentiation with respect 
to j8 everything else has, of course, to be kept fixed, and we have 

i 




-E (introducing in both 
numerator and denominator) 


Consequently 


0, on account of (5') and (6'). 


= -kp 


and p, in equation (18), could equally well have been regarded as 
a constant. 

Equation (20), combined with (5a) of Chapter I, shows us at 
once that jS has a physical meaning. In fact 

4 = -¥ 

T ^ 

or ^=-llkT. (21) 


P is simply a measure of the temperature of the assembly, and 
equations (17), (5'), and (6') tell us that the temperature is fixed 
when E, F, and N are known — ^which is certainly true. 
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Returning to equation (18), we have now 

S = kNln^e-^^^^+E/T. (18') 

1 

But E— T8 measures the Helmholtz free energy of the assembly, 
which we shall denote byf F. Consequently (18') can be written 

F = -NkT In ^ (22) 

X 

which, remembering that the depend on the volume of the 
assembly, expresses F not in terms of E, F, and N but in terms 
of T, F, and N , This, however, is a much better choice of variables 
as far as F is concerned. For, thermodynamically (see Appendix 

dF = -SdT-PdV+iidN (23) 

SO that, in dealing with F, T, F and N are certainly the most 
appropriate variables to use. 

5, Thus, for an assembly of independent localized systems, the 
bridge between the mechanical properties of the systems and the 
thermodynamical properties of the assembly is complete, or at 
least sufficiently complete for us to be able to cross without diffi- 
culty. Equation (22) generally provides the simplest route, though 
the equations (17), with jS interpreted as — IjkT, are also of funda- 
mental importance. We shall later find that a, as well as j8, has 
a direct physical, or thermodynamical, significance. 

Equation (22) directs particular attention to the sum 

i 

cj, ejvv being the various quantum-mechanically permissible 
energies for any system of the assembly. It is known as the sum- 
over -states (German, Zustavdsumme) or partition function for a 
system of the assembly. The former name calls for no explanation: 
the latter, which is more generally used and which we shall em- 
ploy in this book, is not quite so obviously suitable. The reason 
for it lies in equations (17) and (5'). For we have 

JV = T 71? = A ^ 

% X 

nf = 


t Sometimes denoted by A. 
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and therefore, getting rid of vl, 

nt = N 


^-€ijkT 


SO that the various terms in the partition function are proportional 
to the numbers of systems in the corresponding energy states (in 
those states which correspond to the equilibrium values of the 
distribution numbers), i.e. 



^-€ilkT 
^-€jlkT ’ 


(25) 


Consequently the partition function tells us how, in the equi- 
librium distribution, the systems are partitioned, or divided up, 
among the different energy levels. For the most part we shall not 
employ any particular symbol for the partition function, but 
simply refer to it as (p f.)* 

^0 far we have supposed that for any system there is just one 
stationary wave-function corresponding to each energy level: i.e. 
we have supposed that all the energy levels are non-degenerate. 
It is quite customary, however, for quantum mechanics to allow 
several alternative wave-functions all corresponding to the same 
energy level. When this is so ve speak of a degenerate energy level, 
and the number of independentf wave-functions, a>, corresponding 
to any particular energy, c, is called the degeneracy or weight- 
factor of that level. For our equations to be completely general 
we have, therefore, to introduce these weight factors and allow 
each energy, to have a degeneracy 

The proper way to do this is to go back to equation (3). Each 
of the systems with energy can now be in any one of 
different wave states: therefore (3) now becomes 



With this more general expression for f(n), \nt(n) becomes 
ln^(?i) = IniV!— ^ (Wj. Innj— n^)+ 

t Not coiinting linear combinations of these which, of course, also satisfy the 
wave-equation. 
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and carrying through precisely the same analysis as before (which 
is left as an exercise for the reader) we now obtain 

W = tin*) = (16') 

where n* = == co^Ae^^* (17') 

and, of course, equations (5') and (6') are unchanged. 


The equation S = k(N InN—ocN^pE) 
is also unchanged, but (18) now reads 




(18') 

We still obtain j3 

= —IjkT, but now (22) becomes 



i 

(22') 

and equations (24) and (25) are now 



nf = 

y oji 

T ^ 

(24') 

and 

nf (Di 
nf ~ 

(25') 


respectively. 


We find, in fact, that the only changes in our formulae produced 
by the degeneracy of energy levels are those given by replacing 
the partition function 2 by its more general form 

(p.f.) = 2^.*^-'*^^"’* (2b) 

We could also, though less convincingly, have seen this by allowing 
the previously non-degenerate energy levels to become equal in 
appropriate groups. 

While in actual applications of the theory we shall frequently 
have to deal with degenerate energy levels, and so use the more 
general formulae with the weight factors included, we shall, for 
the sake of simplicity, usually omit them when developing the 
theory itself. As we have just seen, the introduction of the 
requisite weight factors, when necessary, gives rise to no difficulty. 
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6. Before we proceed to illustrate the usefulness of the formulae 
which we have so far derived, by considering their application to 
the theory of the specific heat of a solid, we ought to pause a 
moment to make a few comments on the nature of our postulate 
that, when N is sufficiently large, only the greatest term in the 
sum over all possible sets of distribution numbers, giving the 
number of distinguishable states of the assembly, makes any 
significant contribution to that sum, i.e. to f2. The principle of 
picking out the greatest term in such a sum is basic to our whole 
method of approach in this book, and we must attempt some 
justification of it. 

It is important to realize clearly that the principle at stake is 
purely a mathematical one: either the whole sum can be replaced 
by its greatest term without sensible error, or it cannot; and the 
mathematical answer is that, to all intents and purposes, the sum 
can be so replaced when N is sufficiently large. The assumptions 
(a) and (b) above are of a quite different character: they are 
ultimately physical hypotheses and can only be justified either 
a pofiteriori, by the success of the theory based on them, or by 
deducing them rigorously from more fundamental physical prin- 
ciples — which, of course, we shaU not attempt to do. 

But, one may well ask. How can the present step be justified 
mathematically: we have treated t(n) as a continuous function of 
Tij, ^ 2 ,..., and found its maximum value; will there not then 
be other values of <(n), in the immediate neighbourhood of 
which, while not quite equal to, are only a little less than this 
greatest term and which, added together, will make a much greater 
contribution to the whole sum ? 

The criticism is sound and valid; but the answer is that it does 
not matter. For we are interested not in 12 but in InQ. Let us 
suppose that there are m terms in the sum all equal to and 
that all the rest put together are negligible. Then we shall have 

12 = 

and S = iklnQ = k\ntj^j^+k\nm^ 

and even if m were as large as N the new term would be only 
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which is quite negligible compared with the first term 
which (see equation ( 18 )) contains AT as a factor. f 

In general, the various distributions (sets of values for nj,..., n^,...) 
which contribute appreciably to O are all very much alike. It is difficult 
to prove this when the distribution is specified by a whole set of numbers, 
riif but we may consider, in support of the statement, the 

simpler case of, say, N atoms distributed among the two alternative 
states, A and B, of a single energy level of degeneracy two. In para- 
graph 5 above, we have included aU such distributions by means of a 
factor 2^. Alternatively, we might have introduced a new distribution 
number, n say, giving the number of atoms in state A, there being then 
N—n atoms in state B, The number of such arrangements, differing 
only in which atoms are in which state, is simply 

N\ 

n\(N—n)l . 

and the total number of arrangements, for all n, is 

^ — 2^. (27) 

Z,n!(N-n)! ^ ^ 

But if we had decided to pick out the greatest term in the s\im in 
(27) we should have had 

Ini(n) = JVlnN—nlnn— (N— n)ln(N—n) (28) 

and, on differentiating, the value, n*, of n for which t(n) is greatest is 
lnn*-]n{N~n*) = 0 
i.e. n* = N/2. Putting this into (28) we have 
lni(n*) = Nln2 

or t(n*) — 2^ 

as before! At first sight it is surprising that we should seem to have 
exactly the same result, but the explanation is that we have dropped 
certain second -order terms in using Stirling’s formula and, were they 
included, we should have a correction term in the expression for ln<(n*) 
of the order of In N. This, of course, is quite negligible compared with 
the term which we have retained: when N 10*®, InN ^ 53. 

Moreover, we can now ask, What is the probability of having a 
deviation x from n == n* or, more precisely, what fraction of arrange- 
ments corresponds to n = {N/2)— a: ? Putting n — {JV/2)~r in the above 
expression for t{n) and using Stirling’s formula, we easily find that the 
fraction of arrangements corresponding to n = (N/2)— a; is given, when 
x/N is small, by 

The root-mean-square value of a? is thus of the order of VN which, when 
N ^ 10**, is negligible compared with N/2, 

t So also for ^large’ terms, provided p is 'small’ compared with N. 
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A more complete discussion is beyond the scope of this book, 
and the reader must take it on trust that the principle of picking 
out the greatest term in the sum for is indeed always mathe- 
matically valid provided that N is sufficiently large, that is, for all 
actual thermodynamical assemblies. It is only in certain very 
difficult problems of statistical mechanics (such as the complete 
theory of the condensation of an imperfect gas), for which a 
distribution is not easily specified, that a more elaborate and 
rigorous mathematical technique needs to be employed. 

After this digression we can proceed, with justifiable confidence, 
to apply the formulae which we have obtained in paragraphs 4 
and 5 to a particular assembly of independent localized systems. 


7. In order to illustrate the usefulness of the formulae of para- 
graphs 4 and 5, let us consider, for our assembly, a simple atomic 
crystal of N identical atoms regularly spaced in a lattice forma- 
tion. And let us aim to calculate the specific heat of this assembly. 

We can regard the energy of the crystal (assembly) as comprised 
of two parts, ^ 


where E' = energy when atoms are placed in their mean 
(average) positions, 

and E" = energy of displacements of the atoms from 

their mean (average) positions. 

For, of course, in a crystal the atoms are not rigidly fixed, but 
are free to oscillate, or vibrate, about lattice-points which are 
simply their average positions. The state of lowest energy corre- 
sponds to the atoms being at rest at the lattice-points (E'' = 0),t 
but, due to thermal motion, the assembly is not in its state of 
lowest energy. 

We shall assume that E' is a constant, independent of the 
temperature. Since we are primarily interested in calculating the 
specific heat of the crystal, (7^, given by 



t We shall discover that, on account of quantum requirements, S'* as defined 
above is never quite zero: and shall later incorporate the lowest possible value 
of E* into E\ 
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E' will not concern us further. E'', however, the contribution to 
the internal energy arising from the vibrations of the atoms about 
their mean positions, has yet to be calculated as a function of 
temperature — which is equivalent to saying that we have to find 
the connexion between the temperature of the assembly, T, and 
the energy E". 

The simplest assumption to make, which is due to Einstein 
(1907, 1911), is that each atom behaves as if tethered to its mean 
position by a very short elastic spring or, more accurately, is 
pulled back to its mean position by a restoring force proportional 
to its displacement therefrom. We shall further suppose that each 
atom can vibrate in three independent directions (which is reason- 
able for isotropic solids) and that the vibrations of neighbouring 
atoms do not interfere with each other. In other words, as far 
as E*" is concerned we regard our assembly as an assembly of 9N 
independent localized harmonic-oscillators, and Einstein assumed 
that these 3N harmonic-oscillators all have the same frequency 
(in classical mechanics) v. 

Now, to apply the formulae of paragraphs 4 and 5, we require 
to know the permissible energies, of each system. 

Quantum mechanics, however, tells us that an harmonic-oscillator 
of (classical) frequency v can have energies e^, egv? given byf 

c=(n-f-i)Av (n = 0,l,2,...) (29) 


where h is Planck’s constant (6*62. erg. sec.); and that each 
energy level is non-degenerate. 

(Combining equations (24) and (6') above, we thus obtain 


E" = 


OUT 2 

2 g-(n+«Av/*r ’ 


(30) 


the summation being over all values of n from 0 to. infinity. 
ZN replaces N in (24) since we are concerned with an assembly 
of ZN harmonic-oscillator systems. 

The r.h.8. of (30) can be simplified: we divide numerator and 

t ti here, of course, denotes a quantum number (and has nothing to do with 
a distribution number). 
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denominator by and also remove the ^hv part from the 

first factor in the numerator, so obtaining 

= 2^hv+ZN^ , 

n^O 

i.e. J5" - ^hv+ZNhT^—hi y (30') 

2 dT ri=o 

(performing the differentiation in (30') we recover the r.h.s. of the 
previous line). Now 


^ ^—nhvlkT 
n=0 


J _j _ ^-hvlkT ^-2hvlkT | 


I ^-hvJkT 

the series being a simple geometrical progression. Therefore 

E" = ~hv-3NkT^4^]n(l-e-’^^l’‘^) 

2 8T ^ ' 

= —hv+3Nj—^, 

• Tii/f 3.iV^ -f , TIT "hfV • 

i.e. 


The first term in the r.h.s. of (30") is a constant, and is the value 
of when 7 = 0. It is known as the zero-point energy, and can 
be assimilated into the other constant part of tiie energy, E\ 
The only temperature-dependent internal energy is given by 

and, differentiating w.r.t. T, we obtain 

(32) 

Before discussing this result, there are two comments to be 
made. 
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First, instead of using equations (24) and ((>') we could equally 
well have calculated F from equation (22), i.e. 

F = ~3iVrjfcyin(p.f.), 

and then found E from F by means of the Gibbs-Helmholtz 
thermodynamic formula 

ldF\ rr.^_l_lF\ 


E = F-T 


_ y»2_ 


dT\Tjy 

(cf. equation (30')). Indeed, the method of first calculating F and 
then deriving, thermodynamically, all other quantities from F is, 
perhaps, generally the most straightforward. On the other hand 
it rather obscures the essentially simple structure of the under- 
lying statistical formulae, and for that reason we have not used 
it in the present instance. 

The second comment is of a rather different nature. It is that, 
instead of regarding the crystal as an assembly of 3iV^ linear 
harmonic-oscillators we could, equally well, have regarded it as 
an assembly of N three-dimensional harmonic-oscillators, and 
should have obtained the same result. 

By a three-dimensional harmonic-oscillator we mean a particle 
in a spherically symmetrical potential field producing a restoring 
force proportional to the displacement of the particle. Quantum 
mechanically the allowed energies of a [3]-oscillator are given by 

= (^+i)Av (n = 0, 1,2,...) 
and have degeneracies, Wq, a>i,..., a>^,... given by 

w^^\{n+\){n+2) (n = 0,1,2,...). 

Consequently the partition function for a [3]-oscillator is given by 


(p.f.) == 2 i(n+l)(n-f 

n-O 

_ 1 ^ 3e-/iWfcr_(_ i0e-**Wfcr-|. . ..) 

g-ihvIkT 



which is simply the cube of the partition function for a linear, or 



n.§7 


INDEPENDENT LOCALIZED SYSTEMS 


33 


[Ij-harmonic-oscillator. Therefore an assembly of N independent 
localized [3]-08cillators has precisely the same thermodynamic 
properties as an assembly of 3N independent localized [1]- 
oscillators. 

After these digressions, we return to discuss equation (32). 
Both JS(T)y equation (31), and equation (32), are shown as 
functions of T by the full curves in Fig. 1. 



When kT is large compared with hv, (31) gives 

and (32) gives ~ 3Nk {kT hv). 

Therefore, at sufficiently high temperatures, the specific heat 
becomes constant, independent of the temperature. Moreover, 
this high-temperature value of the specific heat is independent of 
V and should, therefore, be the same for all atomic crystals. This 
is in agreement with the experimental law of Dulong and Petit, 
according to which many solids (atomic crystals) have a constant 
specific heat of about 6 cal./deg./mole, or 3U, where R is the gas 
constant: and, as we have said already, k will later be identified 
with Boltzmann’s constant, ft, so that Nk = i? if iV' is Avogadro’s 
number, i.e. if we are considering one mole of solid. 

At lower temperatures, however, equation (32) predicts that 
will fall, approaching zero at very low temperatures. This also 
is in qualitative agreement with experimental behaviour, although, 
quantitatively, equation (32) does not fit experimental data at all 
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well at very low temperatures. The reason is that our model, 
replacing the crystal by an assembly of 3N harmonic-oscillators 
each of the same frequency v, is far too crude to do justice to all 
conceivable vibrations of an actual crystalline solid: it does not 
discriminate between low frequency lattice vibrations, which 
become important at low temperatures, and high frequency lattice 
vibrations. Nevertheless this Einstein theory of the specific heat 
of a solid was one of the early triumphs of quantum mechanics, 
since classically, as we shall see in Chapter IV, we obtain = 3Nk 
at all temperatures, and the experimentally observed fall in 
at lower temperatures is quite inexplicable. 

A much better theory of the specific heat of a crystalline solid, 
taking fuller account of the whole range of lattice vibration fre- 
quencies, is that due to Debye (1912). We shall not discuss Debye’s 
theory in detail since it is mathematically more complicated and 
readily available in standard works. We mention it here, how- 
ever, since we shall have occasion to refer to it again in Chapter 
IX in connexion with the extrapolation of specific heat data to 
very low temperatures. Experimentally determined specific heats 
generally approximate closely to the broken curve in Fig. 1, which 
represents as a function of T according to Debye’s theory. 

Finally, equation (32) predicts that the specific heats of all 
atomic crystals ought to follow the same curve if we plot 
against not T but kTjhv, where v is the appropriate frequency for 
each solid. There is a similar ‘law of corresponding states’ for 
Debye’s theory, and it is found to be satisfied experimentally. 
The appropriate values of v range from about 2.10^* sec.”"^ 
{hvjk 100° K.) for soft solids like lead to 4.10^^ sec.”^ {hvjk 
~ 2,000° K.) for hard substances like diamond, and, as Fig. 1 
shows, the temperature at which the specific heat starts to fall 
away from the classical value of ZB (cal./deg./mole) is proportional 
to the corresponding value of v, 

EXAMPLES 

1 . From the expression (3') for i(n), and the restrictive conditions (6) 
and (6), derive the equations (16') and (17') by use of the method of 
Lagrange's undetermined multipliers. 

2 . Prove that, if the c’s are treated as constants, equation (18) leads to 
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the formula jx = — A;Tln(p.f.) for the chemical potential of a system in 
the assembly. (Whilst not strictly accurate, this equation is, as we shall 
see later, satisfactory for almost all practical purposes.) 

3. Derive equation (32) from the equation F = ~-3NA;Tln(p.f.) and 
the Gibbs-Helmholtz thermodynamic formula. 

4 . Derive the equation 

S = - ^ [r ln( 1 - 

for the vibrational entropy of an Einstein solid. (Note that this shows 
that the zero-point motion does not contribute to the entropy.) Show that 
when kT ^ hv this formula gives 

S = 3N/;|ln^+l-|- terms of order 

5. The allowed energy levels for a two-dimensional harmonic -oscillator, 
of classical frequency v, are given by 

€ = {n+l)hv with degeneracies to -• 

Show that the partition function for such a [2] -oscillator is the square 
of the partition function for a [l]-oscillator having the same classical 
frequency. 
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AN ASSEMBLY OF INDEPENDENT NON-LOCALIZED 

SYSTEMS 

!• In the last chapter we solved the problem of the evaluation 
of Q(U, F, N) for an assembly of N identical, independent, localized 
systems. That, in order for the formulae there obtained to be 
relevant, the systems of the assembly must be both identical 
systems and independent systems requires no further emphasis. 
The restriction to identical systems, i.e. to only one species of 
independent systems, can, of course, be removed without much 
difficulty (see Chapter XI), and it is only for convenience that we 
have chosen to deal first exclusively with one-component assem- 
blies. The restriction to independent systems is much more pro- 
found. Not only does the method of Chapter II entirely break 
down, but the whole algebraic procedure becomes enormously 
more complicated when this condition of independence is not 
fulfilled. In the later chapters of this book we shall consider in 
some detail particular cases of assemblies of non-independent 
systems, when the new difficulties introduced will be sufficiently 
apparent. 

Accepting, for the present, that the assembly comprises identical 
and independent systems, it may not be quite so evident that the 
formulae of Chapter II apply only when these systems are localized. 
The simplest way to make clear the necessity for this condition 
is to consider an assembly of N identical, independent but non- 
localized systems, and to examine the additional features of this 
new assembly which may, and indeed do, give rise to a different 
expression for F, N). Assemblies of identical, independent, 
and non-localized systems are actually of greater physical, or 
chemical, interest than are assemblies of independent localized 
systems: for any single component gas, at a sufficiently low 
pressure, fulfils aU the theoretical requirements. 

It is commonly, but erroneously, supposed that the essential 
distinction, in the present connexion, between a gas and a crystal 
is that the systems of a gaseous assembly are forever changing, or 
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interchanging, their positions while those of a crystalline assembly 
are not. Even if true, this difference is, as we shall see, quite beside 
the point: and more frequently it just is not true. The real distinc- 
tion between localized and non-localized systems lies deeper and, 
though not difficult to detect, calls for a little care in its revealing. 

Returning to the assembly of localized systems of Chapter II, 
we recognize that there is a difference between, for instance, the 
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Fig. 2. Fio. 3. 

state of the assembly in which two systems, located at P and Q 
S8iy, have energies €5 and eg* respectively, and the state in which 
these systems, at P and Q, have energies cg 65 respectively. 
(We may suppose that all the other systems have the same energies 
in both of the states under consideration.) The two states, shown 
schematically in Fig. 2 (a) and ( 6 ), are certainly physically distin- 
guishable, and both go to make up the sum total of distinguishable 
states which is £ 1 . 

If, on the other hand, we consider a gaseous assembly of, for 
simplicity, just two systems, A and B say, and, concentrating on 
the translational motion of these systems, we try to count the 
distinguishable microscopic states of the assembly on the basis of 
the positions and velocities of the systems, w© are confronted with 
a very different situation. As A moves about, taking up all its 
possible positions and velocities, it will get into the state, both as 
regards position and velocity, now occupied by B: and simulta- 
neously B can take up the position and velocity now possessed 
by A. This is illustrated schematically in Fig. 3 (a) and ( 6 ). 
But these two states, (a) and ( 6 ), are Tiot in any way physically 
distinguishable: for the labels, A and B, attached to the two 
systems have no existence in reality. Physically the two sys- 
tems are identical and, therefore, mutually indistinguishable. Con- 
sequently, if we first hypothetically label the systems {A and B) 
and then count up the complexions of the assembly which are 
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distinguishable with the systems labelled, we have thereby 
counted all the physically distinguishable complexions twice over. 

Before generalizing this result in respect of an assembly of N 
systems, we should notice that there was no question of artificially 
labelling the systems of the former, crystalline, assembly. Here 
we can recognize from the start that the systems are identical: 
it is only the lattice sites which are labelled. The atoms of a crystal 
can, and constantly do, change places, f as is evidenced by the 
phenomenon of diffusion in solid phases: but if the atoms are all 
of the same kind (and if we ignore distortions of the lattice struc- 
ture, as pertaining to a class of complexion which does not contri- 
bute appreciably to D) then such an interchange of atoms does 
not produce anything new (and is really meaningless). All we can 
say is that the system at P is in its ith energy level, the system 
at Q is in its jth energy level, and so on. But there just is not an 
underlying permanent lattice to which to assign the quantum 
numbers for the systems of a gaseous assembly. 

Proceeding now to consider an assembly of N non-localized 
identical systems, we may suppose first that these are hypo- 
thetically labelled, 1, 2 ,..., N. Then any particular microscopic 
state of the assembly is just one member of a set of iV^! such states 
obtained from this one by permuting the labels, 1, 2,..., N (cf. 
Fig. 3): and these Nl states of the assembly are mutually distin- 
guishable provided that the labels are attached. Thus all the 
distinguishable microscopic states of the hypothetical assembly 
of labelled systems fall into sets of A^! states, the members of any 
set being mutually distinguishable only on account of the labels 
artificially attached to the systems. Consequently, if we enu- 
merate the complexions of an assembly of N identical non-localized 
systems by the expedient of attaching hypothetical labels to the 
systems, then we count all the truly distinguishable states of 
the assembly Nl times: and the true number of complexions is 
the apparent number (for an assembly of labelled systems) 
divided by A!. 

We see, then, that the results of Chapter II do apply only to 
an assembly of localized systems, which are effectively labelled 
t When this haa any meaning. 
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by the lattice sitesl themselves. It is only on the basis of this 
assumption that the number of complexions corresponding to the 
set of distribution numbers, rig,..., is correctly given by 

<»» Apfondii 11). 

To obtain the corresponding formulae for an assembly of non- 
localized systems, we have to divide the expression for Q,{E, V, N) 
in Chapter II by iV! 

It remains to add here only that there is nothing quantum 
mechanical about this result 4 The division by N\ is an essentially 
classical necessity, produced by the indistinguishability of the 
systems. In fact the arguments of this section do not do full 
justice to the proper quantum-mechanical treatment of the trans- 
lational motion of a gas, a matter to which we shall refer again 
briefly in paragraph 3 below. 

2. Before applying our new formulae to an actual assembly of 
non-localized systems, it will be well to list them explicitly, so 
as to emphasize the modifications introduced by the new factor 
1/^! in Q. The most important formulae of Chapter II (with 
degeneracy included) were 





or 

i 

j’ 

(1) 


^^=-\jkT, 

(2) 

and 

F= -NkThi'^wte-^J’^^ 




(3) 

while the 

equilibrium values of the distribution 

numbers were 

given by 

^ -.j 

(4) 

with 

11 



t We have spoken of lattice sites but there is, of course, no need for these to 
be regularly arranged in space. 

t I take Heisenberg’s uncertainty principle (see next chapter) as the starting- 
point of quantum theory. 
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If now we divide Q (see equation (4'), Ch. II, p. 17) by iV^!, it 
follows at once that the changes introduced into these equations 
affect only (1) and (3). In fact, (1) becomes 


Si = 
8 


Nl 




(iV In ^ 

(2) is unchanged, and (3) becomes 
F = -NkT In 5 


= -yfcTln 




N\ 


( 1 ') 


(3') 


Since the equations (4), giving the equilibrium values of the 

distribution numbers are, like (2), quite unchanged, it is convenient 

still to refer to ^ as the partition function of a system. 

% 

The modifications introduced by the new factor 1/JV^! in F, N) 
oonoern only the external thermodynamical properties of the 
assembly, 8, F, etc., and have no influence on the internal distribu- 
tive properties of the assembly, determined by n*, n*,..., wf ,... . 

Having listed the new formulae, let us now apply them to 
the simplest conceivable assembly of independent non-localized 
systems, namely a perfect gas of structureless particles. By a perfect 
gas of structureless particles we mean an assembly of N identical 
systems, having mass but no other distinctive feature, which are 
free to move at random in a certain volume, F, and sufficiently 
few per unit volume (i,e. at sufficiently low pressure) for them 
legitimately to be regarded as independent. 

We let the container, of volume F, be a rectangular box having 
sides of length a, 6, and c. Then, according to quantum mechanics, 
the allowed energies of a particle of mass m confined within this 
box are given by 


A* Ip 
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i.e. the energy levels are non-degeneratef (unless the particle has 
spin). 

It is convenient to distinguish the levels by three suffixes and 
not just one, i.e. to write rather than because there are 
00 * levels altogether. But, of course, this is just a notational 
convenience: in forming the partition function we still have to 
sum over every level, i.e. over all values of p, g, and r. 
Consequently 


(p.f.) = 




Hi 


,2 g2 

+%+ 


r*\ A2 I 

c^jsmkTj 


' r-l ' 


r® A* \ 
c* SmkT) 


(since, with given values of p and q, we have to sum over all 
values of r) 



a2 SmkT) i ( 6* StrikT) 2 ( c* 


(5) 

(by the same argument applied to the first sum, over p and q). 

The partition function therefore factorizes into the product of 
three sums, each of the same form. We need consider only one 
of them in detail, say the first: 




Sma^kT 


wheret = 

Now suppose m is the mass of a hydrogen atom, 1-67. 
that a is 1 cm., T — 300° K., and let us provisionally identify k 
with Boltzmann’s constant having the numerical value 1*38. 10“^* 
erg/deg. A is Planck’s constant, with the value 6*62 . erg sec. 
Then 


(6*62.10-27)2 


8.1*67.10-24 1-38.10-1® 300 


10-16 


which is very small. And for actual gases m will generally be 


t We are assuming, for simplicity, that o**, 6*“^, and c*“7 are incommen- 
surable quantities. 

t This a has nothing to do with the a of Chapter II or paragraph 6 below: a is 
used in the present paragraph as a convenient shorthand symbol only. 
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greater than the mass of a hydrogen atom, while a may well be 

greater than 1 cm.: becoming still smaller on both counts. 

0£> 

If is very small, the sum 2 can, without sensible error, 
be replaced by an integral: i.e. we may write 



Fig. 4. 

Fig. 4 shows as a continuous function of p, and it is evident 

that (X merely determines the horizontal scale of this curve. When a is 
small this horizontal scale is small, in the sense that a large value of p 
is required to correspond to an appreciable move along the curve from 
the peak at p — 0 towards the tail at p -> oo. The points on the curve 
corresponding to integer values of p therefore very close together 
and, as we see by considering the area beneath the curve, the sum may 
legitimately be replaced by the integral in equation (6). 

Now the integral on the r.h.s. of (6) is a well-known standard 
definite integral of pure mathematics. In fact 


CO 



0 

A simple proof, though ignoring questions of rigour, is as follows: 

00 CO 

J = J dx — j e~“**'* dy 

sine© the variable of integration is only a dummy variable. Therefore 
00 00 00 00 
ja = J e*”®*®* dx J dy = J J dxdy 

Q 0 0 0 
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since == e““*^**+^*^ and the double integral implies the limit 

of a double summation of the integrand over all elements of area of the 
positive quadrant of the {x, 2 /) -plane. Changing to polar coordinates, r 
and By the corresponding element of area becomes r.dB.dr and the 
integrand becomes Consequently 

00 iir 

/2= J J 

r -“0 0 

Performing the ^-integration, we obtain 

00 

= in j dr 

0 

and, on substituting s for r®, we have 


0 

■vW 

Therefore I = — , as we stated in (7). 
2a 

Using this formula, we have 


^ \ ^7T l/i 


'a^SmkT\ ^^2nmkT) 




1 


and, since the other summations in (5) may be performed ana- 
logously, 


<Z=1 ' ' r«=l ' 

_ ^'yJi^TrmkT) ^^(27rmkT) ^^(^ninkT) 

h h h 

, l2'rrmkT\l 

or, since abc = F, the volume of the container, 


h? \ 
(? SmJfcT/ 


(P.f.) = (8) 

Equation (8), giving the partition function for the translational 
motion of a structureless particle of mass m confined to a volume 
V. wlien the temperature is T, is of quite fimdamental importance. 
Although we have derived it only for volumes having the shape 
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of a rectangular box, the formula is equally valid, as we shall show 
in the next chapter, whatever the shape of the volume within 
which the assembly is contained. We shall not, however, prove 
the general result on the basis of quantum mechanics, but from 
classical mechanics. A quantum-mechanical treatment as in this 
section and the derivation from classical mechanics lead to pre- 
cisely the same expression, equation (8), for the partition function 
for translational motion. 

On the basis of equations (8) and (3') we obtain, for the 
Helmholtz free energy of a perfect gas of structureless particles, 

F= -NkTlnvj^^^-J + kTlnNl 
or, using Stirling’s formula, 

F = -NkTlaV+NkTlnN-lNkT]ii(^:^!^^^'j-NkT; (9) 

but before discussing the consequences of this formula we must, 
as indicated at the end of paragraph 1 above, first say a little more 
about the range of validity of equation (8). 

3. This digression, although necessary, must be brief. A detailed 
discussion would not only involve us in mathematical complexities 
but lead us into a field of statistical mechanics of comparatively 
little importance to the physical chemist. On the other hand it is 
desirable to recognize the limitations of the argument in para- 
graph 1, and to know at least the range of validity of equation 
(8) above. 

First let us be quite clear that any limitations in formula (8) 
are not introduced by the mathematical device of replacing the 
sum by the integral in (6). The mathematical condition, a® 1, 
warranting this step is justifiable, not only for atomic or molecular 
gases but even for a gas of free electrons down to temperatures 
at which our formulae already fail on other grounds. To discover 
these other grounds, we must return to the argument in para- 
graph 1. 

The argument was sound as far as it went, but did not really 
go far enough. It led us, when dealing wdth non-localized systems, 
to divide the number of complexions as evaluated for localized, or 
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labelled, systems by i\r!. Now in terms of the notation of Chapter 
II, this appears to give 



which is difficult to understand, since each term is numerically 
less than unity — and so can hardly represent a number of com- 
plexions or stationary wave-functions. The explanation is that 
when we use equation (10), we are actually underweighting those 
complexions, if any (see below), which corresppnd to integer 
values of the distribution numbers Wg,..., other than the 
values 0 and 1. And for the translational motion of an atomic or 


molecular gas the complexions which are thus underweighted are 
so improbable anyway that they could equally well be omitted 
from consideration entirely. (Treating the distribution numbers 
as continuous variables we find that their equilibrium values are 
very small fractions. The use of Stirling’s formula is really not 
permissible but, as we shall see later, leads, surprisingly, to the 
correct result.) To enumerate the complexions correctly we must 
do more justice to the quantum mechanics of the problem. 

For non-localized systems, the discussion in paragraph 1 was 
couched in classical terms (position and velocity). This was 
because it is difficult to visualize quantum-mechanical stationary 
states for several non-localized systems. But according to quan- 
tum theory, if we have N identical systems moving independently 
in the same field and - are the permissible energies 

for any one system, then there is only one stationary wave-function 
for a given set of distribution numbers Wg,..., , i.e. we 

ought to have j (11^ 

(allowed n's) 

If the only restrictions on the w’s are ^n^^ N and ^ n^e^ = E 

then we speak of the assembly as satisfying Einstein-Bose statis- 
tics, and this is the case, according to quantum theory, for photons 
or black-body radiation. On the other hand, for electrons or 
protons Pauli’s exclusion principle further restricts the n’s by 
allowing to each n only two possible values, 0 or 1. In this case 
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we speak of Fermi-Dirac statistics. And we see that, in general, 
equation (10) corresponds to neither Einstein-Bose nor Fermi- 
Dirac statistics. 

Nevertheless equation (10) is by no means useless. The statis- 
tical mechanics founded on it is said to be based on classical 
statistics, as distinct from quantum statistics which can be of 
either Einstein-Bose or Fermi-Dirac type. Statistical mechanics 
based on quantum statistics is outside the scope of this book, but 
it can be shown that for N particles each of mass m and confined 
to a volume F, the thermodynamic properties of the assembly are 
identically the same whether calculated by classical statistics, 
Einstein-Bose statistics or Fermi-Dirac statistics, provided that 


N ^ 

V (27TmkT)^ ^ 


( 12 ) 


This is a much more restrictive condition than the condition 
1 discussed above. It implies that the energy levels for 
translational motion in the volume V are so close together, com- 
pared with kT, that, even with N systems in the assembly, those 
distributions of the systems among the levels for which there is 
more than one system in any one level make an entirely negligible 
contribution to as calculated by equation (10). It is then evident 
that the requirements of Einstein-Bose and Fermi-Dirac statistics 
are equaUy well satisfied with those of classical statistics. 

When the condition (12) fails we speak of a degenerate gas. 
Nevertheless ( 1 2) is generally satisfied for the assemblies of physical 
chemistry, and it is usually only for assemblies of electrons or 
photons that quantum statistics are needed. An ordinary atomic 
or molecular gas will always satisfy (12) at N.T.P. and would 
continue to do so, as the temperature is reduced, down to very 
low temperatures of only a few degrees absolute but for the fact 
that before then it would have condensed, and so could no longer 
be regarded as an assembly of independent non-localized systems. 

This brings us to a final point concerning the validity of 
equation (8). Equations (8) and (9) have been derived on the 
assumption that the gas behaves as an assembly of independent 
non-localized systems: and long before any atomic or molecular gas 
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becomes degenerate, in the sense above, it will become imperfect 
due to the effects of intermolecular, van der Waals’, forces. But 
we are not yet in a position to discuss the statistical mechanics 
of imperfect gases; we must first deal with the very simplest 
assemblies and proceed to derive the thermodynamic conse- 
quencies of equations (8) and (9). 


4. Equation (9), which we derived from (3') using equation 
(8'), reads 

F = -NhT In V-^NkT In N-^NkT In -NkT 

which may be rewritten 


-i^)S:T|lnr-In2V^+flnT+fln|^^j + lj. (9') 

With F in this form, it is at once apparent that if we had not 
included the factor l/Nl in tl then F would not have been a 
properly extensive property of the assembly in the thermodynamic 
sense. F is an extensive property if, for example, doubling both 
N and F, keeping T constant, also doubles F, This is, experi- 
mentally, true of the Helmholtz free energy of a single phase 
assembly (ignoring surface effects), and it is a necessary conse- 
quence of equation (9'); but it would not have been true if we 
had dropped the factor IjNlm — as the reader will easily verify. 

Now, from the thermodynamic equation (equation (23) of 
Chapter II) ^ ^sdT-P dV+iidN, 

we can derive the other thermodynamic properties of the assembly. 


First, 


'8F\ _ NkT 

V 


which gives the equation of state, connecting P, F, and T, i.e. 

PF = NkT. (13) 

Equation (13) shows that an assembly of independent non -localized 
structureless particles (satisfying the requirements of classical 
statistics) obeys Boyle’s law. It also suggests an identification of 
k with the gas constant per system, or Boltzmann’s constant, k. 


S^ondly, S - = -|+l« 

E — ^NkT (since E = F+ST). 


(14) 

(16) 


whence 
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Equation (16) shows that the average energy per system of the 
assembly is fiT. Since the systems are independent systems, and 
structureless, this must be all kinetic energy and the result pro- 
vides a verification of our statement in Chapter I that the average 
kinetic energy per system corresponding to any particular type 
of momentum is frequently given by \hT. In the present case 
there are three degrees of freedom, corresponding to motion in the 
x-, y-, and ^-directions. 

Moreover, from equations (13) and (15), we derive 

and C„-C„ = Nk. 

whence y = Cj,IC„ = 6/3. (16) 

Equation (16) provides a certain experimental verification of 
equation (16). For y, the ratio of the specific heats, is fairly easily 
determined experimentally from the velocity of sound through 
the gas. Table I shows the experimental values of y (at room 
temperature, extrapolated to zero pressure) for the inert mon- 
atomic gases Neon, Argon, Krypton, and Xenon, and it is seen 
that these lie very close to the theoretical value of 1-67. 

Tablb I 


Oa» 

y 

Ne 

1-64 

A 

1-66 

Kr 

1-69 

Xe 

1*67 


Also from equation (14) we derive 

-S = jin F-lnN+f In T+f 
or, using the equation of state, equation (13), 

S = NA;jilnr-lnP4-lnj^)^**+|j. (H) 

For one mole of gas Nk becomes J2, the gas constant, equal to 
1*987 cal./deg. Equation (17) is the Sackur-Tetrode equation for 
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the translational entropy of a perfect gas; we shall refer to it in 
more detail later (Chapter IX). 

Finally, from (9') we derive the chemical potential, 

= -A;rjlnF-lni\r+|lnT+|ln(^jj ( 18 ) 

or, in terms of the pressure, 

ft = (19) 

showing that, at constant T, /x varies linearly with InP. Again 

we postpone any detailed discussion of the result till later (see 
especially Chapter XII): here we remark only that comparison of 
(18) with (9') provides the equations 

Nfji = F+NkT 

= F+PV (by (13)) 

= (?. ( 20 ) 

Thus the chemical potential is indeed the Gibbs free energy per 
system: a thermodynamical requirement for any one-component 
assembly. Equation (20) would not have been satisfied, as the 
reader will easily verify, had we not included the factor l/NlinQ. 

5. In commenting on equation (13) above, we said that it 
suggested identity between k, the unknown factor in our statistical 
theory, and fe, the gas constant per molecule also known as Boltz- 
mann’s constant. Although (13) does certainly support such a 
conjecture, it is not very satisfactory that so important a matter 
as the proper identification of k should rest only on our treatment 
of an assembly as hypothetical and particularized as a perfect 
gas of structureless particles. We shall, therefore, conclude this 
chapter with a more general proof of this identity. 

Returning to equation (!') and, for simplicity, putting oj^ = 1, 
{i = 1, 2, 3,...), i.e. dealing only with non-degenerate energy levels. 


we have 


O = 




N. 


4978 


E 
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Therefore In £1 = In ^ — In ! 

i 

or, by Stirling’s theorem, 

InQ = iV In J e^^‘-pE-NhiN+N 

t 

and, as we have already shown (Chapter II, paragraph 4) 

-Je- = -^’ 


(21) 


( 22 ) 


the terms depending on the variation of j8 with E vanishing on 
account of the distributive equations 

nf = (i = 1,2,3...) 

and the restrictive conditions 


Xnte,= E] 


(23) 


These equations, (23), are, of course, quite unaffected by the new 
factor 1/iV^! in Q. 

Now we can also derive from (21) the equation 


= In 2 e^«-lnN 
dN T 


or, by (23), = In T e^*‘— In T w* 

t 

= In ^ ln^€“ 

= — lnc“ 


(24) 

and just as comparison between (22) and equation (6 a) of 
Chapter I led to ^ 

so now comparison between (24) and equation (6 c) of Chapter I 


leads to 


fxIkT f 


(25) 


where fx is the chemical potential of a system in the assembly. 
Consequently ^ 

= -i!r(ln|;e-*‘'*^-lnN) 
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SO that 

Nfi = -NkT In ^ e-^^^^^+kTN IniV 

== F-\-NkT by (3') and Stirling’s theorem. 
Thermodynamically, however, we must always have 

NfL = G 

and G = F+PV, 

Therefore, quite generally, any thermodynamical assembly of N 
identical non-localized independent systems confined to a volume 
V, and obeying classical statistics, satisfies the equation of state 

PV = NkT 

which, by comparison with the equation of state of a perfect gas 

PV = NkT (26) 

identifies k with k. 

There are three final comments to be made. First, it will have 
been evident to the reader that two or three lines in the above 
proof, those involving nf and a, could equally well have been 
omitted. They were inserted in order to obtain, en passant, 
equation (25) which supplies, fcr the present problem, the physical 
interpretation of a. The very fundamental importance of equation 
(25) makes it worth introducing hero; but we shall deal with its 
full implications much more thoroughly in later chapters. 

Then, secondly, it should be notice jd that we take the equation 
of state, (26), as the definitive equation of a perfect gas. This 
does not imply anything about the constancy of the specific heat 
Cj,: indeed we shall find that calculated on the basis of the 
equations of this chapter, often varies markedly with tempera- 
ture, f Every assembly of the type considered in this chapter is, 
according to our definition, a perfect gas: for every such assembly 
satisfies the equation of state PV — NkT, 

Lastly, remembering that the energies e depend, in general, on 

t The other well-known ‘perfect gas condition’, {dEldV)j, = 0, follows thermo- 
dynamically from (26) oi* the basis of the first and second laws. 
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the volume, F, of the assembly, we derive, analogously with (22) 
and (24), 


aln£i_ 
8V ~ 


In y e^*<, with fi treated as a 

8vr ^ 


N 




constant, 


But, according to (66) of Chapter I, 


P 

dV kT* 


and thence we verify the well known thermodynamical equation 



In future we shall replace k ever3rwhere by Boltzmann’s 
constant, k. 


EXAMPLES 

1. Prove that for any assembly of identical, independent systems, 
localized or non-looalized, 

E = Ain(p.f.), 

and verify that when (p.f.) = then E — ^NkT. 


2. Show that for a perfect gas of structureless particles. 




~nT 


where is given by dCl/dp = 0 (formally; keeping E, V, and N constant). 
Deduce the equation of state PV = NkT from the formula 


S(E,V,N) = iblnn(^7,F,iV'). 
(See equation (66) of Chapter I.) 


3. A perfect gas of structureless particles has its temperature raised 
from 300° K. to 400° K. Show that if this is done at constant volume the 
increase in entropy of the gas is 0*43 jR (per mole), whilst if it is done at 
constant pressure the increase in entropy is 0*72i? (per mole). 
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4 . Prove that for a perfect gas of structureless particles the entropy 
change between any two temperatures when the pressure is kept constant 
is 6/3 times the corresponding entropy change when the volume is kept 
constant. 

5. Show that, if F — 1 c.c., T = 300° K., and m == 40mjj (Argon), 
where is the mass of a hydrogen atom, then the absolute value of (p.f.) 
as given by equation (8) is approximately 2-6. 10*®. 



IV 

TRANSITION TO CLASSICAL DYNAMICS 


1. All our theory, so far, has been developed in terms of quantum- 
mechanical concepts or, more accurately, it has been erected on 
a quantum-mechanical foundation. Our basic problem, for any 
assembly, was to evaluate D, the number of distinguishable com- 
plexions or micromolecular states corresponding to given values 
of E, F, and N (the total energy, volume, and number of systems, 
respectively, of the assembly). On the assumption that we count 
as complexions only quantum -mechanically stationary states, the 
evaluation of O presents little difficulty when the systems of the 
assembly are independent systems. For the different permissible 
states of any one system are then easily enumerable, and the 
evaluation of 0.{E,V,N) devolves, as we have shown, on the 
essentially simple problem of counting the number of ways in 
which the total energy of the assembly can be distributed between 
the N systems. 

The above method, however, entirely depends for its simplicity 
on the easy enumeration of the different permissible states for any 
one system. Quantum-mechanically, of course, this easy enumera- 
bility is generally assured. In almost all the interesting cases we 
do find, on solving the quantum-mechanical equations governing 
the motion of a single system, that the stationary states for this 
system pertain to certain definite discrete energy values (energy 
levels), each energy level corresponding to a definite number of 
independent stationary states (the degeneracy of that level). But 
if each single system is supposed governed by classical, rather 
than quantal, mechanics we are faced with a different, and less 
tractable, situation. Not only do we now have to deal with a 
continuous range of permissible energies, generally ranging from 
zero to infinity, instead of with discrete energy levels, but also the 
other simple notion of weight, or degeneracy, associated with any 
particular energy, is now much more vague. We cannot, for 
instance, any longer think of two energy levels coinciding to give 
a degeneracy factor two. It is, indeed, obvious that a system can. 
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according to classical mechanics, exist in very many recognizably 
different states with the same energy; for example, a particle in 
a box can have infinitely many recognizably different positions 
in the box, and different directions of motion at these positions, 
and still have the same kinetic energy for all these distinguish- 
able states. But we have still to decide how to give a numerical 
measure to this degeneracy, or classical analogue of degeneracy. 

Since our present theory is quite appropriate for quantum 
mechanics, we shall most profitably cross from quantum mechanics 
to classical mechanics from the quantum -mechanical side. His- 
torically, of course, the step was made in the reverse direction, 
and we shall later say a word about the entirely classical deriva- 
tion of the formulae we obtain. 


2 . The foundation stone of quantum mechanics is Heisenberg’s 
Uncertainty Relation (Born-Jordan (1925), Heisenberg-Bohr 

^x^p^^h ( 1 ) 


where Ax = accuracy with which we can measure a positional 
coordinate, x, 

Apj. — accuracy with which we can simultaneously mea- 
sure the corresponding momentum, 

and h ~ 6*62. 10“^^ erg. sec. (Planck’s constant). 

The general meaning of this equation is nowadays well known: 
with the relation expressed as in (1), Ax and Ap^. stand for the 
best possible simultaneous accuracies in measurements of x and 
Pjj.. More generally, with measurements which are not necessarily 
of optimum accuracy, we have, of course, 

Ax Apj. ^ h. 


Moreover it is this relationship, holding between any pair of 
conjugate dynamical variables, which is the source of all speci- 
fically quantal effects. If the small, but finite, in (1) is replaced 
by zero, we regain the equations, and predictions, of classical 
dynamics. 


t We have written and not = in ( 1 ) since we have not precisely defined Ax 
or Apa;- A numerical factor, of the order of unity, is introduced into the r.h.s. 
of (1) according to the definition of these quantities. 
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It is, perhaps, advisable to stress that the momentum correspond- 
ing or conjugate to the spacial coordinate x is not, in general, mx. If 
a;, y, z are rectangular Cartesian coordinates, then = mx^ Py = my^ 
and p, = mz. But if, instead, we are using spherical polar coordinates, 
r, Bf <f> (Fig. 6), then 

Pr ~ mr; Pe ~ mr^B\ p^ — mr* sin®^.^, 
and with cylindrical polar coordinates, p, <f>, z (Fig. 5) we have 
Pp = mp; p^ = mp^<f>; p^ = mz. 



When in doubt of the correct momenta corresponding to a given set of 
configurational coordinates any reasonably advanced text-book of 
mechanics should be consulted. The customary notation is to denote 
positional coordinates by and the corresponding momenta 

by Pit Pi The complete set, g<,..., pj, pj,..*, Pi,... are 

said to constitute the coordinates of the representative point in phase 
space. 

We have, then, an equation of the form 

AxApjc ~ h 

for every coordinate Xy p, z,... . This uncertainty relationship 
shows up in a quite definite and striking way if we compare the 
classical and quantal solutions of any particular mechanical, or 
dynamical, problem. To take the simplest possible case, let us 
consider a particle constrained to move on a straight line. There 
is then only one positional coordinate, x say, and the correspond- 
ing momentum, p^, is given by mx. Again for simplicity, we will 
suppose that there is no potential field, other than that confining 
the aj-coordinate to the region, or range, 

0 < j? < a, 

i.e. we consider the problem of a particle in a ‘one-dimensional 
box’. 
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Since a constant potential energy may be ignored, the energy 
of the particle is given, according to classical dynamics, by 

£ = \mx^ = ^ where — oo < ^ (2) 

whereas quantum dynamics gives (see paragraph 2 of Chapter III)t 

A* 

® = f 

We can compare these two results most easily if we think in 
terms of phase space, a concept to which we have already referred 



Fig. 6. 


above. Fig, 6 (a) shows P, the point defining the position of the 
particle in ordinary displacement space; and Fig. 6(6) shows Q, 
the representative point of the system in phase space, the fig- 
mentary or conceptual space in which any point is defined by the 
two coordinates x and p^. It is evident that any position of Q in 
phase space determines, uniquely, not only the position of P in 
displacement space, but also the magnitude and direction of the 
momentum, or velocity, of the particle at P. Consequently each 
point -Q, of phase space, corresponds to a recognizably distinct 
state, or condition, of the system, i.e. of the particle in the one- 
dimensional box. 

t In (3), of course, p stands for a quantum number and is not, directly, the 
linear momentum of the particle. 
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Now classically, by equation (2), all those points Q correspond- 
ing to states in which the particle has energy E lie on one or other 
of the two straight lines 

Px = ±4.‘^mE) 

and therefore the classical condition E ^ E 2 , means that Q 
lies in one or other of the two shaded areas shown in Fig. 6 (6). 
According to quantum mechanics, however, the allowed energies 
of the particle (pertaining to stationary states) are given by 
equation (3), so that we can write 


E, 


8m 




8m 


where and ^2 positive integers. The portion of phase space 
corresponding to the classical condition E^ ^ E ^ E 2 (shown 
shaded in Fig. 6 (b)) is then of area 

2ay{2inE^)-^{2mE^)} = 2a^{p^-p^) = Mp^-pi) 


which = A if i^i+1) 

i.e. if El and E^ are successive quantal energy levels. 

Now only the discrete energy levels {p -= 1,2,3,...) have any 
meaning in quantum mechanics; we can therefore express our 
result by saying (pictorially) that quantization, i.e. the transition 
from classical mechanics to quantal mechanics, subdivides phase 
space into units of A (= 6-62 . erg. sec.). This is dimensionally 
correct, since 1 erg. sec. — 1 dyne cm. sec. = 1 cm. (dyne sec.) = 
1 cm. (momentum). 

The result which we have found in this simple example is a 
particular case of a general theorem of fundamental importance, 
and a direct consequence of the Heisenberg uncertainty principle. 
A proof of the general theorem is without the province of this 
book, but the theorem itself may be stated as follows :f 

The classical energy surfaces in phase space (total energy = con- 
stant) which correspond to the energies which are allowed by 
quantum theory subdivide phase space into units of h^ where n is 
the number of spatial coordinates, 

t In general, the theorem €is here stated is true only for sufficiently large 
quantum numbers (energies) — see more detailed discussion in Fowler, R. H., 
Statistical Mechanics, C.U.P. (1936), pp. 18 ff. But the naive statement above 
is not seriously misleading, and conveys the correct idea. 
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3. This principle provides a link between quantal and classical 
mechanics sufficient to enable us to pass from the statistical theory 
formulated in terms of discrete (quantal) energy levels, which we 
have developed hitherto, to the corresponding formulae of statis- 
tical mechanics based on classical dynamics. For classical and 
quantal theories will be equally appropriate only if the quantal 
energy levels are very close together (compared with kT): and 
when this is so we can write, on account of the above theorem 
(and of the meaning of integration) 

2 = f dA , ( I) 

X ^ 

where e is the classical energy, f and dA stands for an element 
of ‘area’ of phase space. In other words 

(summed over J J 

allowed energries) 

become indistinguishable when quantal conditions can be ignored. 

Equation (4) is true even if the quantal energy levels are 
degenerate. Again we cannot prove this here, but, roughly speak- 
ing, the alternative wave-functions belonging to a degenerate 
energy level correspond to different regions of phase space. Thus, 
quite generally, the ‘classical’ formula for the partition function, 
2 cjOi is 

i 

(P-f-) = ^ /"■/ (6) 

(over phase space) 

where n is the number of spacial coordinates required to describe 
a system, or 2n is the dimensionality of the phase space concerned. 

Before we employ equation (5) to calculate the classical ana- 
logues of the partition functions already determined quantally, 
for the translational motion of a structureless particle and for the 
vibrational motion of an harmonic-oscillator, there are three com- 
ments concerning equation (5) which must be made. 

The first comment is that equation (5), combined with the 

t We retum to our normal use of c for the energy of a system. E was employed 
above as possibly more familiar, but we wish, in general, to reserve capitad letters 
for properties of the whole assembly. 
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meaning of a partition function (which we discussed in paragraph 
5 of Chapter II, and see also Chapter V), implies that any system 
with the energy e is equally likely to be anywhere in the region 
of phase space corresponding to this particular energy, f For the 
classical justification of this basic principle of pre-quantal statis- 
tical mechanics, and its connexion with the famous Liouville 
theorem of classical dynamics, the reader is referred to the im- 
portant standard work of Tolman (see bibliography). The basic 
principle is certainly no immediate consequence of Liouville ’s 
theorem applied to any one system, as is sometimes supposed. 
For it must be borne in mind that any particular system is con- 
stantly changing its energy due to collisions — or whatever other 
mechanism is maintaining statistical equilibrium in the assembly. 
Our attitude in this book is to regard as basic the fundamental 
hypothesis stated at the beginning of Chapter II (assumption (a) 
or (6)) and to consider ‘ classical’ statistical mechanics as a parti- 
cular limiting case of ‘quanta!’ statistical mechanics. Apart from 
some further discussion in the final chapter, any deeper treat- 
ment is outside our chosen domain. 

The second point calling for attention is the presence of the factor 
1/h”' on the r.h.s. of (5). Obviously such a factor cannot belong 
to an entirely pre-quantal treatment. Nevertheless we shall retain 
it, and any terms deriving from it, in all our so-called ‘classical’ 
formulae. Historically, of course, classical statistical mechanics 
was based on the phase integral, i.e. the r.h.s. of (5) without this 
extraneous factor. For many purposes the presence or otherwise 
of the numerical factor 1/A^ is completely irrelevant: the reader 
will, for instance, verify without difficulty that it does not affect 
any expression we may calculate for E or P, and consequently 
CIp or Cjj, as functions of temperature and volume. It is only 
formulae for the entropy, S, the free energy, F, and the chemical 
potential, p, which are affected by the presence or otherwise of 
the numerical factor 1/A^ in the partition function (p.f.). For 
example, the term in the expression for 8 due to this particular 
factor in (p.f.) is —Nknlnh. But this is a constant, independent 

t A more accurate statement would say ‘with energy between c and e+8c, 
where 8e is small, etc \ 



IV, §3 TRANSITION TO CLASSICAL DYNAMICS 61 

of T and F, and so for many purposes (e.g. in estimating the 
entropy change in a gas reaction, when all such terms cancel out) 
quite irrelevant. It is only in attempts to calculate anything that 
may be called the absolute value of the entropy (or absolute entropy 
values) that this term involving h is important. We shall discuss 
the meaning to be attached to absolute entropy values in Chapter 
IX, and show then that pre-quantal statistical mechanics was 
incapable of predicting such quantities. Similar considerations 
apply to the terms involving h in expressions for F or /x. For the 
present this factor Ijh^ in (p.f.) should be regarded as a normaliza- 
tion factor, ensuring a correct transition between classical and 
quantal expressions for the partition function. 

Finally, we remark that although equation (6) has been derived 
as a limiting case of the corresponding quantal formula, we are 
assigning to it a classical status of its own. By this we mean that 
we shall use it to show what classical dynamics would predict 
outside its own proper range of validity. When classical dynamics 
is strictly appropriate, the quantal and classical treatments will 
give identical results. But this will not be so if we use the classical 
formulae, implying a continuous range of permissible energies for 
any system, to describe an assembly in a thermod 3 aiamic state 
depending intrinsically on the discrete quantal nature of these 
energies. Thus comparison between classical and quantal formulae, 
when these lead to different expressions for the thermodynamic 
properties of an assembly , exposes those macroscopically observable 
effects which have their origin in specifically quantal behaviour. 

4 , As a first example on the evaluation of the classical phase 
integral we shall take the problem solved quantally in paragraph 
2 of Chapter III. That is, we shall deal with an assembly of N 
independent non-localized structureless particles, supposing now 
that the energy (translational) of any system is given by the 
Newtonian expression 

€ == \m{x^-]ry^+z^) 

which = 

since for rectangular Cartesian coordinates = mx, Py = my^ 
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and = mz. The partition function that we have to evaluate is 
then given by equation (5) above, i.e. 

00 00 CD c b a 

(p.f.) = j j jjj 

—00 —00 —00 0 0 0 

involving a 6-fold integration over phase space.f Three of these 
integrations, viz. those over the ranges of x, y, and z, are imme- 
diate, since x, y, and z do not themselves occur in e, i.e. in the 
integrand. Consequently, 

00 00 00 

(p.f.) = f f f ^Px^Py^Pz 


00 00 00 

I I I 

— 00 — 00 — 00 


( 6 ) 


We may pause here to observe that (6) is quite independent of 
the rectangular shape of the box, which we assumed in the quantal 
treatment of Chapter III and have carried over into the above 
equations. Since the spacial coordinates do not enter into the 
integrand, integration over these coordinates is bound to yield 
just the volume, F, of the container within which each and every 
system of the gaseous assembly is confined. 

Returning to (6), we can factorize the triple integral (in just 
the same way as we factorized the triple sum in the quantal 
treatment) to obtain 


(p.f.) = 


00 00 00 



— 00 — 00 — 00 


But each of these integrals is simply related to the standard 
integral, equation (7) of Chapter III. For we have 




00 

0 


= 2 ^ ^{27TmkT). 

2 


t 


J 


refers to dx, 


b 

J refers to dy, etc., working outwards from the integrand. 
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Therefore equation (6) gives 

(p.f.) = ^yJ{27TmkT)^(27TmkT)^(27TmkT) 
fh 



which is precisely the result that we obtained quantally. 

Thus, as far as the partition function for free translational 
motion is concerned, classical dynamics and quantum mechanics 
both lead to the same expression, provided that the classical phase 
integral is ‘normalized’ (by the inclusion of the factor 1/A^) and 
provided also that the quantal treatment is based on classical 
statistics (as distinct from Fermi-Dirac or Einstein-Bose statis- 
tics). This is because the quantal energy levels are so close together, 
for atomic masses, that on any scale in which the yardstick of 
thermal energy, kT, is appreciable these quantal energy levels are 
indistinguishable from the classical continuum. Since we have 
already deduced, from this expression for the translational parti- 
tion function, both the Sackur-Tetrode entropy equation and a 
formula for the translational contribution to the chemical potential 
(Chapter III, (17) and (19)), we shall not discuss the expression 
further here, but proceed to a second example, and one for which 
classical and quantal treatments lead to markedly different 
results. 

5. In Chapter II we considered the Einstein theory of the 
specific heat of an atomic crystal, and showed that this depended 
on evaluating the partition function for a simple-harmonic- 
oscillator. Accepting that, for a [l]-oscillator, the quantal energy 
levels are given by 

(n:= 0,1,2,...) 

with o) = I 

we found that the partition function for a single oscillator was 
given by g-iMfcr 

(p.f.) = j _^-hvlHT • 

We shall now evaluate the phase integral, or classical form for the 
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partition function, for a [l]-oscillator governed by classical dy- 
namics, and shall find that we obtain a very different expression. 

According to classical dynamics a [l]-o8cillator having frequency 
V is governed by the equation (Newton’s law of motion for a 
particle in a parabolic potential field) 

x-j-{27rv)^x = 0 

whence x — A cos(27rv^+S) 

where A is the amplitude of the oscillation and S is an arbitrary 
phase, depending on the instant from which we start to measure 
the time t. The kinetic energy of the particle, at any time, is 
given by 

K.E. = ^mx^ = |m(27rv)M^8in^(27rvf+S) 
while its potential energy is given by 

P.E. = \m{2TTvYx'^ — \m{2TTv)^A'^ co^^(2Trvt-\-h). 
Consequently the total energy of the oscillator, the sum of both 
kinetic and potential energy, is a constant of the motion given by 

€ = \m(2TTvy‘A^ 

and can have any value, between zero and infinity, depending on 
the amplitude, A, of the oscillation. 

To form the phase integral we require e as a function of x and 
the spacial coordinate and corresponding momentum of the 
particle. This is easily obtained, since p^, == mx, and 
€ = \mx^-\-\m(27Tv)^x^ 

Thus the classical expression for the partition function, equation 
(5) above, reads 

00 00 

(p.f.) = ^ J J (9) 

—00 —00 

In this case x, as well as p^, can run from —oo to -f oo, there being 
no artificial restriction on the magnitude of x. But, of course, the 
contribution to (9) from large values of x (or p^) is very small, 
since large x (or pj) means large e and so a very small value of 
the integrand. 
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As before , the phase integral factorizes and we liave 

00 CO 

^-pll2mhT / ^~m{27rv)“x^l2hT 

— 00 —00 

by equation (7) of 
^Im{"lTTv) Chapter III, 


i.e. 


(p.f.) 


hv' 


(10) 


Equation (10) is certainly very different from equation (8), and 
therefore the thermodynamic properties of an assembly of 
identical, localized, [l]-oscillators (Einstein solid) calculated from 
(10) are necessarily different from those previously calculated on 
the basis of equation (8). A hypothetical assembly of 3iV classical 
[l]-oscillators will not have the same thermodynamic, macro- 
scopic, properties as an assembly of 3A^ quantal [l]-oscillators. 

The easiest route to thermodynamics is still provided by the 
equation for the Helmholtz free energy (equation (22) of Chapter 
II) which for 3iV localized systems reads 

F = -3iV^*Tln(p.f.) 
and on the basis of (10) becomes 

F = -^NkT\n~. ( 11 ) 


From (11) and the Gibbs-Helmholtz equation 


E - F- 


we deduce 




E 


^ kT^^lzNln^] 

dT\ hvj 


ZNkT. 


( 12 ) 


Consequently = ZNk, 

i.e. the specific heat has the value 3Jt per mole, at all temperatures. 

Thus classical mechanics would lead us to expect an assembly 
of 3N localized [l]-oscillators to have a specific heat independent 
of the temperature and given by the Dulong-Petit law. We have 
already seen that according to quantal mechanics such an assembly 


4973 
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will have a specific heat equal to 3JVfe only at high temperatures: 
at lower temperatures the specific heat will fall below this limiting, 
classical, value and, indeed, will tend to zero at very low tempera- 
tures. Since the latter behaviour is in general agreement with 
experimental data on the specific heats of solids, we are led to 
refer to the falling off of the specific heats of solids, at low tem- 
peratures, as an observable macroscopic consequence of micro- 
scopic quantal behaviour. 

Two final comments. First, the equivalence of the classical and 
quantal expressions at high temperatures is not accidental. We 
have here merely another illustration of the law that when the 
yardstick of thermal energy, k7\ is large compared with the 
spacing of the quantal energy levels (in the region of appreciably 
occupied levels) then the assembly will exhibit classical behaviour 
—as if the energy of its systems were not subject to quantization. 
We cannot prove this law in its complete generality here, but shall 
find other illustrations of it in later chapters. Secondly, the 
classical value of the energy, ZNkT, or kT per [l]-oscillator, itself 
illustrates the general classical principle that each 'squared^ term 
in the exponent of the integrand of the phase integral contributes \kT 
to the internal energy of the assembly. In this particular case there 
were two such squared terms (\j2m)p% and \m{2TTv)^x'^, and the 
reader will easily verify that each of them leads to \kT in the 
expression for E. The general rule is itself easily proved, and is 
also left as an exercise for the reader. 

6, Having now evaluated the classical phase integral for those 
particular assemblies for which we had previously evaluated the 
quantal form of the partition function, we have almost brought 
the classical and quantal treatments to the same stage in our 
development of statistical theory. There remain, however, two 
gaps in the classical formulism which have still to be filled. We 
have shown that the classical analogue of 

i 

is ^ J ... J dx...dp^..., 

(phase space) 
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but we have not yet given the classical version of the ‘quantal* 


formulae 


S = klnQ, 


(13) 


and 


nt = N 


to I 


(14) 


In the quantal treatment we found (see equation (18') of 
Chapter II, or (21) of Chapter III) that 




(15) 

or 

~ N! 

(16') 


according to whether the systems of the assembly w^ere localized 
or non-localized. Evidently the classical forms of (15) and (15') 
are 


Q 


(ij-i 




\N 

..dp^...j e 


^ElhT 


(16) 


and = i_ J ... J e-*(x...j>....)/i.r ...dp^ ... j (16') 


respectively. 

There is no need to discuss (16) and (16') separately, for the 
factor 1 jN ! required for non-localized systems is easily interpreted. 
Confining attention, therefore, to (16) we observe that 


(M-/ 


g-f(x...j),...)/fcr 


\N 

...dp,..j 


(^J-J 




...dp ,^..^ ; 


X 


(^J-J 


x( 




...dp ^,...^ : 






(17) 


since the addition of suffixes to ‘dummy’ variables — i.e. variables 
over all values of which we integrate, and so which do not appear 
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in the final result — makes no difference. Also (17) can be written 
as 

Xdxi...dx^ dxs- ..dp^^...dp^^ dp^^. .. (18) 

by the inverse of the process of factorization of a multiple integral. 
Now we may regard Xi.., and^^^... as the coordinates and corre- 
sponding momenta specifying system number one, 0 : 2 ... and 
as the coordinates and corresponding momenta specifying system 
number two, and so on, for all the N independent systems of the 
assembly. Then, since these are independent systems, 



€{Xi...p^^...) + €{Xz...p^,...)+... + €(X!^...p^^...) = E, 


the total energy of the assembly, and, further, 

serve as a complete (and non-superfluous) set of coordinates 

defining the spacial arrangement of the whole assembly, while 

Pxi - Pxt Pxjr ' conjugate momentum variables: in 

other words, X 1 ...X 2 ^n- Px^—Px^ Pxy -- define the position of 

the representative point for the whole assembly in the 2nN‘dimensional’\ 
phase space for the whole assembly. Consequently (18) may be 


written 


j-/ 




(the phase space for 
the whole assembly) 


where g... and p,., stand simply for sufficient spacial coordinates, 
and corresponding momenta, completely to specify the state of 
all N systems of the assembly. Equation (16) then reads 

Q = (20) 

(the phase space for 
the whole assembly) 

Now quantally we started with the postulate that E, the total 
energy of the assembly, was given. If we preserve this postulate 
when dealing with the assembly classically, then 

^ g-iS/ler 


t Each system has n coordinates x,„ and n coordinates and there are N 
systems. 
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and it is tempting to write (20) as 

j ...jdq...dp..., (21) 

{E(q...p...) = E), 

where {E(q == E] denotes that part of phase space in which 

the assembly has energy E. A little thought, however, reveals 
that the r.h.s. of (21) is meaningless: the process that we are 
apparently trying to perform is akin to trying to integrate 
elements of area along a straight line, or elements of volume 
within an area. The best we can do with (20) is to restrict 
E(q...p...) to the small range 

E < E{q...p,.,) < E+i^E 

when, to all intents and purpovses, AJS/ being sufficiently small, 
(20) becomes I ^\N r r 

J -J (22) 

{E < E(q.,.p..,) < E+LE}, 

which is dimensionally correct, i.e. a pure number. Moreover, by 
what we have said already in paragraph 2 above, applied now 
not to the stationary states of a single system but to those of the 
whole assembly, the r.h.s. of (22) goes over into the quantum- 
mechanical degeneracy (number of independent, distinguishable, 
stationary states pertaining to the energy E) when E and E-\-i^E 
refer to adjacent allowed energy levels for the whole assembly. 

Thus S = k\nQ., with £i given by equation (22), is the classical 
form oi S = felnQ, with given, on a quantum -mechanical basis, 
by (a) or (6) of Chapter II. For many purposes the normalizing 
factor, involving h, and the precise value of AE, are not essential: 
it is only when we require a correct transition between the classical 
and quantal formulisms that these become significant. The really 
important feature of (22) is the classical result that entropy is 
proportional to the logarithm of a certain extension ([27^iV^]- 
volume) in phase space, namely that extension of phase space 
defined by the narrow region E < E{q.,.p.,.) ^ F-f AF. 

From this result it is possible to return to the formulae (equation 
(5) etc.) from which we derived it, in very much the same way 
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as we derived the corresponding quantal formulae from the basic 
quantal postulate, (b) of Chapter II. Indeed, historically that is 
the logical sequence. But having chosen in this book to base our 
statistical theory on the quantal formulism, it is unnecessary to 
re-derive all the analogous classical equations classically, and suffi- 
cient for the present purpose to have shown how the classical basis 
fits into the general scheme. Having done this we shall not, in the 
sequel, make any direct use of equation (22). 

Finally, we require the classical analogue of (14). It is imme- 
diately evident that this is simply 




(phase space) 


(23) 


(where the phase space concerned is that of a single system ; which 
is, of course, the only phase space related to the partition function 



Moreover the functions are such that 



J ... J n*(x...p^...)dx...dp^... = N 

(24) 


(phase space) 


and 

J ... J €(x...p^...)n*(x...p^...)dx...dp^... = E 

(25) 


(phase space) 


(cf. equations (5') and (6') of Chapter II). So far we have not 
made much use of these equations giving the important values 
of the distribution parameters, and we proceed to discuss them in 
greater detail in the next chapter. 


EXAMPLES 

1 . Prove that if the classical expression for the energy of a system can 

be written n n 

<=1 i«l 

where none of the a’s or 6’s are zero, then the classical value of the internal 
energy of the assembly is nfcT, per system. If only I of the o’s and m of 
the 6’s are different from zero, show that the classical value of the internal 
energy of the assembly is j(l-j~m)kT, per system. 

2. Prove that for a [l]-harmonic oscillator, of classical frequency p, the 
area of phase space which corresponds to classical motion with energy less 
than or equal to c is given by e/p. Hence show that the quantally allowed 
energies subdivide phase space into regions of area h. 



IV, §6 


TRANSITION TO CLASSICAL DYNAMICS 


71 


3. In terms of spherical polar coordinates (Fig. 5, p. 56), the kinetic 
energy of a particle of mass m is given by 

Evaluate the phase integral, and show that the classical expression for the 
partition function of such a system confined to a spherical box of radius a 
is given by 

l^unvrfrj. 19 ^,, , •*/ 

-a^ 


^here V- 



V 


INTERNAL DISTRIBUTION FUNCTIONS 

1 . In the main, we have so far been content with evaluating, for 
any particular assembly, F, N), from which we have deduced 
S(EyV,N) and thence calculated such other macroscopically 
measurable quantities as Gy or P. 

That in practice we have more often merely constructed the partition 
function, (p.f.), and thence found jP(T, F,A^), does not invalidate this 
statement. For T was originally a complicated function of E, F, and JV, 
which we identified with the temperature on accoimt of the thermo- 
dynamic properties of S. Proceeding straight to the partition function 
is simply a practical short cut by which we can avoid working through 
the full details of the general theory in any particular case. 

Now if we examine either the quantal or the classical formula- 
tion carefully (and we revert to quantal terminology for the general 
discussion) we shall find that we have really made no use at all 
of that part of our fundamental assumption — (a) or (6) of Chapter 
II — ^which said that all distinguishable stationary quantal states, 
corresponding to given values of E, F, and JV, were to be treated 
as a priori equally probable. In doing what we have done so far 
we might equally well have just considered f2(P, F, N) — as a 
certain number or, more strictly, as a function of P, F, and N — 
and, by investigating the properties of 8{E, V,N) on the assump- 
tion that S — klnQ, we should have been led to the pragmatic 
belief that this provided the proper link between ^he microscopic 
and the macroscopic properties of the assembly. Why then, in 
framing our fundamental quantal assumption in Chapter II (and 
in discussing the classical analogue of this in Chapter IV) did we 
include the hypothesis that any two distinguishable microscopic 
states of the assembly were a priori equally probable ? 

Anything like the full answer to this must be reserved till we 
are in a better position to appreciate what is involved: see the 
final chapter. But an important partial answer can be given at 
once and has, indeed, already been indicated in paragraph 3 of 
Chapter III. And it is to the fuller elaboration of the discussion 
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there given, with some applications to particular problems, that 
we must now proceed. 

We have obtained the equations 




^ CL)^ g-€</Ie2r 


{i= 1,2,...) 


( 1 ) 


for the important values of the distribution numbers, 
n^,.... Since the distribution numbers satisfy the restrictive 
conditions 


ln,==N, 


£/ 


E 


this is true also of their important values, n* , w* »•••, i-®- we 

n't = N, 


lnte,==E. 


( 2 ) 

( 3 ) 


Indeed it was from equations (1) and (3) that we first calculated 
E, as a function of T, F, and N, for an actual assembly. 

Now, as we discussed in paragraph 3 of Chapter II, the im- 
portant values of the distribution numbers, n*, n*,..., 7i*,..., are, 
by definition, such that there are overwhelmingly more distinct 
microscopic states of the assembly corresponding to this par- 
ticular set| of distribution numbers than there are for all other 
possible sets of distribution numbers put together. Therefore, if 
all distinct microscopic states of the assembly are a priori equally 
probable, it is overwhelmingly more Ukely that the assembly 
(when it is in the condition of thermodynamical equilibrium at 
temperature T) is in a state specified by the distribution numbers 
w* , w*,..., n*,... than that it is in a state specified by any other 
set of distribution numbers. And this has given a real, rather than 
a purely mathematical, meaning to the numbers n*, n* . 

In fact if we could measure the number of systems in the 
assembly with energy c^ we should, if the argument above is 
correct, expect to find the value n*. For states in which the 
distribution numbers are nf, n * j * ^re, on this argument, 
overv helmingly the most probable. Actually, of course, no physical 


f Or only negligible deviations from it. 
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observation is completely instantaneous, and what we should 
really measure is some kind of time average of n^: but this only 
strengthens the importance of the numbers as far as physical 
measurements are concerned. For during the small but finite time 
of an experiment we shall expect the assembly to be overwhelm- 
ingly most often in states corresponding to = nf even if instan- 
taneously we might hit on one of the very unfikely microscopic 
states for which has a value other than n*. 

Consequently the statistical mechanics based on the funda- 
mental assumptions we have made not only enables us to predict 
the macroscopic thermodynamic properties of the assembly but 
also to predict all measurable internal distribution functions de- 
termined by the equilibrium distribution numbers, 72*, Tig • 

In the sequel we shall frequently have occasion to refer to such 
internal distribution functions, and we shall now illustrate the 
use thus made of equation (1) by considering two of the most 
important of such applications. Once again we must, for the 
present, regard agreement between prediction and observation as 
providing an a posteriori justification of the validity of our basic 
assumptions. 


2 . The first problem we shall consider concerns the equilibrium 
distribution of energy among the systems of an assembly of N 
[l]-oscillators. It does not matter whether the oscillators are 
locahzed or not; in either case we have 

-yj* ^ equation (29) of 

~ f e^n+i)ftv/fcT Chapter II). 

n—0 

The suffix i, which numbers the energy levels 1, 2, 3,...., is, of 
course, equal to n~\~l, n being the quantum number which runs 
from 0 , 1 ,... up to 00 . 

On simphfication, this becomes 



^-nhvjhT 

(l—e-AWfcr)-!’ 




or 


( 4 ) 
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From (4) we find 

”i‘+”*+i+«i+2+— = 

^-{n+2)hvlhT _j^^-{n+2)hvlhT J 

— ]^^'-nhvlUT ^ 

In other words, the number of oscil> ^1 
lators with energy greater than or 1 
equal to (n-\-\)hv is given by \ 

^?>(n+l)Av = Ne-r^W, (5) \ 

Fig. 7 shows the graph of equa- \ 

tion (5). It is evident from equation \ 

(4) that a plot of <=(„+!>*„ has pre- ^ 
cisely the same form, every ordinate ^ \ 

being then reduced by multiplication 
by the extra, uniform, factor : \ 

(1— e-^Wic2’). I I 

1 I i — ^ 

The corresponding classical ana- ^ ^ ^ ^ ^ 

logues of equations (4) and (5) are 7. 

likewise easily determined. Starting 
now with equations (23) and (10) of Chapter IV we have 


n*(x,p^) 




(phase space) 

— J^Ne,-€i.x,Px)lhT 

kT 

But the classical interpretation of n*(x,pj is simpl^^ that 
n'^(x,p^)Sx8p^ is the equihbrium number of systems whose repre- 
sentative points lie in the small regions {x, x-\r8x\ Px^ Px^^Px) 
of their respective phase spaces (thinking of a separate phase 
space for each system). Consequently if we ask, What is the 
number of systems with energy between c and €+§€, the answer 
is given by 


where 


area of phase space corresponding to energy 
between e and c+Sc. 
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It is convenient to denote this number by n*(€)8€, and so we have 

n*(e)8€ = -^Ne-^l>‘'^8A. 
kT 

It can, however, be shown without difficulty (by considering the 
ellipses in phase space which correspond to constant energy) thatf 


Therefore 


Tl*(€) Se 




Equation (6) is the classical analogue of (4). The classical analogue 
of (6) is immediately deduced from it. For if ]V*(e) denotes the 
equilibrium number of systems with energy greater than or equal 
to €, we have oo 

= J n*(e) d€ 


i.e. N*(€) = (7) 

Comparison of (5) and (7) (or of (4) and (6)) shows that the sole 
differences between the quantal and classical formulae are those 
arising from 

(i) the quantal zero-point energy, 

(ii) the fact that quantally the energy is defined only for integer 
values of n. 

It is just these novel quantal features, of course, and in particular 
(ii) above, which produce the marked differences in the quantal 
and classical formulae for E and (7^. as functions of temperature — 
as we have already seen. 

The above equations, (4)~(7), for the internal distributive pro- 
perties describing the equilibrium condition of an assembly of 

t A rather sophisticated proof is as foDows: Quantally Be — huSrif where Bn 
is the number of quantal levels in the energy range 8c. Also, by our theorem in 
Chapter IV, 8A == hBn, Therefore 8w4 = Sc/v. 
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N [I]- 08 cillators have an important place in certain theories of 
reaction kinetics. It is necessary that the reader should recognize 
(despite the functional simplicity of equation (7)) that they apply 
only to an assembly of simple harmonic oscillators. 


3. As the second illustration of the use of equation (1), or its 
classical analogue, to determine the internal distributive properties 
of an assembly, we shall derive Maxwell’s famous law for the 
distribution of velocities among the systems of a perfect gas 
(proposed by Maxwell, 1859; proved by Boltzmann, 1896). 

According to equation (23) of Chapter IV, and the work in 
paragraph 4 of that chapter, we have at once 


n*(x,y,z,p^,Py,p^) = N 


e-(pl+pi+pi)l^mhT 
V{27TmkT)i ‘ 


This shows, as is physically self-evident, that n*(x,y,z,p^,PyyPg) 
is independent of x, y, and z. There is no tendency for the 
systems to prefer any particular position in the assembly to any 
other position in the assembly. Consequently if 


^*(Px’PvyPz) ^Px^Pv^Pz 

denotes the number of systems having momenta in the ranges 
iPx^Px+^Px)> {Pv^Pv+^Py)> {Pz> Pz+^Pz)’ we have 

'r>'*iPx>Pv’Pz) = /// n*{x,y,z,p^,py,p^) dxdydz 


= N 


g — (Px )/2wiIll r 

(27rmfeT)* 


( 8 ) 


Now the r.h.s. of (8) depends only on p^ ~ 
the total momentum p (— mv, where v is the actual, resultant, 
velocity of a system). But if n*{p) Sp is the number of systems 
with momentum between p and p+Sp, and n*(p^,py,pg) depends 
only on p, then 

n*{p) Sp = ^TTpht*{p^,Py,Pg) Sp 

[for, in polar coordinates, 

^Px ^Py ^Pz = P^ sin B S$S<l>Sp 
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and 0 and (f> can have any values between 0 and tt, and 0 and 2rr, 
respectively] . Therefore 

" ~ ^ iMT)> ■ 

Moreover, 

n*(p)Sp = number of systems with momentum 
between p and p+8p, 

= number of systems with velocity between 
V and v+St;, 

which we denote by n'^{v) hv. 

Therefore, 

n*(v) hv — N —^ — ■ ■ 8® 

' ' (2nmkT)* ^ 

or „.(„) = if (9) 

which is the Maxwell-Boltzmann law. 

Like the formulae of the last paragraph, equation (9) plays an 
important part in the kinetic theory of reaction rates: but such 
applications to non-equilibrium assemblies are outside the scope 
of this book. 


4. In so far as it provides an experimental check on such calcu- 
lations of internal distribution functions, a brief account of the 
theory of the broadening of spectral lines by the well-kno^^^l 
Doppler effect may, perhaps, suitably be inserted here. 

According to the general properties of wave-motion, an atom 
(or other system) emitting light of wave-length Aq will, if it be 
moving with velocity away from the observer, appear to be 
emitting light of wave-length 

A = Ao|l+^j (10) 

where c is the velocity of light. The effect is known as the Doppler 
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effect, and has application to all types of wave motion. Doppler 
was himself concerned with the apparent colour of receding stars. 

If, then, we observe the spectrum of a glowing gas in the way 
shown diagrammatically in Fig.'S, we shall expect to receive light 
of wave-length given by equation (10) from each atom whose 
a; -velocity is Now, if the gas is in thermod 5 nriamic equilibrium 


Line oF si9ht 





/ 





Fig. 8. 

at temperature T, the number of atoms for which the x-velocity 
lies between and is found from equation (8) above to be 

C© 00 

n*(Vi) = j J n*(p^,py,p.) dpydp^Bp^ 

— 00 —00 


mN ^ 

Qf) 

^ ^(27TmkT) 
i.e. 

where n*(0) is the value of n*(v^) for — 0. 
But, from equation (10), v^, is given by 


(H) 


and therefore (11) may be written 

n*(A) = (12) 

where replacing n*{v^) by 7i*(A) reminds us that every atom with 
a:-velocity appears to be emitting light of wave-length A. 
Consequently, in terms of the intensity of light received by the 
spectroscope, 


i(A) == 


(12') 
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Therefore, in so far as the width of the spectral line is due to the 
Doppler effect, the ‘shape’ of the spectral line will be that of 
Fig. 9; and a plot of In / against (A— Aq)^ will yield a straight line 
of slope —mc^l2X\kT. 

In practice, of course, the shape of a spectral line depends on 
other factors besides Doppler broadening; but it has proved pos- 



Fig. 9. 


sible in some cases to disentangle the specific Doppler effect, and 
thus to obtain a very nice verification of the underlying statistical 
distribution formulae. 

5, Before leaving this discussion of internal distribution func- 
tions and proceeding to further thermodynamic applications of our 
basic statistical formulae, there is one general theorem concerned 
with internal distribution functions which we must next prove. 
Its proof depends on the important factorization 'property of parti- 
tion functions, to which we have not yet referred. Suppose that 
an assembly consists of N independent systems, each of which is 
capable of possessing quanta (classically: amounts) of different 
types of energy. For instance, in a gas of systems each of which 
is a simple harmonic oscillator each system can possess inde- 
pendent amounts of translational and vibrational energy. f We 
can express this quite generally by writing, for the energy of any 
system ^ ^ . 

t And also rotational energy, but we shall not be concerned with this till the 
next chapter. 
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If the various types of energy, denoted by e', c", e'",..., are quan- 


tized, then 


€ can have values 


e" can have values ej[, el,.,., el,... 
e" can have values e^, eg ,*••> • 

and so on ; and the permissible values of € are given by 

To simplify the discussion we shall suppose that all the degeneracy 
factors are unity, | Then 

(p.f.) = y = y e-(€'i+6;+€r+..,)/fcr 


^ ^ e-eJ/fcT ^ ^ 

= (p.f.)'(p.f.r(p.f.r..., (13) 

i.e. the partition function for any one system is simply the product 
of partition functions for each separate kind of independent 
energy. This is the important factorization property of partition 
functions which we have just mentioned. 

In considering the bearing of this factorization property on the 
general theory of internal distribution functions we may, for 
definiteness and without loss of generality, suppose that each 
system is capable of just three kinds of energy, denoted by c', e", 
and e". Then, by equation (1), 




N 




ii 


= N 


g-(€l+€j+€*)/fcr 

liJ) 


(14) 


and, of course, n*j jc is equilibrium number of systems for 
which the energy of type e' has the value e^, the energy of type e"" 
has the value cj, and the energy of type e'" has the value e^'. 
From equations (13) and (14) we deduce 




g— y 

■ti ,. = I ^ (p.f.)'(p.f.)''(p.f.)''' 


= iV 




(15) 


(p.f.)'(p.f.)''’ 

where, of course, has the physical meaning that it gives the 
t Their inclusion, however, does not affect the result in any way. 

Q 


4»7S 
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equilibrium number of systems for which e' has the value ej, has 
the value €p while e'" has any value of which it is capable. 

In the same way, 

g-ej/irr y ^-€'iihT 


e-ulhT 


n* ^ having the physical meaning that it gives the equilibrium 
number of systems for which e' has the value e!^, e" and e'" having 
any values of which they are capable. 

The quantities .,A; defined and 

calculated in precisely the same way. In particular we find 

c-€ilhT 

From these results two important conclusions follow. 

First, if we are interested in the internal distribution of any 
particular type of energy, say c', we can omit aU reference to the 
other and independent energies c" and e'". Equation (16) shows 
that the equation for ^ is of the form of the equation for n* 
in an assembly each system of which is capable simply of having 
the energies cg, € 3 ,. -, - • It is, of course, for this reason that 

in discussing the distribution of energy among an assembly of 
harmonic oscillators we were able to say that it was immaterial 
whether the systems were localized or non-locaUzed. If they are 
non-localized they must, of course, be capable of translational as 
well as vibrational energy: but in discussing the equilibrium 
distribution of vibrational energy we can omit all reference to the 
simultaneous distribution of translational energy. 

Secondly, comparison of (15), (16) and (17) shows that 


Now IN may be regarded as the probability that any parti- 
cular system has an amount cj of energy of type e' together with 
an amount ej of energy of type c" — its energy of type e” being 
quite unspecified. For is the equilibrium number of such 
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systems, and N is the total number of systems, in any state what- 
ever, in the assembly. Similarly may be regarded as the 

probability that any particular system has an amount ej of energy 
of type c' — there being no specification of its energies of types e'" 
and Thus equation (18) is capable of the verbal interpretation: 
the probability that a given system has, simultaneously, specified 
values of two independent characteristics is the product of the proba- 
bilities that it has the given values of those two characteristics treated 
separately. Evidently a complete proof of this would require the 
inclusion of the degeneracy, or weight, factors, w. The argument 
is then slightly more elaborate, but its sequence and the final 
result are essentially unchanged. 

n^ Ci/fci’ 

Moreover, since ~ ^ 

nf 

(returning for the moment to a less detailed notation) we may 
likewise say that, for any system, the various terms of a partition 
function are proportional to the probabilities of the varicnis states to 
which they refer. And for the same reason any one such term, i.e. 
^^g-€</ier, ig sometimes rather loosely referred to as the relative 
probability of the state, or set of states, to which it relates. 

EXAMPLES 

1 . Show that, in the notation of § 2 above, for an assembly of N [2]- 
oscillators (see example 6 of Chapter II) 

2 . Similarly, for an assembly of N [3] -oscillators (see §7, Chapter II) 
show that 

= N[i(n4-l){n+2)e-»^W*r-n(n+2)e-(«+i)^W*^ 

"f Jn(n4- 1 

3 . Starting with the quantal formulae, prove that when hvjkT is small 

"*(«) = ® [2]-oscillator, 

and »*(«) = 2^(^) * [3]-oscillator. 

(These classical formulae are the direct analogues of equation (6).) 

4 . Use equation (9) to prove that the average kinetic energy of a system 
within a perfect gas of structureless particles is given by fIrT. 

5. Use equation (9) to prove that the greatest value of n*(v) occurs when 

Jmv* = kT. 
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1 . The foregoing chapters have been concerned much more with 
developing the tools of statistical mechanics than with using 
them. It is, indeed, the main purpose of this book to deal in an 
introductory way with the methods and techniques of statistical 
mechanics rather than to provide a summary of all of even the 
simplest results which follow when these techniques are applied 
to specific assemblies. But certain of these specific results of 
statistical theory are so fundamentally important in theoretical 
chemistry that it is essential, if we are to appreciate the part 
played by statistical mechanics in the interpretation of experi- 
mental data, that we should examine some of them more parti- 
cularly. So far we have dealt in detail with the thermodynamic 
properties of only an idealized (Einstein) crystal and an ideal 
monatomic gas. This and the immediately following chapters, up 
to Chapter XI, will be primarily concerned with further applica- 
tions to other, chiefiy gaseous, assemblies. They will add little or 
nothing to the corpus of general statistical theory so far derived, 
but will emphasize and illustrate the practical importance of the 
preceding formulae. 

The theory of the specific heat, and other thermodynamic pro- 
perties, of a diatomic, or polyatomic, gas makes use of the 
factorization property of partition functions demonstrated at the 
end of Chapter V. We shall confine attention here to diatomic 
gases an(F shall, of course, consider both classical and quant al 
theories of their thermodynamic properties, contrasting their re- 
spective predictions. This time, however, we shall consider the 
predictions of classical dynamics first and then, secondly, give the 
corresponding quantal formulae. 

A diatomic molecule, AB, may be thought of as two atomic 
centres, A and J5, so bound together, by covalent or ionic binding, 
that they are at a distance apart. The atomic centre A differs 
from the corresponding atom A in its electronic distribution (due 
to the presence of B), and vice versa, but essentially the atomic 
centres A and B have the masses, and of the corresponding 
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atoms. ^Moreover, of course, the interatomic distance, r, is not 
rigidly fixed at the value The atoms move in a mutual potential 
field F(r), Fig. 10, and Tq is just that separation of A and B which 
corresponds to minimum potential energy. Any other value of r 
corresponds to a positive potential energy of distortion, V(r), 



Relative to fixed Cartesian axes through their common mass- 
centre, 0, the positions of A and B are completely determined 
by r (the distance AB) and the polar angles 6 and Fig. 11. 
And, according to general dynamical theory, the kinetic energy 
of the whole, diatomic, system is simply the sum of 

(i) the kinetic energy of the whole mass, moving with 

the velocity of the centre of mass, 0, and 

(ii) the kinetic energy of the motion relative to thr centre of 
mass. 

Now the potential energy, V(r), depends only on the 'internaF 
coordinate, r; consequently, and quite generally, for any system 

where etrana = kinetic energy of translational motion (of the 
mass of the whole system concentrated at its 
mass-centre) 

and €jnt == energy of the internal motion of a system, relative 
to its mass-centre. 
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Moreover, as we see from Fig. 11, the internal configuration of 
the molecule, i.e. its configuration relative to fixed axes through 
its mass-centre, is specified by 

(i) the orientation of AB in space (given by the angles 6 
and (f)) 

and (ii) the length of A B (given by r). 

If, dynamically, these vary independently, we call the first motion, 
i.e. that concerned with changes in the orientation of AB, rota- 
tional, and the second motion, i.e. that concerned with changes 
in the length of AB, we call vibrational. In order that these two 
motions may be regarded as independent it is necessary that the 
centrifugal force due to rotation should not have an appreciable 
effect on the vibrations and, conversely, that vibrational fluctua- 
tions in r should not appreciably affect the moment of inertia of 
the ‘rotating’ system. This is generally true, or very approxi- 
mately true, for diatomic molecules, and we shall proceed on this 
assumption. Then, for independent rotation and vibration, 

^int = ^rot+^vlb 

and, therefore, c = ctrans+^rot+^vib- (2) 

Consequently, for such a diatomic system, by the theorem at 
the end of Chapter V, 

(p.f.) = (p.f.)tran8(P-f-)rot(pf-)Tlb- (3) 

Now we have already, effectively, evaluated (p.f.)traiifl> for this 
is simply the partition function for the translational motion of 
a system of mass confined to a volume V, i.e. 

(4)^ 

Also, for the vibrational partition function, (p.f.)^b> we may use 
the expression already obtained for a simple harmonic oscillator 
(provided that the vibrations of the diatomic molecule are suffi- 
ciently small). This is equivalent, of course, to replacing the curve 
V(r) by a parabola, see Fig. 10, and rules out, for instance, the 
possibility of thermal decomposition. But generally if it is per- 
missible to separate out (p.f.)pot *tnd (p.f.)vib it is permissible 
also to suppose that the vibrations occur only at the bottom of 
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the curve V(r) and may be treated as simple harmonic vibrations. 
Consequently, according to classical dynamics, 

kT 

(P-f)Tib = (5) 

where v is the vibration frequency. 

The only partf of the partition function for a diatomic molecule 
which has yet to be evaluated is the rotational part, and 

to the evaluation of this on the basis of classical dynamics we now 
turn. 


2. In calculating (p.f.)rot we shall have to take the dynamics 
on trust, but if Pq and p^ are the momenta conjugate to 6 and 
it is not difficult to show that the classical rotational energy is 



where A is the moment of inertia of the molecule about an axis 
perpendicular to its length and through its centre of mass. In 
terms of m^, and in fact. 


A = 




but we shall continue to use the less explicit symbol, A, for this 
moment of inertia. 

Consequently, according to the general theory, 


2n n CO CO 

(P-f-)rot=pJJ J j exipi^-\Pl+^^p^^l2AkTypgdp4,dedcl>, 

0 0 ~ao ~oo 

for the momenta, p^ and p^, can take any values between —co 
and +00 while all spacial configurations of .4JB are covered if 
d runs from 0 to tt while (f) runs from 0 to 27r (the reader should 
convince himself of this). 

Now there is a slight difficulty in the general use of equation 
(7): for though the r.h.s. of (7) is perfectly correct for an unsym- 
metrical AB molecule like HCl, when the two ends of the molecule 


t The possibility of an ‘electronic ’ contribution is discussed briefly in paragraph 
6 below. 
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are indentical, as for Hg say, the spacial configurations corre- 
sponding to 0 < 0 < ^TT are indistinguishable from (i.e. identical 
with) the spacial configurations which correspond to Jtt < 0 < tt. 
Therefore, since it is a general rule that only distinguishable con- 
figurations are enumerated, in the case of A A molecules we have 
either to restrict the range of ^ to 0 < 0 ^ or to divide the 
r.h.s. of (7) by 2. It is customary, in order to preserve complete 
generality in equation (7) to write 

2W tr 00 00 

(p.f-U = ^JJ J J exp^-lpl+^^p^^y2AkTjdpgdp^d0d<f., 

0 0 , ,'—00 —00 (7') 

where a is called a symmetry factor, o has the value 1 when the 
ends of the diatomic molecule are unlike (e.g. HCl) and the value 
2 when the ends of the molecule are alike (e.g. Hg). Equation 
(7') thus formally embraces both possibilities. A symmetry factor 
such as or, however, being temperature-independent, does not enter 
into the expression derived from the partition function for the 
specific heat of the assembly. 

The phase integral is easily evaluated by mathematics w4th 
which we are already familiar: the ^-integration can be performed 
at once to give 

tr 00 00 

(p f.)rot = ^ J / J - {pe + ^P^ 

0 —00 —CO 


and now, integrating successively w .r.t. and 6, w e obtain 

TT 00 

(p.f.)rot - ^^(27rAkT) J J 


0 —00 


27r 


.J(2TrAkT)yj(2TrAkT) J sin0d0, 


i.e. (p.f.)rot 


Sn^AkT 

■ 


( 8 ) 


Equation (8) gives us then the classical expression for the rota- 
tional partition function for a diatomic molecule. 
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3. Grouping together equations (4), (5), and (8) we have, for 
a diatomic molecule according to classical dynamics, 

^ 2TT(m^+m,B)kT 'S^y 


(p-f-)tr, 


\ 


I 


kT 


(P-f-)rot 


S'n^AkT 

h^a 


(C) 


and from these expressions we can immediately derive the specific 
heat or any other thermodynamic property of the gaseous assembly 
that we may require. We shall confine attention to the specific 
heat. 

Since 

and 

we have 


E 




-1-] 

dT\T}j, 


(Gibbs-Helmholtz) 


F = —kTln[(p.£,)^/N\] (gaseous assembly), 


where 


= ^ [ln(p-f- )traiis+ ln(p.f.)vib + In (P-f- Utl 

= -^'trans + 'E'^ib + ^'rot^ 

= ^NkT, 

NkT, 

NkT. 

OT h’-o 

Consequently E — {NkT 

'V = or IB, per mole. (9) 


E, 


Tib 


d kT 
NkT^-^ln^ 
dT hv 


A m ^ 1 SnMkT 

and 


and 


Also, since 
we have 
and 


Cj, — C„+B, per mole (thermodynamically), 

Cp — |i2, per mole (10) 


Y - eye; = f = 1-28C. 


( 11 ) 
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Such then is the classical theory of the specific heat of a diatomic 
gas. We notice, first, that the general classical theorem that a 
contribution of \kT to E derives from each ‘squared’ term in the 
expression for the energy of the assembly is again exemplified. 
Secondly, however, we must observe that the result, equation (9), 
(10), or (11) is not in good agreement with experiment. Fig. 12 



Fio. 12. Specific heat of H|, per mole. 

shows the experimentally determined value of Gy for diatomic 
hydrogen over a fairly extensive range of temperature. In general 
shape (i.e. with an appropriate distortion of the temperature 
scale) the curve is typical of that observed for all diatomic gases 
except that 

(i) the drop from 2-5 to 1*5 has been observed only for Hg, Dg, 
and HD (though there is every reason to beheve that it will 
always occur at a sufficiently low temperature) and 

(ii) the drop from 3*5 to 2*5 is generally sharper than for Hg 
(the reason being that for Hg the fundamental vibration 
frequency is very high: also for Hg the rotational and 
vibrational energies are not strictly separable). 

We see that we have, just as in the former case of a simple crystal- 
line solid, a temperature-dependent G^ which is not explicable on 
the basis of classical dynamics: though the ‘high-temperature’ 
specific heat is again given correctly by the classical theory. This 
suggests that a statistical theory based on quantum mechanics is 
again required, and to the development of this we now turn. 
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4. Assuming, as in the classical treatment, that the transla- 
tional, vibrational, and rotational motions may be treated sepa- 
rately, the only new result that we require is the quantal expression 
for the rotational partition function. The quantal analogues of 
equations (4) and (5), i.e. of the translational and vibrational 
factors in the partition function, have been given already when 
/dealing with structureless particles and harmonic oscillators re- 
' spectively. We shah summarize these results again below, but 
must first obtain the quantal form of (p.f.)rot, — for which the 
classical expression was obtained in paragraph 2. 

According to quantum mechanics, the energies corresponding 
to the stationary states of a rigid linear rotator having moment 
of inertia A (about a line perpendicular to its axis and through 
its centre of mass) are given by 

(j = 0,1.2,...) 


and the corresponding degeneracies (weights) are given by 
Consequently we have 

(P-f-)rot = .1 (2j+ (12) 


where 0,. = h^lSir^Ak. 


(13) 


Unfortunately the r.h.s. of (12) cannot be summed explicitly. 
Several approximate closed expressions have been derived, by 
Mulholland and others, by which the sum can be replaced in 
detailed numerical work, but these need not concern us. It is 
sufficient to notice here that if QJT is sufficiently small then the 
r.h.s. of (12) can be replaced by an integral, i.e. on putting 
i(i+l) == X, we can write 


00 ” 
f {2j+l)e-i<^+v»rlT == f e-^rlTdx 


0/® Jo 0 , h* ’ 


(14) 


which is precisely the classical expression for (p.f.)rot- Thus, as 



92 THE SPECIFIC HEAT OF A DIATOMIC GAS VI, §4 

we should expect, the quantal and classical expressions for (p.f.)rot 
coincide at sufficiently high temperatures. 

At lower temperatures, when 0^/T is not so small that the sum 
can be replaced by an integral, we must resort either to direct 
numerical computation of the partition function or to use of one 
of the approximate expressions mentioned, but not particularized, 



above. From (p.f.)rot rotational contribution to (7^, which we 
suitably denote by Ci,,rot» is found by means of the formula 

. (16) 

Now (p.f.)rot depends on T only through the reduced tempera- 
ture T = T/0,. Moreover (15) may he written also in the form 

C;.rot = ;^[NfeTi*|-ln(p.f.)„t] • (15') 

Consequently itself depends on T only through the reduced 
temperature r, and, furthermore, depends on A, the one relevant 
characteristic of the diatomic molecule concerned, again only 
through the reduced temperature. From a graph of ^ 

function of t we can, therefore, read off the rotational contribution 

to CJp for any molecule at any temperature. We have only first 
to estimate the corresponding value of r (= T/Qj, == Sn^AkTIh^) 
and take, from the graph, the value of corresponding to this 
reduced temperature. The graph itself, calculated from equation 
(12), is shown in Fig. 13. Apart from the curious maximum, which 
will concern us later, the most important feature of Fig. 13 is that 
^ when T <^Qj. while ^ mole, when T > 0^. 
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5. We are now in a position to synthesize the various quantal 
contributions to the specific heat of a diatomic gas. In place of 
the classical factors in the partition function, (C) above, we have 
now 


(P-f-)trana = 


(Q) 


(p.f.)rot =^5 where 0^ = 


We have not previously employed the abbreviation 0^ for hvjk 
but, from the Einstein theory of the specific heat of a simple solid 
in Chapter II, it is evident that C^ vib depends only on T/0^ just 
as C^rot depends only on T/0^. (A plot of 6\, — actually three 
times given in Fig. L) Indeed just as 

C^^Tot ~ ^ when T < 0^ and (7^ ^ot ~ ^ when T > 0^ 
so also 

^v.vib ^ when T < 0^ and ^ R when T > 0^. 

0p and 0^ are consequently known as characteristic temperatures 
for the vibrational and rotational motions respectively. The 
former depends only on the vibrational frequency of the diatomic 
molecule concerned, and the latter only on (the reciprocal of) its 
moment of inertia. At any temperature considerably below the 
relevant characteristic temperature the vibrational or rotational 
motion concerned is ‘frozen out’ and so makes no contribution 
to the specific heat: at temperatures considerably above the 
characteristic temperature quantal and classical differences dis- 
appear and or vib has its classical value of R per mole. 
Finally, of course, we still have C^^trans == por mole, inde- 
pendent of the temperature. 

It follows that, for a diatomic gas, we shall expect 

Cy = f i?, per mole, at sufficiently low temperatures, and 

C!p = fii-f J? = IR, per mole (the classical value), at 
sufficiently high temperatures. 
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The behaviour at intermediate temperatures clearly depends on 
the relative values of 0^ and 0^. 

Now 0^ and 0^, i.e. v and A, the characteristic properties of the 
diatomic molecule concerned, can be determined spectroscopically 
(see Chapter VIII). And we find that 0^ is always very much 
smaller than 0^. Consequently the specific heat of a diatomic gas 



as predicted on the basis of quantum mechanics depends on the 
temperature as shown diagrammatically in Fig. 14. 

But, as we see from Table II, in which 0,. and 0^ are listed for 
a number of diatomic molecules, 0^ is usually so small as to be 
virtually inaccessible to experimental measurement, and for such 

Table II 


008 

^rott 

©Wiooo 

H, 

85-4 

610 

N. 

2*86 

3 34 

0. 

207 

223 

CO 

2-77 

307 

NO 

2-42 

2-69 

Ha 

15-2 

414 

HBr 

12 1 

3-7 

HI 

90 

32 


gases will appear to increase with temperature from 2-5B to 
3-5i2, per mole, having its full, classical, value at all the 
temperatures of measurement. For these gases theory, when based 
on quantum mechanics, is entirely in accordance with observation. 
The lower fall, from 2*5i? to 1-6JS, preceded by a rise in (7^,, has been 
observed for the diatomic molecule HD, again in good agreement 

t is sometimes so defined as to have a value equal to ttvice that here listed. 
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with the theory. For Hg, or Dg, however, the fall from 2*5ii to 
l-5i2, although observed, does not follow the curve of Fig. 13: the 
explanation of this, for Hg, will be given in the next chapter. 

6. There are two points which may conveniently be made here. 

The first might, perhaps, be better left till the fuller discussion 
of the rotational specific heat of Hg, but is introduced here since 
it may already have occurred to the reader. What, he may ask, 
has happened, in the quantal treatment, to the classical symmetry 
number, a ? Equation (14) is identical with (8) only if a = 1, i.e. 
only for heteronuclear diatomic molecules. Now this, of course, 
is really why it is only for the heteronuclear molecule HD that 
we have agreement between observation and the theory of 
as given above. As we shall see in Chapter VII, for a homonuclear 
molecule the rotational partition function is given quantally by 

(P-f-U = I 

where the sum is taken over either even or odd values of j but not 
both. And it is possible to show that, when QJT is sufficiently 
small, 

i =0,2,4... 1,8,6... 

(16) 

Thus at high temperatures, whether we are summing over j even 
or j odd, we recover the classical partition function, vnth the 
symmetry factor, a = 2, included. This answers the immediate 
question, and a fuller discussion of the behaviour, at lower tem- 
peratures, of Q. for homonuclear diatomic molecules may be 
left till later, when we shall deal in detail with the case of Hg 
only. 

The second point is of an entirely different kind. It is that for 
a few particular diatomic molecules, notably Og and NO, there 
is a fourth contribution to the specific heat other than that due 
to the translational, rotational, or vibrational motion of the mole- 
cule, This is an electronic contribution due to the presence of two 
separate electronic energy -levels lying very close together. 

For atomic systems the electronic energy-levels, corresponding 
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to stationary states, are such that the gap between the lowest, 
or ground, state and the first excited state is alwaysj far too big 
for thermal excitation to be appreciable at experimental tempera- 
tures. But with molecular species it does sometimes happen that 
the two lowest electronic levels are sufficiently close together for 
thermal excitation from the ground state to the first excited state 
to be appreciable under fairly ordinary conditions. In particular, 
this is the case for the two diatomic molecules NO and Og — though 
for rather different reasons in the two instances. For NO the 
ground state is part of a multiplet of which the lowest energy gap 
is about 0-015 e.v., while for Og we have two distinct electronic 
energy -levels separated by only 0*97 e.v.J 

Now if we denote the lowest energy level by and the first excited 
level by eg, the corresponding degeneracies being cuj and o^g, then 
the partition function for these two states is 

( 17 ) 

or, denoting eg—e^ by e, and measuring the energy of the system 
from its ground state, we have 

(p.f.)el = (17') 


(we shall assume that further terms are entirely negligible). 

From equation (17'), the corresponding electronic specific heat 
is easily deduced, and is found to be given by 








where 




(18) 


As a function of kT/e this is shown diagrammatically in Fig. 15. 
The peak occurs at kTjer^ 1/2, and its height, which depends 
strongly on w, is about 0-44if, per mole, when w — 1, and about 
0-76 jB when oj = 2. 

We shall not attempt fully to justify the fourfold factorization 
of (p.f.) when there is a choice of electronic energy -levels, but 
comment here only that for NO and Og the peaks, as calculated 


t There is a possible exception in atomic thallium, for which the lowest energy 
state is a multiplet. 

X For atomic species Ac is usually of the order of 10 e.v. The definition of an 
electron>volt is given in Chapter VIII. 
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from (18), occur at about 74° K. and 5,000° K. respectively, at 
which temperatures the rotational contributions to the specific 
heats are fully classical. 

Finally we would observe that a specific heat of the form shown 
in Fig. 15 will result from any assembly whose systems are capable 



of making a single energy jump (or energy step) whose height is 
comparable with the measure, kT, of the thermal energy. The 
reader should contrast the shapes of the specific heat curves of 
Figs. 1, 13, and 15. 


EXAMPLES 

1. Confirm that equation (18) follows from the expression for (p.f.)ei 
given in (17'). 

\J2. Show that (p.f.)vib leads to the formula 

C^.vib = (eQWr-i)i Chapter II), 

and thence plot Ci,,vib accurately agaiust T/0^. Use the curve so obtained, 
and the data of Table II, to determine the vibrational specific heat of the 
gases there listed at 

(a) 500° K., (b) 1,500° K. 

3. Prove that the classical expression for' the vibrational entropy contri- 
bution is given by '‘FT! 

(This expression for <5vib 1® <^f little practical importance, since we seldom 
have to deal with temperatures at which the classical expression is valid.) 

4»7d H 
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4 . Similarly, prove that the classical expression for the rotational entropy 
contribution is given by 

where a is the symmetry factor for the diatomic molecule concerned. Use 
this formula to calculate at 300° K. for the gases listed in Table II. 

5. Show that equation (17^) leads to 

Ea = AT-- and = -A^ferinK+a>,e-‘/*^). 

Plot jE?,i and Fa against kTje in the case wj = ojj = 1. 
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ORTHO- AND PARA-HYDROGEN: METASTABLE 
EQUILIBRIUM 

1 . We have already observed that the experimental low tempera- 
ture specific heat of diatomic hydrogen does not follow the rota- 
tional specific heat curve at first expected on the basis of quantum 
theory. The solution of this problem was given by Dennison in 
1928, and provides a good illustration of the importance of statis- 
tical theory in the analysis of experimental data: leading in this 
instance to the discrimination in Hg of two distinct chemical 
species, ortho-hydrogen and para-hydrogen. A discussion, along 
semi-historical lines, of this particular problem will serve, how- 
ever, not only so to illustrate the value of statistical theory but 
also to introduce two or three concepts with which we have not 
hitherto dealt and which are of importance in many other practical 
applications of statistical mechanics. 

At 300° K., or room-temperature, the specific heat, of di- 
atomic hydrogen, Hg, is effectively |jR, per mole, in complete 
accordance with the classical theory of the specific heat of a 
diatomic gas possessing translational and rotational, but no vibra- 
tional, energy. At 50° K., and lower temperatures, is only fii, 
per mole: the specific heat of a monatomic gas. This fall in is 
qualitatively in accord with the quantal freezing out of rotational 
energy at sufficiently low temperatures — due to the finite energy 
gaps between the ground state and the excited rotational energy 
states (of a diatomic molecule). Moreover the position, on the 
temperature scale, of this transition in is certainly, at any rate 
approximately, in agreement with the characteristic temperature 
for rotations, 0^, as calculated from the moment of inertia of Hg 
(see (Q) of Chapter VI). Thus even prior to 1928 the temperature 
dependence of for Hg below 300° K. was assigned to the freezing 
out of rotational energy demanded by quantum theory. Quantita- 
tive agreement between theory and experiment could not, how- 
ever, be obtained since the experimental data. Fig. 12, failed to 
show the maximum, or peak, in which follows, Fig. 13, from 
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the rotational partition function 

(P-f-)rot = I (1) 

i=o 

At that date there were, of course, no data for the heteronuclear 
isomeric molecule HD to suggest at once that the discrepancy was 
due to equation (1) having omitted to take account of the homo- 
nuclear nature of Hg: this conclusion was reached, as we shall see, 
through a proper quantum-mechanical interpretation of the far 
ultra-violet band spectrum of Hg. 

2. It is, of course, of the essence of quantum mechanics that 
the energy levels corresponding to the stationary states of a system 
are directly related to the positions of the spectral lines in the 
absorption or emission spectrum of the system concerned. The 
relationship ^ ^2) 

where h is Planck’s constant, gives the frequency, of light 
corresponding to a transition between the ith and kth stationary 
states of a system. We shall discuss this relationship more fully 
in the next chapter: sufficient to state here that the rotational 
energy levels for Hg given, at any rate approximately, by the 
formula tg 

are reflected, together with their degeneracies, in the ultra-violet 
band spectrum of Hg. Moreover, we must emphasize that not 
every transition between two energy levels is allowed, quantum 
mechanically: certain selection rules, prescribing the allowed 
changes in quantum numbers, determine the permissible transi- 
tions, which are reflected in the ensuing spectrum. 

The first important steps towards an understanding of the 
rotational specific heat of Hg w ere made, in 1927, by Hund and 
Hori, at Copenhagen, Hund, extending previous w'ork by Heisen- 
berg on the symmetry of the wave-functions for helium (1926), 
show ed that the w ave-functions for diatomic hydrogen (including 
translational, electronic, vibrational, and rotational factors) can 
be divided into two categories — those w Inch are symmetrical with 
respect to reflection in the mid-plane of the molecule and those 
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which are anti-symmetrical (i.e. change sign) with respect to such 
a reflection (of both nuclei and electrons). In either case, of 
course, 101^, the physically significant quantity, is symmetrical: 
as it must be for a homonuclear molecule. Further, transitions 
between symmetrical and anti-symmetrical states are impossible 
in the absence of nuclear spin,'\ If the nuclei do possess spin, so 
that each is capable of p distinct spin states, then there are 
^p(p—l) anti-symmetrical nuclear spin factors and ^p{p+l) sym- 
metrical spin factors (to be combined with the previous molecular 
wave-functions). And in this case transitions between the above 
symmetrical and anti -symmetrical wave-states (in which the nu- 
clear spin factors were excluded) are possible, though the transition 
probability is very small. 

Now Hori, examining the far ultra-violet band spectrum J of 
Hg, found that 

(i) there were no lines visible corresponding to transitions 
between symmetrical and anti-symmetrical wave states, and 

(ii) the lines corresponding to transitions between anti-sym- 
metrical wave -functions were three times as intense as those 
corresponding to transitions between symmetrical wave- 
functions; or, as Hori expressed it, Hg behaved as if it 
contained three times as many molecules in anti -symmetrical 
wave-states as in symmetrical wave-states. (This alternation 
of intensities had been previously observed by Mecke in 1 924. ) 

The second of these results is intelligible, on the basis of the 
Heisenberg-Hund classification of wave-states, if we assume 

(a) that each hydrogen nucleus has spin in units of A/27r (like 
an electron), 

(b) that only wave states which are completely anti-symmetrical 
when the nuclear spin factors are included occur at all. 

For a nucleus with spin \ has spin degeneracy p = 2 (i.e. there are 
two independent directions for the spin).§ There are, therefore, 

f Angular momentum possessed by the nuclei themselves, as distinct from the 
whole molecule. 

t See footnote on page 116 (Chapter VIII). 

§ Compare the weight factor 2j-f 1 for the degeneracy of a rotational state 
with quantum number j. 



102 ORTHO- AND PARA-HYDROGEN VII, § 2 

by the formulae quoted above, three alternative symmetrical 
nuclear spin factors and only one possible anti -symmetrical nuclear 
spin factor. Then, if (6) is satisfied, a symmetrical wave function 
never occurs with a symmetrical spin factor, and an anti-sym- 
metrical wave -function never occurs with the anti-symmetrical 
spin factor. Consequently the anti-symmetrical wave-states pos- 
sess an extra weight factor, or degeneracy, of three compared with 
the symmetrical wave-states: which explains (ii) above. 

This implies, of course, that when account is taken of nuclear 
spin degeneracy extra weight factors, of numerical value 3, have 
to be included in certain terms of the complete partition function 
for Hg. A complete discussion would be cumbersome, but is very 
considerably simplified if we observe that at ordinary tempera- 
tures (say room temperature) Hg is in its ground state as far as 
electronic and vibrational levels are concerned (see Table'll). 
Now the lowest electronic and vibrational states possess sym- 
metrical wave-functions; and wave-functions for translation are 
always symmetrical in the present sense. Consequently the sym- 
metry of the wave-states for Hg at ordinary temperatures is 
simply that of the rotational part of the wave-function. Therefore, 
since 

rotational states for j — 0, 2, 4,... have symmetrical wave- 
functions, 

while 

rotational states for J =1,3, 5,... have anti-symmetrical wave- 
functions, 

we should expect that the rotational partition function, including 
nuclear spin degeneracy, for diatomic hydrogen unexcited vibra- 
tionally, would be given by 

(P-fOrot = 1 2 

i*0.2,4,... i-1.8,6,... 

(4) 

Now Hori’s spectral measurements enabled the moment of 
inertia, A, of Hg, i.e. 0,., to be determined accurately (see Table 
II), and we can therefore use equation (4) to predict, numerically, 
the low-temperature specific heat of hydrogen. This was actually 
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first done by Dennison, and the result is shown in Fig. 16. The 
disagreement between theory and experiment is even more marked 
than it was before. 



Fig. 16. 


3. Despite this apparent failure to account for the observed 
rotational specific heat of hydrogen by taking proper account of 
the nuclear spin degeneracies and their coupling with the sym- 
metry properties of the molecular wave-functions, the correct 
solution was now not far off and, as we have remarked, was given by 
Dennison in 1 928. Before proceeding to it, however, it is convenient 
to distinguish verbally between those hydrogen molecules with 
anti-symmetrical nuclear spin states and those with symmetrical 
nuclear spin states. By convention, the former are called para- 
hydrogen molecules, and the latter or^Ao-hydrogen molecules. 
Then the partition function (4) tells us that at ordinary tempera- 
tures (when electronic and vibrational excitation may be ignored) 
the equilibrium ratio of the number of ortho-hydrogen molecules 
to para-hydrogen molecules, being determined by the ratio of the 
sums of the corresponding terms in the partition function, is given 


by 


o-Ho 


3 2 

1,3,5,... 

j “0,2,4,... 


(5) 


which is shown graphically, as a function of T, in Fig. 17. We see 


that at room temperature the equilibrium ratio is 3:1 — in agree- 


ment with Hori's second result, (ii) above and with equation (16) 


of Chapter VI. 
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Now Dennison saw that it would be in keeping with Hori’s first 
observation, (i) above, to suppose that even though molecular 
hydrogen was formed in the equilibrium ratio o-Hg/p-Hg = 3/1, 
transitions between ortho- and para- states might be so infrequent, 

particularly at the temperatures of 
the specific heat measurements, as 
to be virtually negligible. In this 
case ordinary hydrogen (technically 
known as normal hydrogen, n-Hg) 
should be regarded as a mixture of 
ortho-hydrogen and para-hydrogen 
not in mutual thermal equilibrium 
but in the fixed proportions of 3:1 
(the equilibrium ratio at much higher 
temperatures, akin to the temperature at which the hydrogen was 
formed). 

On this assumption, moreover, the specific heat, per mole, of 
normal hydrogen will be given by 

C'v.n.Ha == + (^) 

— since 7i-H2 is a simple mixture of the two gases o-Hg and p-Hg 
in the ratio 3:1. The rotational specific heat of 0 -H 2 will derive 
from the partition function 

(p.t-U.-H.= 3 X (V) 

while that of p-Hg will similarly derive from the partition function 

= I (2i + 1 (8) 

^ -=0,2,4,... 

there being nothing to prevent true thermal equilibrium between 
the different states accessible to ortho-hydrogen or, similarly, 
between the different states accessible to para-hydrogen. 

In Fig. 18 we show the specific heats of 0 -H 2 and p-Hg calcu- 
lated, as functions of the temperature, from equations (7) and 
(8), respectively, together with the specific heat of n-H 2 as then 
found from equation (6). For the sake of comparison, the specific 
heat curve for equilibrium hydrogen^ c-Hg, derived from equation 
(4), is also given (broken curve). Although experimental points 
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are not shown in Fig. 18, the agreement between the theoretical 
curve for n-Hg and the experimental results for ordinary hydrogen, 
in the temperature range concerned, is all that could be desired. 



4. Dennison’s success in thus accounting for the observed 
specific heat of diatomic hydrogen at temperatures below 300° K., 
being based on the assumption that at these temperatures ordinary 
hydrogen is a mixture of o-Hg and ^-Hg in the fixed ‘high- 
temperature’ proportion of 3: 1, depends for its theoretical validity 
on the extreme slowness of ortho-para conversion. Now it has 
since been shown theoretically that, at N.T.P., the half-lifetime 
of transition between ortho- and para- states, due either to radia- 
tion or collision processes, is certainly not less than some three 
years. Therefore, during an ordinary specific-heat experiment, the 
ratio of o-Hg to p-Hg will certainly not have time to adjust itself 
to the equilibrium value, given by equation (5), and Dennison’s 
supposition is entirely justified, theoretically as well as empirically. 
Additional striking confirmation of Dennison’s theory was 
provided by the experimental results of Bonhoefler and Harteck 
who showed, in 1929, that active charcoal acts as a catalyst for 
ortho-para-hydrogen conversion. It is thus possible to prepare an 
equilibrium mixture of ortho- and para-hydrogen in the propor- 
tions, x\\—x say, corresponding to any given temperature (see 
Fig. 17). If now such a mixture is removed from the presence of 
the catalyst, then the ratio of o-Hg top-Hg remains xl{l—x) during 
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specific-heat measurements over the temperature range 20° K. to 
300° K. — as is shown by the fact that the specific heat is pre- 
dicted accurately by the equation 

In the absence of the catalyst ortho -para conversion is entirely 
negligible. The specific-heat measurements were first made by 
Eucken, Clusius, and Hiller. 

By taking normal hydrogen down to 20° K. in the presence 
of active charcoal it has been possible to prepare almost pure 
para-hydrogen (99*7 per cent.). Although only in metastable 
equilibrium, this remains as pure para-hydrogen at higher tem- 
peratures (away from the catalyst) for a very long time. As we 
see from Fig. 17, it is not possible to prepare pure ortho-hydrogen 
in any analogous way. 

Since the discovery of heavy hydrogen, in 1931, it has been 
possible to apply entirely analogous considerations to the rota- 
tional specific heat of heavy molecular hydrogen, Dg, and again 
to obtain complete agreement between theory and experiment on 
the assumption that, in the absence of a catalyst, para-states are 
not sensibly accessible to ortho-molecules (and vice versa) at the 
relatively low temperatures at which the temperature dependence 
of the rotational specific heat is manifested. The details of the 
theory, however, are different from those relating to Hg molecules 
since the spin quantum number for a D nucleus is 1, and not 
Moreover, and as a consequence of this, only totally symmetrical 
quantum states occur, and not the totally anti-symmetrical states 
possessed by Hg. Otherwise the theory proceeds along entirely 
analogous lines (and the reader should have no difficulty in 
reconstructing it if he so wishes). 

For heteronuclear diatomic hydrogen, HD, transitions between 
symmetrical and anti-symmetrical molecular wave states are not 
prohibited, even in the absence of nuclear spin: consequently there 
is no discrimination between ortho- and para- states and, as we 
have already seen, the original simple theory of rotational specific 
heat is in excellent agreement with experimental measurements. 
It is only for molecules with two or more identical nuclei that 
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nuclear spin symmetry considerations become relevant. Gases of 
all such molecules should, theoretically, behave as mixtures of 
two or more modifications (distinguished by their nuclear spin 
symmetries) at sufficiently low temperatures; but in every case, 
with the single exceptions of Hg and Dg, the assembly will have 
liquefied, i.e. ceased to be gaseous, before the temperatures are 
reached at which such metastable equilibrium would become 
apparent in specific-heat measurements. Indeed the rotational 
specific heat of gaseous assemblies other than Hg, HD, and Dg can 
always be taken to have its full classical value (see Chapter IX). 

5. In this chapter we have encountered two new concepts of 
importance in statistical mechanics: first, nuclear spin degeneracy 
and, secondly, the possibility of metastable equilibrium rather 
than true, thermodynamic, equilibrium. Before proceeding to 
further applications of our previous formulae it will be well to say 
a final word about each of these two matters. 

Nuclear spin provides merely one other molecular or atomic 
property! which can vary among the systems of an assembly 
and which must, therefore, be taken into account in any proper 
enumeration of the total number of possible distinguishable con- 
figurations of the assembly. Actually, however, it is generally 
permissible to forget all about the nuclear spin weight factors: the 
following discussion, based on the case of diatomic molecules, will 
sufficiently indicate why this is so. 

Consider first an assembly of diatomic heteronu clear molecules. 
Let the spin degeneracies of the two nuclei be and pg (so that 
the spin of a nucleus of type 1 can be in any one of ‘directions’, 
etc.). Then, whether the partition function for any given system 
be evaluated classically or quantally, corresponding to every state 
of any system when nuclear spin is ignored there are p^pg states 
distinguished by the ‘directions’ of the spins of the two nuclei. 
In other words, 

(p.f.)lnciudiiifir nuclear spin = Pi p2(P-^')exoludlnfir nuclear spin* (^) 

Secondly, consider an assembly of diatomic homonuclear mole- 

t i.e. the ‘direction’ of the spin. 
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cules, each nucleus having spin degeneracy p. Then classically we 
again have 

(p ‘f* including nucleaj spin ~ P^(P*^-)excluding nuclear spin 

(the identity of the two ends of the molecule having already been 
recognized by the inclusion of a factor \ in the rotational part 
of the partition function: see (C), Chapter VI). Quantally, how- 
ever, we now have for the rotational part of the partition function, 
either 


ipip-l) 1 (2j+l)e-'W+iW=^’+ 

i = 0,2,4,... 

+ip(p+l) I 

i = l,3,5,... 

or 

ip{p+l) I (2j+l)e-»«+«e^2’4- 

j =0,2,4,... 

+ip(p“ 1) 1 (2j+ 1 

i = l,3,5,... 

according as either only totally anti-symmetrical or only totally 
symmetrical quantal states occur. (We are supposing, for simpli- 
city, that the system is unexcited vibrationally in the temperature 
range in which the rotational partition function is non-classical.) 
But we have already said (equation (16) of the more elementary 
discussion in Chapter VI) that each of the two sums occurring 
here, over j even or j odd, can be replaced by Sir^AkTI^h^ when 
T ^ (actually T 50^ is sufficient). Consequently for T ^ 50^ 
the rotational part of the partition function in either case is simply 


[ip(p— ^ )+ip(p+ 1)] — ^5X2 — > 




which is the classical expression including the nuclear spin weight 
factors. It follows, therefore, that equation (10) is equally true 
quantally, provided only that the temperature is such that the 
rotational specific heat has its classical value, i.e. for all gases 
excepting only Hg and Dg at temperatures below room-tem- 
perature. 

Now the important point about equations (9) and (10) is that 
the spin weight factors for the various nuclei concerned appear 
only as constants multiplying the partition function (as calculated 
ignoring nuclear spin). This being so, the only effect of these 
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new factors on the thermodynamic properties of the assembly is 
in the introduction of new terms 


-NkTlnp^-NkTlnp^-,., 


( 11 ) 


(one for each atomic nucleus within a system) into the expression! 
for the Helmholtz free energy, F. There are, correspondingly, 
new terms 


JSlk In Pj -f- ATAf In p2 “!“••• 


( 12 ) 


in the expression for the entropy, S; but E and P are unaffected. 

Apart, therefore, from the exceptional cases (Hg and Dg) already 
noted, nuclear spin degeneracies produce no effect on either the 
specific heat or the equation of state of a gaseous assembly. They 
enter only into expressions for the absolute values of the entropy 
or free energy; and even here their presence is comparatively 
unimportant. For in practice we are concerned with changes in 
entropy or free energy, rather than with absolute values: and 
since atomic nuclei carry their spins about with them, tlie spin 
weight factors necessarily cancel out in any such change. Nuclear 
spin can, consequently, generally be omitted from further con- 
sideration (see Chapter IX). In the detailed interpretation of 
atomic and molecular spectra, however, and in certain funda- 
mental statistical problems outside the scope of this book, nuclear 
spin assumes a very important role. 

Chemistry in the ordinary sense is concerned only w ith atoms 
whose nuclei are in their lowest, or ground, states. It is now 
known, of course, that nuclei do also possess excited states: but 
these are appreciably occupied only at enormous temperatures, 
such as those existing inside stars. 


6 , The second new concept, which we have described as meta- 
stable equilibrium, is of considerable practical importance in 
physical chemistry. An assembly is said to be in a condition of 
metastable equilibrium if thermodynamic equilibrium exists only 
among a certain class or group of states open to its systems, rather 
than among the whole corpus of states theoretically available. 


t 


Given by F = — feTln 



for a gaseous assembly. 
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In this it is to be distinguished from true thermodynamic equi- 
librium (in which all the theoretically available states are occupied 
in their correct proportions). 

The deciding factor between metastable equilibrium and true 
equilibrium is generally the time factor. As an example other 
than that afforded by the equilibrium of ortho- and para-hydrogen, 
we may consider the condition of a binary metallic alloy which 
has been quenched, i.e. suddenly cooled from a high temperature. 
It is possible that true equilibrium at the lower temperature would 
correspond to a state of order among the two atomic species in 
the alloy — each atom of one kind being, perhaps, surrounded by 
atoms of the other kind, and vice versa: nevertheless, on sudden 
cooling the alloy may be frozen in a more random state (more 
appropriate to the higher temperature) and remain in this random 
state indefinitely because at the lower temperature the atoms are 
not sufficiently mobile to migrate into their positions of true 
thermodynamic equilibrium. Even then, however, there will still 
be thermodynamic equilibrium between, say, the various vibra- 
tional states of the low temperature, disordered, alloy. 

Since we are primarily concerned with statistical methods and 
not with the details of practical applications, we shall not embark 
on the further discussion of particular instances. It is sufficient 
to draw attention here to the need for care in deciding upon the 
alternative and distinguishable states available, a 'priori y to an 
assembly. It is not a matter of deciding whether certain states 
are, a posteriori, probable or improbable, but whether, during the 
time available to the assembly, any one conceivable state can be 
reached from any other. Usually this is so: but, as we have seen, 
there are important exceptional cases in which only a metastable 
equilibrium is possible, certain otherwise available states being 
virtually inaccessible in the time allowed. 

EXAMPLES 

1 • Show that for D, (spin 1 ) the equilibrium rotational partition function 
is given by 

(p.f.)rot= 6 I (2i-f l)e“^<^+i>er/r+3 2 (2y-fl)e“>(^*+i)e./r 

i- 0,2.4.... i-l,S.6.... 

(sufficient information has been given in §§ 2, 4, and 5 above). 
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2. Deduce that the high-temperature value of the ratio of o-Dj to p-Dj 
is equal to 2. 

3. Show that at low temperatures true equilibrium corresponds to almost 
pure ortho-deuterium. 

4. Since H and D atoms are chemically similar, whilst D has twice the 
mass of H, show that the rotational characteristic temperature, 0,,, for D| 
is approximately 43° K. 
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!• At the beginning of Chapter VI we said that we were turning, 
temporarily, from a systematic development of the theoretical 
scheme of statistical mechanics (as the body of theory which 
bridges the gap between mechanics, whether quantal or classical, 
and thermodynamics) to a brief discussion of some of the more 
fundamental results of applying statistical formulae so far obtained 
to certain definite problems presented by physical chemistry. To 
this end we have considered the theory of the interpretation of 
the specific heats of diatomic gases, including ortho- and para- 
hydrogen. As we emphasized then, our purpose in making these 
applications is primarily the general one oLillustrating the useful- 
ness of statistical mechanics as a theoretical tool in the interpreta- 
tion of experimental data rather than the narrowly practical one 
of interpreting, in terms of a particular model, any particular set 
of observational measurements. In the working practice of theo- 
retical chemistry the latter task is often our immediate aim. But 
before embarking on such calculations (which are embraced by 
the scope of this book only incidentally: as in the last chapter 
and the next) it is necessary not simply to appreciate the qualita- 
tive aspects of certain basic statistical formulae but also to have 
some understanding of the magnitudes of the entities involved 
therein. The last two chapters have paid particular attention to 
qualitative behaviour: the present chapter and the next will deal 
principally with the more quantitative aspects of formulae with 
which we are already familiar. 

Most of our formulae have involved quantal energy levels. In 
particular we have derived expressions for the vibrational and 
rotational partition functions of diatomic molecules. Let us start 
then by considering in rather more detail than hitherto, the 
quantitative aspects of rotational and vibrational energy levels and 
the spectral lines associated with quantum jumps, up or down, 
between these levels. We shall assume that it is legitimate to 
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separate the energy, other than translational or electronic energy, 
of a diatomic molecule into distinct vibrational and rotational 
contributions. For mechanical reasons this is always permissible 
to a first approximation: usually the approximation is valid to 
a fairly high degree of accuracy. 

We are already acquainted with the formulae for the quantally 
permissible energies of a simple harmonic oscillator of classical 
frequency v and a rigid linear rotator having moment of inertia 
The equations are (see § 7 of Chapter II and § 4 of Chapter VI) 

evtb = (w+i)Av (w = 0,1,2,...) (1) 

U = 0 , 1 , 2 ,...), (2) 

A, in each formula, standing for Planck’s constant, of magnitude 
6-62. 10-^^ erg sec. 

We know too that if light is emitted by a system as its energy 
falls from then the frequency of the radiation is given by 


and conversely, that when in the state with energy the system 
is capable of absorbing light of frequency v, given by (3), and is 
then excited to the state of higher energy eg. Thus with any set 
of energy levels there are associated the spectral lines of both 
emission and absorption spectra. 

But, as we saw in the last chapter, not all direct transitions 
between energy levels can occur. The allowed transitions are 
governed by certain selection rules: selection rules which impose 
a restriction on the corresponding changes in the quantum numbers 
concerned. For instance (and here we must again quote quantum- 
mechanical formulae without proof), for transitions between two 
vibrational levels from the set (1) we require 

An = ±l (4) 

(where An denotes the change in n between the initial and final 
states of the system), while for transitions between two rotational 
levels from the set (2) we need 

Ai- ±1. 

I 


4973 


(5) 
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Combining (1) and (4), we see that the emission or absorption 
spectrum of a simple harmonic oscillator consists of a single 
line with frequency v, the classical frequency of the oscillator. 
Similarly, from (3) and (5), the spectrum of a rigid linear rotator 
is given by 


i.e. 


h 


2i. 


(6) 


Here we have supposed that the higher level has rotational 
quantum number and therefore, in (6), j takes the values 1,2, 

3, Consequently, whilst the vibrational spectrum of a simple 

harmonic oscillator comprises only a single line at the frequency 
V, the rotation spectrum of a rigid linear rotator consists of a 
series, or band, of lines with frequencies given by equation (6), 
And, as we see from this equation, these lines will be equally 
spaced, at intervals of A/47rM, on the frequency scale. 

Before discussing the bearing of statistical mechanics on these 
results of quantum theory we must first consider, very briefly, 
some of the ways in which the rotational and vibrational spectra 
of actual diatomic molecules may, and do, differ significantly from 
those of the hypothetical rigid linear rotator and simple harmonic 
oscillator. For on the basis of the above simple theory we would 
be led to suppose that for a diatomic molecule the sum of the 
rotational and vibrational energies is given by 

e= (n+J)Av + ^^jO'+l), (7) 


SO that, by (4) and (5), the spectrum would be 

which is shown schematically in Fig. 19. 

And although Fig. 19 does often represent very closely part of the 
complete spectrum, the whole spectrum is always much more 
complex. 

There are two main causes of this greater complexity. First, 
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the diatomic molecule is capable of electronic excitation, so that 
to the rotational and vibrational energies already calculated we 
have to add any one of the allowed electronic energy -levels: this 
means that we should expect a spectrum as in Fig. 19 to be 
associated with each line of the spectrum produced by purely 
electronic transitions. Secondly, there is the important fact that 



Fio. 19. 


the vibrations of a diatomic molecule are only approximately 
those of a simple harmonic oscillator. For a simple harmonic 
oscillator the potential function giving the energy of displacement 
(of the two atoms of the molecule from their equilibrium distance 
apart) is represented by a parabola: the broken curve in Fig. 10. 
But for an actual diatomic molecule the potential energy function 
must (i) become very large, due to mutual repulsions, when the 
atoms are pressed close together and (ii) tend to a constant value 
(determined by the dissociation energy) when the atoms are pulled 
apart. Consequently the acti al potential energy function must 
resemble that represented by the fall line in Fig. 10. This has 
two consequences as far as the vibrational spectrum is concerned: 

(i) the lowest quantum energy -lev^els are now given by 

€ = Av[(?i+^) — A:(n+i)*-f-...] 

where k is small, i.e. they are no longer quite equidistantly 
spaced; further the higher quantum levels crowd together 
as € approaches the dissociation energy of the molecule, and 

(ii) the selection rule Aw = ± 1 is relaxed, and becomes 

An = 0, ±1, ±2,... 

(which means that all vibrational transitions are allowed). 
It is evident that (i) and (ii) are both effective in adding con- 
siderably to the complexity of the resulting molecular spectrum. 
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In the absence of electronic jumps, the selection rule for^ giv^en above 
is not subject to modification. Since vibrational motion is necessarily 
symmetrical in the nuclei, it is clear that Aj — ±1 is not compatible 
with the requirement (Chapter VII) that for homonuclear diatomic 
molecules transitions from symmetrical to antisymmetrical states (in the 
nuclei) are prohibited. Therefore homonuclear diatomic molecules can 
show no such rotational -vibrational spectrum. This is in agreement with 
experiment. On the other hand rotational-vibrational spectra for homo- 
nuclear molecules are possible when associated with electronic jumps. f 

After these quantum-mechanical preliminaries, we must now 
turn to examine the bearing on these results of our previous 
statistical formulae. 

2. The quantum-mechanical results presented in the above 
paragraph would, as they stand, suggest that the molecular spec- 
trum produced by diatomic molecules is quite impossibly compli- 
cated. For we must imagine great numbers of spectra, each like 
that depicted in Fig. 19, superposed, with different origins, one 
on top of another and each stretching across the whole length of 
the frequency scale. It would then be almost impossible to make 
any sense of the resulting composite spectrum. Actually mole- 
cular spectra are decidedly complex, but for diatomic molecules 
they can certainly be unravelled without too great difficulty. The 
reason, of course, is that not all the lines so far envisaged are 
equally intense; indeed most of them are far too faint to be observed 
at all even with the most powerful techniques available. It is 
only the particularly bright, or intense, lines that we can observe, 
or photograph; and this limitation gives an order, or simplicity, 
to the resulting spectrum which it would otherwise lack. 

Now statistical mechanics enables us to decide which, of all the 
above spectral lines, will be the most intense. For the intensity 
of a given spectral line depends (to a first approximation) on two 
factors: a transition probability, and the number of systems in 
the given initial state. And, at any given temperature, the number 
of systems in any particular state (and therefore, the number in 
any particular initial state, if we assume that radiative transitions 

t It was such a spectrum which was observ^ed by Hori for Alternatively 
Raman spectra can be examined, since the selection rule is then Aj =0, ±2. 
This was done for H, by Rasetti (1929). 
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help to maintain, but do not upset, the statistical equilibrium) is 
directly determinable by our previous statistical theory. 

We shall illustrate this important application of statistical 
mechanics to the theory of spectra by considering simply the 
relative intensities of the lines represented in Fig. 19. Here the 
various lines of the spectrum are produced by systems jumping 
out of initial states which differ in their rotational quantum 
number j. So we must investigate the internal distribution of 
systems among their various possible rotational-energy states. 

According to the arguments of (chapter V, the equilibrium 
number, 7if, of systems having rotational quantum number^*, is 


given by 


(P.f-)rot ’ 


( 8 ) 


where N is the total number of systems in the assembly. But 


€ 




SttM 




and cD^ = 

and, therefore, equation (8) becomes 


nf = N 


(2j+ 1 

(P-f-)rot 


(8') 


The only part of the r.h.s. of (8') which depends on j is the 
numerator. If, as hitherto, we write for simplicity 0,. in place of 
h^jSTT^Ak, and now regard j as a continuous variable, then the 
reader will easily verify that this numerator has a maximum at 


a value of j given by 

= yf . , (0) 


Assuming, provisionally, that T > 0^, equation (8') may be 


written ^ 

nf = (8") 


and is shown schematically, as a function of j, in Fig. 20. We 
observe that, at least for T ^ 0^, the most occupied state is not 
the ground state. This is in marked distinction to the case (see 
Chapter V) of the distribution of systems among the vibrational 
energy levels of a simple harmonic oscillator and is, of course, 
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entirely due to the influence, in the present case of rotational 
energy levels, of the degeneracy factor, oj. 

If now we assume, as is in fact the case, that the dominant 
factor determining the intensity of a spectral line produced by 
systems leaving any state is simply the factor for that state, 



then the bearing of equation (8") on the lines of Fig. 19 is imme- 
diate. For consider an absorption spectrum and suppose that, by 
good fortune, the two sets of energy levels concerned do not over- 
lap. Then when the coordinate numbering the lines in Fig. 19 is 
negative, i.e. when the frequency of the lines is less than v, the 
absolute value of this coordinate gives j, while when this coordi- 
nate is positive, i.e. when the frequency of the line is greater than 
V, this coordinate measures J+l; in each case, being the 
quantum number of the initial state of the system. Consequently, 
the relative intensities of the lines may be expected to be some- 
what as in Fig. 21. 

Such characteristically butterfly-shaped bands, i.e. with two 
intensity maxima, are indeed observed in molecular spectra. 
Usually there are more lines than are shown in Fig. 21 and the 
lines lie very close together so that they are only separated by 
spectrometers with high resolving power. In fact Fig. 21 repre- 
sents the intensity distribution of the flne-structure of a band 
spectrum. 
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Moreover, this intensity distribution is markedly different from 
that which we should expect to be found among the different lines, 
or bands, due to various jumps in the vibrational quantum 
number, n. For, again considering an absorption spectrum, if the 
distribution number is again the dominant factor determining the 
intensity of a spectral line, we should expect a series of lines (or 



Fig. 21. 

bands) more or less equally spaced (but slowly converging as the 
dissociation energy is approached) arising from systems initially 
in the ground state, a fainter series arising from those initially in 
the first excited vibrational state, and so on. Actually, if the 
temperature of the gas is not too high, these latter lines are not 
visible and we accordingly have a simplification of the spectrum. 
Such intensity considerations, inter alia, enable us to disentangle 
the spectra (emission or absorption) of diatomic molecules fairly 
completely, for we do find series of such lines approximately 
equally spaced and each exhibiting the rotational fine-structure 
discussed above. Having correctly identified the lines, measure- 
ments of their spacings gives us knowledge of the characteristic 
properties, A, v, etc., of the diatomic molecule concerned. 

3, The previous paragraph has indicated how temperature- 
dependent statistical factors help to determine the intensities of 
the lines of a molecular spectrum, and thereby effect a great 
simplification in the observed spectrum compared with that which 
we might otherwise expect on purely, and too naively, quantum- 
mechanical grounds. In the unravelling of a spectrum both the 
spacings and the intensities of the lines must be taken into 
account. And it is found that the rotational energy -levels super- 
pose a fine-structure on the lines of a hypothetical purely vibra- 
tional spectrum: i.e. that each line of the vibrational spectrum 
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gives place to a fine band of lines with relative intensities and 
spacings much as in Fig. 21. It is not our purpose to go into the 
theory of molecular spectra in greater detail. But we propose now 
to summarize, rather crudely, the orders of magnitude of some of 
the quantities determined by such spectral analysis. 

The basic quantities, for any particular diatomic molecule, are 
the magnitude of Av, which, to a first approximation, determines 
the spacings of the vibrational levels, and the magnitude of 
the quantity which enters into the formula for the rota- 
tional energy -levels. Both these quantities, Av and A^/SttM, have 
the dimensions of energy and are, therefore, necessarily expressed 
in energy units. The natural unit of energy to use is the electron 
volt (e.v.).t Now, in the main, we find that for diatomic molecules: 

Av is of the order of ^ e.v. 
while A^/SttM is of the order of 15555 e.v. 

Both quantities, of course, have a fairly wide range of magnitudes, 
and their values for any particular molecule may differ from those 
here given by as much as a factor of 10, either way; but these 
are, perhaps, the best we can give for the sake of obtaining a 
rough idea of orders of magnitude. 

With the same qualification, we may say that, roughly, the 
dissociation energy of a diatomic molecule (into neutral, un- 
excited, atoms) is of the order of 5 e.v., while electronic excitation 
energies for diatomic molecules are of roughly the same order. 
More precisely, for single-bonded diatomic molecules, dissociation 
energies range from 1 to 6 e.v., approximately, whilst for diatomic 
molecules with double or triple bonds the dissociation energies 
range from 5 to 10 e.v. Electronic excitation energies are usually 
5 e.v. or greater. 

Thus the energy -level diagram for a typical diatomic molecule 
(rather over-simplified, and not to scale) will somewhat resemble 
Fig. 22. It is useful to bear such a picture in mind, crude though 
it is, when considering the correlation between energetic and 
thermal units to which we proceed in the next section. A thorough, 

t The energy acquired by an electronic charge moving through a potential 
ditterenoe of 1 volt. 
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and quantitative, grasp of this correlation is of immense im- 
portance in acquiring an intuitive appreciation of the bearing of 
statistical theory on practical problems of physical chemistry. 



4. The rough magnitudes given above express, in electron volts, 
certain energy differences, i.e. intervals between energy levels, for 
diatomic molecules. Thus Av is, to a first approximation, the 
difference between two successive vibrational energy-levels, and 
we have said that it is commonly of the order of 0*1 e.v. We 
obtained, in principle, this energy difference, Ac, by measuring a 
frequency, v, associated with Ae by the fundamental equation 

Ac 
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where h is Planck’s constant. Thus knowledge of a frequency is 
equivalent to knowledge of an energy difference and, conversely, 
instead of specifying Ac in electron volts we could equally well 
describe Ac by the number v. Actually, in spectroscopy, it is 
customary to work not in terms of v but in terms of the reciprocal 
wave-length (or wave-number), A“^, given by 





( 10 ) 


where c is the velocity of light. A“^ is measured in terms of 
reciprocal centimetres, or cm.~^ It is indeed quite customary to 
talk of measuring a frequency in terms of cm.~^: the measure, of 
course, being the corresponding value of A~^. It follows that we 
can, conventionally, express energy differences in terms of cm.-^, 
for an energy Ac corresponds, by (3') and (10), to a reciprocal 
wave-length, 




he * 


( 11 ) 


We therefore ask, How many cm.“^ correspond to Ac = 1 e.v. ? 
Now (see Appendix VI for a table of fundamental magnitudes) 

h = 6-624. 10“2’ erg sec., 

c = 2-998.10^® cm. sec.-^, 

and 1 e.v. = 1-602.10”^* ergs, (12) 

the last equation depending on the definition of a volt and the 
magnitude of the electronic charge. Consequently, by (11), 

, , 1 - 602 . 10-12 

6-624.10-27.2-998.101® ’ 


= 8,067 cm.-i, 

so that an energy difference of 1 e.v. corresponds to a spectral 
line of ‘frequency’ 8,067 cm.-i 

In the course of this calculation we expressed an electron volt 
in terms of ergs, or fundamental centimetre-gram-second energy- 
units. Now, as we can see from (12), chemically the erg is not 
a very useful unit of energy: it is far too big. On the other hand 
we often find it convenient to consider not just one molecule, or 
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system, but a mole of systems, i.e. Nq systems where Nq is Avo- 
gadro’s number. Then the energy required to change the energy 
of every system in the mole by one electron volt is simply Nq e.v., 
and since ^ 6-02S. 10*® 

this energy is, by (12), 

6-023. 1023. 1-602. 10-12 ergs, 
i.e. 9-649. 1011 ergs. 

Thus, while the erg is too big a unit for convenient use on the 
molecular scale, it is too small a unit for convenience when dealing 
with the corresponding molar quantities. However, it is well 
known that we can transform from energy units to heat units by 
means of the mechanical equivalent of heat 

J = 4*186. lO"^ ergs per calorie. 

Thus to raise the energy of every system of a mole by 1 e.v. we 
have to give 

9-649.1011 ooa«^ia4 1 • 

== 2-305. 10^ calories 

4*186.10’ 

— 23-05 k.cal. 

of heat energy to the assembly. 

We can summarize these results by writing, formally, 

1 e.v. = 1-602.10-12 ergs 
= 8,067 cm.-i 

— 23-05 k.cal. per mole, 

the equals sign being interpreted as the phrase ‘corresponds to’. 
Better still, we can construct a table giving any one of these units 
of energy in terms of any other. The result of so doing (but omit- 
ting the unit of ergs, on account of its relative unimportance) is 
Table III, as the reader will easily confirm: 


Table III 



e.v. ’ 

cm.-' 

k,caL 

1 e.v. = 


8,067 

23-05 

1 cm.-' — 

1-240. 10-* 

1 

2-869. 10-» 

1 k.cal. = 

4-337. 10-* 

349-9 

1 






124 NOTES ON ROTATIONAL AND VIBRATIONAL VHI, § 4 

It must be remembered that the rows and columns refer, in 
order, to 

(1) the energy change in a single system, 

(2) the reciprocal wave-length of the corresponding radiation, 

(3) the corresponding energy change (in heat units) for a mole 
of systems. 

For most purposes it is sufficient to bear in mind that (approxi- 
mately) 

350 cm.~^ corresponds to 1 k.cal. which corresponds to gge.v. 

5. The statements in the last line of § 4 depend essentially for 
their validity and meaning on the first law of thermodynamics 
and the fundamental quantum-mechanical law expressed in equa- 
tion (3). In evaluating the numbers concerned we have used the 
experimental values of J, the mechanical equivalent of heat, and 
A, Planck’s constant. We have nowhere, however, made use of 
Boltzmann’s constant, fe. 

Now the reader will recall that in Chapter VI we defined 
characteristic temperatures, 0^ and 0^, by the equations 



and 



Sn^Ak 


where in each case, of course, 

kQ = energy. 

It so happens that these temperatures, 0^ and 0^, are of im- 
portance calorimetrically in that they fix (see Fig. 14) the tem- 
peratures at which vibrational and rotational specific heats are, 
respectively, frozen out on account of the quantum-mechanical 
characteristics of the underlying statistical theory. But in any 
case, whether the result has a phenomenological importance or not, 
an energy divided by Boltzmann’s constant gives a temperature 
on the absolute scale. 

Boltzmann’s constant is, as we have seen, numerically equal to 
the gas constant divided by Avogadro’s number, i.e. 

k = i?/No. 
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R ™ 1-987 cal. deg.~^ (per mole), 
k = (1-987. 10-3)(4*337. 10-2) (see Table III) 
= 8-618.10“^ e.v. deg.-^ (per system) 

(i.e. k is roughly 1/10,000 e.v. per deg.), whence also 
k= (8-618. 10-s)(l-602. 10-12) 

= 1*3805. 10-1® erg deg.-i 


(which is the value usually given in tables of physical constants). 

The reciprocal of k enables us to state at once the temperature 
corresponding to a given increment of energy according to the 


relationship 



Thus i?-i = 0-5033 deg. per calorie 

and fe-i ~ 1*160. 10^ deg. per e.v. 

But (Table III) 1 e.v. corresponds to 8,067 cm.-i; therefore the 
temperature corresponding to a reciprocal wave-length of 1 cm.~i 


is 


1*160.104 

8,067 


1*438 deg., 


and we can write, conventionally 

0 = 503-3 deg. per k.cal. 

= 1-160.104 deg. per e.v. 

— 1-438 deg. per cm.-i, 

the equal sign having the same interpretation as before. 

These conversion factors are of great importance in telling us 
at what temperature the yardstick of thermal energy, kT, is 
comparable with a given energy interval. For instance, we see 
at once that if the spacing of rotational energy -levels is of the 
order of a few ten-thousandths (10-4) of an electron volt then the 
rotational partition function will have its classical value at tem- 
peratures as low as a few degrees absolute; and, similarly, if the 
spacing of the vibrational levels of a diatomic molecule is of the 
order of a tenth of an electron volt then the characteristic tem- 
perature at which the vibrational specific heat starts to fall off, 
or freeze out, will be of the order of a thousand degrees absolute. 



126 


SPECTRA AND CONVERSION FACTORS 


Vin,§6 


These observations show that the crude generalities of § 3 of this 
chapter are fairly well in agreement with the data of Table II in 
Chapter VI. 

Finally, it is worth remembering that at 300° K. (approximately 
room-temperature) the commensurate energy step (Ae = kT) is 
roughly ^e.v. per system or 0-6 k.cal. per mole. An energy 
step of ^e.v. corresponds to a reciprocal wave-length of about 
200 cm.~^ The reader should confirm these figures. 

EXAMPLES 

1. Confirm, from the data in Table III and the values of k given in 

§ 5, that 3^0 g ^ ^ ^ ^ g ^ _i 

2. Confirm that the wave-lengths of visible light, approximately 4,000 A 
to 8,000 A, correspond to energy changes ranging from approximately 3 e.v. 
to 1*6 e.v. or 70 k.cal. to 35 k.cal. 

3. Using the data of Table II determine the fundamental vibration 
frequencies, in cm.“^ for HCl, HBr, and HI. (Approx. 2,880, 2,470, and 
2,230 cm.“i) 
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POLYATOMIC MOLECULES, THE THIRD LAW OF 
THERMODYNAMICS, HINDERED ROTATION 


1 . The partition function, (p.f.), for a single system of a mon- 
atomic gas is, as we have seen, 

where the first factor is the partition function for translational 
energy and the second factor arises from the possibility of various 
electronic energy levels. For a monatomic gas, however, tg— is 
always so large compared with kT that, for almost all purposes, 
we can ignore all terms in this sum except the first: and, if we 
choose to measure energy from the lowest electronic level as zero, 
(1) then becomes simply 



where is the degeneracy of the lowest electronic energy -level. 
In the same way, for diatomic molecules we can usually write 

(p.f.) = F(H:^)^w,(p.f.)^b(p.f.),ot. (2) 

Here m is the total mass of the molecule, and we have assumed 


(i) that the higher electronic states are not appreciably excited, 
and 

(ii) that the vibrational-rotational partition function separates 
into independent vibrational and rotational factors. 

On these assumptions we have 

(Pf*)vib = 


and 


(P-fOrot 


Sir^AkT 

ah^ 


( 4 ) 


where the symmetry factor <t equals 1 for heteronuclear molecules 
and 2 for homonuclear molecules. The expression (4) is the classical 
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form of (p.f.)rot- have already seen that specifically quantal 
effects arise, for rotational motion, only at very low temperatures. 

The partition functions for polyatomic molecules can likewise 
be constructed without difficulty provided that the molecules are 
rigid. This restriction to rigid molecules does not, of course, 
exclude vibrational motion: the difficulties arise only when mole- 
cules are capable of relatively large internal motions such, for 
instance, as the bendings of a flexible long chain (saturated) 
hydrocarbon molecule or, on a less grand scale, the rotation of 
one sub-group independently of the whole molecule. In such cases 
the accurate evaluation of the partition function may present a 
mathematically formidable problem; and in many instances this 
has not yet been satisfactorily solved. But, fortunately, many 
polyatomic molecules (including most molecules comprising only 
three or four atoms) are essentially rigid; and for these we can 
construct the partition functions accurately — or, at least, as accu- 
rately as is usually necessary. The discussion of the next section 
is confined to the case of rigid polyatomic molecules. 

2. If a polyatomic molecule consists of n atoms, then 3n spacial 
coordinates are required to specify the positions of these atoms 
in space. If the molecule is rigid, then it is useful to specify 

(i) the position of its mass-centre, and 

(ii) the orientation in space of the molecule as a whole. 

For (i) we require 3 coordinates. For (ii) we shall, in general, 
require another 3 coordinates (see § 3 below), but in the case of 
a linear molecule (e.g. all diatomic molecules, N 2 O etc.) only two 
such coordinates are needed, for rotation about the axis of the 
molecule does not give rise to new positions. Consequently we are 
left with either 

371—6 (general case) 
or 372<— 5 (linear case) 

internal^ coordinates, and, mechanically, the molecule is then 
capable of 37i— 6, or 3n— 5, independent normal modes of vibra- 
tion. The corresponding fundamental vibration frequencies of a 


t A rather stricter use of * internal * than in Chapter VT. 
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polyatomic molecule can be determined spectroscopically (and 
with the aid of mathematical group theory) if the molecule con- 
cerned is not too complicated. Then for each normal frequency v 
we have a factor in the partition function 

^-khvlUT 

the product of 3n— 6 or 3n--5 such factors making up {p.L)yi^, 



Fiq. 23. 


As an illustration we may consider the vibrational partition 
functions of symmetrical XYg molecules. Such molecules can be 
either linear or non-linear. Fig. 23 (a) shows, diagrammatically, 
the normal vibrations of a linear molecule of this type; Fig. 23 (6) 
represents the corresponding vibrations of a non-linear molecule. 
(Vibrations of the forms (1) and (2) are often known as ‘breathing’ 
and ‘bending’ modes, respectively.) We see at once the essential 
difference between the linear and non-linear cases: the motion 
represented by 2 (a) can take place in two independent planes 
(e.g. the plane of this page and perpendicular thereto), while that 
represented by 2 (6) is confined to the plane defined by the XYg 
molecule itself. For this reason the frequency i/g has to be counted 
twice in the linear case, and only once in the non-linear case. 
Table IV gives the values of the frequencies, v^, 
measured in cm.“^, for a small number of typical triatomic mole- 
cules (including non-symmetrical molecules). 

4»73 jc 
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Table IV 


Molecule 

Frequency in cm.~^ 


^2 


Hj,0 

3,662 

1,692 

3,756 

H,S 

2,611 ; 

1,290 

2,684 

NO, 

1,320 

648 

1,621 

CO. (1) 

1,337 

667 (2) 

2,349 

CS. (/) 

657 

397 (2) 

1,623 

N.O (1) 

1,286 1 

587 (2) 

2,224 

HCN (i!) 

2,089 

712 (2) 

3,312 

BrCN (1) 

580 

368 (2) 

2,187 


(1) stands for 'linear*. 

(2) indicates that is to be counted twice: i.e. that there are four factors in 
(P-f*)yib corresponding to v,, Pj, 


So much for the vibrational part of the partition function. We 
have still to calculate the rotational partition function, (p.f.)rot* 
When the molecule is linear the rotational partition function will 
have precisely the same form as for a diatomic molecule, i.e. 


(p.f.)rot 


Sn^AkT 

ah^ 


A standing for the moment of inertia of the molecule about a line 
perpendicular to the axis of the molecule (and through its mass- 
centre). The symmetry factor, a, has, of course, the value 2 or 1 
according as the molecule is or is not symmetrical. When the 
molecule is not linear it will, in general, be characterized by three 
principal moments of inertia, A, B, and C, about certain mutually 
perpendicular lines through its mass-centre. This, of course, is 
true only provided that we are dealing with a rigid molecule. 
In this case we find 


(Pf-)rot 


ah^ 


(5) 


where o- is again a symmetry number. We proceed, in the next 
section, to derive this formula and to contrast it with equation (4). 

3. As always we are concerned only with the statistical part of 
the derivation of our formulae, and not with the mechanical pre- 
liminaries. But although the reader who is unacquainted with 
the equations of classical mechanics must simply take these on 
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trust, it is nevertheless useful at least to visualize the coordinates 
by means of which the orientation of a general rigid molecule is 
most conveniently described. 

The orientation of the molecule is fixed if the positions of its 
principal axes (products-of-inertia zero) through the mass-centre 
are given. We denote these axes by 
01, 02, 03, chosen so as to form a 
right-handed system. It is then 
sufficient to describe the positions 
of 01 and 03. The position of 03 
is determined (relative to axes 
Ox, Oy, Oz fixed in space) by the 
angles 6 and ^ with which we are 
already familiar (Fig. 11: 03 corre- 
sponds to the axis ABof the diatomic 
molecule). The position of 01 is now 
fixed if we assign the angle between 
the planes 2:03 and 103: we call this 
angle ^ (Fig. 24). The three angles 
6, (f>, and tfj are known as Euler's angles and unambiguously 
describe the orientation of the molecule with respect to the fixed 
reference frame Ox, Oy, Oz, 

1{ A, B, and C are the moments of inertia of the molecule about 
its principal axes 01, 02, and 03, respectively, then, according 
to classical mechanics, its rotational kinetic energy is given by 
€ == |^(0sin(/f—^sin6cos0)2-|-^B(0cos^+^sin08in0)2+ 

+ cos 0)2. (6) 

[Note: A ~ B and 0 — 0 we obtain 

which leads to equation (6) of Chapter VI.J 

In terms of 6, <f>, ^ and the conjugate momenta, and p^, 

(6) becomes 



Fia. 24. {Oy is not shown; but 
Oxy Oy, and Oz form a right- 
handed system of axes; as do 
01, 02, and 03.) 
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The evaluation of 


(p.f.) = p J ... J dpidp^dp^ded4d4 

looks very unpleasant, but becomes tractable if we change from 
P 0 , p^ to new variables, r], defined by 

$ = ein^ p^-^^{p^-cose p^). 


V = 


sin^ 

sin^ 


cos 0 p^)+cos tfj Pq, 


C = p^,- 

For € then reads, 


€ 




i+—ri 

^2C^ 


while dp^dp^dp^ transforms into d^drjd^lJy where 


HPe^P<l>^P^) 


sin ifj cos ip 0 
cos^ 8in0 ^ 
sin 0 sin 0 

1 


1 

sind’ 


[The reader who is unfamiliar with the rules for change of variables in 
a multiple integral must €W5cept this result, or refer to such a text-book 
as R. Courant’s Differential and Integral CalculiLS, Vol. II; the process 
corresponds to replacing dx by d^Kd^jdx) in a simple integral.] 

The partition function becomes 

d^drjdl^ sin 6 ddd<j)dili (8) 

and all the integrations can be performed without difficulty. 

Each of the variables r), ^ (since they depend directly on the 
momenta pg, p^, p^) can take all values between — oo and 4-oo; 
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00 00 

(pi.) = ^ J J 

— 00 — 00 

00 

X J j j j 8ineded<f>d,/, 


= ^(27TAkT)i(27TBkT)i(2TTCkT)i .2.2 it.2ti 


It remains only to correct this result in case the molecule has 
such symmetry that during the rotations defined by 0 < 0 < tt, 
0 < < 277, 0 < </f < 277 the molecule returns into a configura- 

tion indistinguishable from that in which it started. If a is the 
number of times the initial configuration is assumed during these 
rotations (equal to 1 if all the positions are distinct and, for 
instance, equal to 2 for HgO — a non-linear, symmetrical molecule) 
then we must divide by a in order to compensate for having 
counted every distinguishable configuration u times. Finally, 
therefore, we have 

, .. V77(8772fcT)»(^jBC')i 

(pd-)rot — ^^3 

which is the formula, (5), quoted above. The derivation has been 
given in some detail for the sake of an important point which will 
arise in the next chapter. 

We have now derived expressions for all the factors in the 
partition function of a rigid polyatomic molecule. But before we 
proceed to show how these expressions can be used to obtain 
knowledge of the structural properties of molecules, or molecular 
assemblies, there are two questions which the reader may raise 
at this point and to which an answer, though necessarily rather 
sketchy, must be given. 

First, it is apparent from (5) that the rotational specific heatf 
t Classical : but at ordinary temperatures quantum effects are negligible. 



134 POLYATOMIC MOLECULES, THE THIRD LAW OF IX, § 3 


of a polyatomic molecule is \R (per mole). The proof is immediate, 
and is left as an exercise. Now, combined with the discussion of 
the previous section, this means that the specific heat, G,„ of an 
assembly of independent, non-localized, rigid, non-linear poly- 
atomic molecules, each comprising n atoms, is (per mole) given by 

— C'^,tra,n8+Ci,,vib + C'v,rot 
= fU+(3n-6)JS+fi? 

= (3n-3)i^, (9) 

provided that each vibrational factor gives the full classical, or 
high temperature, contribution. On the other hand, in the corre- 
sponding case of linear polyatomic molecules we have (using 

equation (4)), ^ fi?+(3n-5)i2+i? 

= ( 10 ) 

And, at first sight, the difference between (9) and (10) is some- 
what puzzling — for how does the molecule know whether it is 
strictly linear or not ? 

To this rather subtle question, only an indication of the answer 
can be given here. But we can see, without difficulty, that the 
problem is more apparent than real. For any paradox there is 
depends essentially on our being able to separate the energy of 
the molecule into distinct (independent) rotational and vibrational 
contributions. Now at temperatures at which Cj, has its full 
classical value it may well be that (speaking pictorially) trans- 
verse vibrations of the linear molecule are so pronounced as to 
make it illegitimate any longer to regard the molecule as linear 
at all. That is not to say that such will, necessarily, be the case. 
There may be temperature regions in which (9) and (10) are valid: 
but then the molecule does ‘know whether it is linear or not’ and 
no question arises. 

The second possible perplexity comes from a comparison not 
of equations (9) and (10) but of equations (4) and (5). For if we 
put A = JS and (7 = 0 in (5) we do not recapture (4) although, 
physically, we appear to have passed smoothly from the case of 
a non-linear polyatomic molecule to that of a linear polyatomic 
molecule. Why is this ? 
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No very simple explanation of this second paradox can be gi\ en 
in terms of classical mechanics. But we can answer the question 
at once in quantal terms. For as C becomes small, that part of 
the rotational energy which comes from rotation about 03 becomes 
rapidly quantized (i.e. the effects of quantization begin to show) 
and when C is very small indeed (as for a linear molecule) the 
step from the ground state to the first excited state, as far as this 
part of the energy is concerned, becomes so great that, to all 
intents and purposes, it is never made. Provided that the other 
part of the rotational partition function can be treated classically 
(as is the case) we have now no difficulty in understanding the 
apparently abrupt transition from (5) to (4). 


4 . From the expressions so far obtained for the factors contri- 
buting to the partition function of a rigid polyatomic molecule 
we can at once derive expressions for the corresponding thermo- 
dynamic functions. Thus if the assembly is a perfect one-com- 
ponent gas (i.e. comprises N identical, non-localized, independent 
systems in a volume V at temperature T) then, by equation (3') 
of Chapter III, the Helmholtz free energy is given by 


and thence 




^kTln 


N\ ’ 


— f4 

= fe^[!riniP:^]+iVfe^[Tln(p.f.)e,]+ 

+Nk^[THpS.),i^]+Nk±[TMv-i-)rotl ( 11 ) 


The first term on the right-hand side of (11) represents the 
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translational entropy of the gas and leads, as we have already 
seen (Chapter III, equation (17)), to the Sackur-Tetrode formula, 

-Strans = \R+l^hxT-Bhi per mole. 

The second term on the r.h.s. of (11) is the contribution to 
the entropy due to uncertainty of the electronic state of any 
system, and, as we said in § 1 above, it is generally accurately 
represented by 

/Sei == iilncui, per mole, 

where is the degeneracy of the electronic ground-state. t The 
third and fourth terms give the vibrational and rotational contri- 
butions to the entropy, and when we use the above 
expressions, (3), (4), and (5), for the vibrational and rotational 
partition functions. 

In order to employ these formulae, in connexion with any 
particular perfect gas, we must know the values of the funda- 
mental frequencies, and the moments of inertia. A, B, C of 
the systems concerned. We have, however, already indicated, 
in the last chapter, how these quantities are, at least in principle, 
derivable spectroscopically. J Consequently, spectroscopic study 
of the light (radiation) emitted, or absorbed, by a gas provides 
data which, in conjunction with the above statistical formulae, 
enable us to derive a value for the entropy of the (gaseous) 
assembly. Indeed, we can deduce the entropy, per mole, at any 
temperature and pressure, provided only that we are really dealing 
with independent systems, i.e. provided that the perfect-gas law, 
PV — NkT, is satisfied. 

In the same way we can, of course, calculate, from the partition 
function, values for all other thermodynamic properties of the 
assembly. We have singled out the entropy for special attention 
simply on accoimt of its particular interest in connexion with 
Nemst’s law, or the so-called third law of thermodynamics. 

Since the basic equations expressing the first and second laws 

t Most often a>i « 1, so that S^i = 0. 

t The assumption that the rotational and vibrational energies are separable 
can be avoided, when necessary: the composite rotatory -vibratory energy levels 
beii^ deduced directly fix>m the observed spectrum. 
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of thermodynamics relate, respectively, to small changes in the 
internal energy and entropy of an assembly, it is evident that 
only differences in these thermodynamic properties, between two 
conditions of an assembly, have any real meaning. Likewise, of 
course, we can only measure differences in these quantities, and 
not their absolute values. 

The entropy change in an assembly in going from the thermo- 
dynamic state specified by (?\, P, N) to that specified by (T^, P, N) 
is given by 

(. 2 , 

Ti Tx 

where is the specific heat at constant pressure. If, in going 
from to we pass through a temperature, say, at which the 
assembly undergoes a phase change with latent heat A^, then on 
the r.h.s. of (12) we have also a term corresponding to the 

sudden change in the entropy of the assembly on passing through 
the temperature T^. But, for brevity, we shall not include such 
a term explicitly in (12), leaving it to be understood that such 
a term is to be added, when necessary, at each phase change. 

If, as appears always to be the case, the integral in (12) con- 
verges as Pj tends to zero, the absolute zero of temperature on 
the Kelvin scale, then we can write 

T 

S{T)-S(0) = J ^dT 
0 

T 

or S(T) = I ^^dT+S(0), (13) 

0 

where we may call aS( 0) the entropy of the assembly at absolute 
zero. And we see that if, in any way, we can fix S(0) then, from 
sufficient calorimetric data (values of Cp, A^, P^) we can compute 
the value of S at any temperature. 

With regard to 8{0), the integration constant in (13), Nernst 
suggested, on experimental grounds, the simple hypothesis, 

A>S(0) = 0 for all chemical changes, 


(14) 
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whilst Planck later advanced the apparently stronger postulatef 

^(0) = 0 for all assemblies. (15) 

The equalities (14) or (15) are variously regarded as expressing 
the so-called third law of thermodynamics. The question we have 
now (see paragraph 5, below) to answer is, Does statistical theory 
provide any evidence for, or against, either of these hypotheses ? 

In order to do so intelligibly, we must first be quite clear about 
two things. It is convenient, and customary, to denote the value 
of 8 calculated, by means of the above statistical formulae, from 
spectroscopic data, by a-nd likewise to denote the value 

calculated from calorimetric data, using equation (13) and Planck’s 
postulate (15), by ^caior- And the first thing which has to be clearly 
understood is the precise meaning of /S^gpec* 

SgpQQ, calculated as already described, appears at first sight to 
depend solely on properties of the gas phase. It is, for instance, 
the sum of translational, vibrational, and rotational contributions 
all of which have meaning only for the gaseous assembly. J We 
must, therefore, ask, From what zero of entropy, or standard state 
of the assembly, is this entropy estimated ? The answer to this 
is not to be found in the statistical formulae so far given in this 
chapter. For these formulae are valid, in any real sense, only for 
temperatures at which the assembly behaves as a perfect gas, and 
certainly cannot be extrapolated to very low temperatures. But 
the answer is revealed at once when we remember that all these 
formulae derive from our fundamental hypothesis 

8(E, V,N) = klnQ(E, V,N), 

and express this hypothesis with exactitude provided that, at the 
temperature concerned, the model used (in the present case that 
of a perfect gas of rigid molecules) is applicable to the assembly 
under consideration. Thus, the zero of entropy which is implied in 

t Strictly, Planck maintained this only for chemically pure substances. The 
chemical changes covered by Nemst’s hypothesis included physical changes, such 
as changes in pressure, and alio tropic changes, as well as chemical reactions. 

t It is true that molecular vibrations persist, almost unchanged, in a Uquid 
phase, but that is neither here nor there. Even if this were not so we should 
still not be led to modify our calculated value of 
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the calculation of is one which corresponds to a physical state 
of the assembly for which Q{jB, V,N) = 1. In other words, 
gives the difference in entropy between the actual gaseous state 
of the assembly and a state of the assembly, real or hypothetical, 
in which there is absolutely no randomness, i.e. in which there is 
no choice of, nor ignorance about, the configuration of the systems. 

It may, perhaps, be held that this answer to our question merely 
transfers attention from S to Q, without making the general situa- 
tion much clearer. But this is far from true. For 12 is a perfectly 
definite mechanical concept, being the number of independent 
stationary states of the whole assembly corresponding to the 
energy E. Now theory suggests, and experiment confirms, that 
Q. increases with E. Consequently Q can have the value unity 
only if the assembly is certainly in its lowest possible energy state 
and, therefore, only if the assembly is at the absolute zero of 
temperature. For complete generality, however, let us denote the 
degeneracy of the lowest energy state of the whole assembly by 
Qq. Then, if is the number of complexions of the assembly in 
the gaseous state specified by (T, F,N), the gain in entropy 
between absolute zero and the temperature T is 

ftlnQ-felnflo* (1^) 

But, as we have seen, klnQ is simply and equation (13) 

with aS( 0) = 0 shows that this particular entropy change is the 
value we adopt for >Sijaior- Consequently 

^oalor ^ ^epeo hill Qq, 
or >S^peo “ ^calor+^I^^O* 

This brings us, however, to the second matter on which a clear 
understanding is essential: the nature of the extrapolation of the 
thermal data at very low temperatures. 

In practice, measurement of the specific heat may be made, 
calorimetrically, at closely spaced temperatures down to, perhaps, 
10° K., but thereafter measurements become impracticable. Fig. 
26 shows, schematically, the low -temperature end of such a series 
of measurements, being the lowest temperature reached. At 
these very low temperatures molecular rotation is generally im- 
possible, on account of intermolecular forces, and, in the absence 
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of contrary evidence, it is natural to suppose that the only energy 
still to be frozen out is that due to low -frequency vibrations of 
the solid state. The final extrapolation to absolute zero is, there- 
fore, usually made, graphically, on the basis of Debye’s theory 



Fig. 26. 


(see Chapter II) on which is proportionalf to as T approaches 
zero. 

There is still, however, the possibility that there exist energy 
levels of the assembly (other than these remaining vibrational 
levels) so low that they are small compared even with the yard- 
stick of low -temperature thermal energy, And if this is so 
we should expect such levels to produce a hump in the Cp curve 
(see Fig. 15, Chapter VI) which would be revealed by measure- 
ments at temperatures between and zero. In this case, then, 
extended calorimetric measurements, if practicable, would lead 
to a greater value for the calculated calorimetric entropy, ^caior* 
Consequently relates, in a certain sense, to the temperature 
We may forget about the low lying vibrational levels, for these 
are probably correctly accounted for by the Debye extrapolation. 
Then, apart from this vibrational extrapolation, /Sgaior effectively 
treats as absolute zero: so (17) ought, strictly, to read 

^8peo “ '^calor +feln Qj, (18) 

where Qj is the number of complexions of the assembly corre- 
sponding not to absolute zero but to the temperature (omitting 
factors due to the low vibrational levels). 

t For condensed phases, Cp and are indistinguishable at very low 
temperatures. 
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It is, however, quite impossible in practice to distinguish between 

(17) and (18). Absolute zero cannot be actually attained. When 
comparison between and l^ads, on the basis of (17) or 

(18) , to the conclusion that or is not unity then, so far, we 
must recognize two possibilities. Either the lowest energy level 
of the assembly is strictly degenerate (weight factor Q.q) or there 
is a group of levels, corresponding to energy differences small 
compared with kT^, which are still occupied randomly (weight 
factor fli). Of these alternatives the second is probably the more 
likely: but there is a third possibility which is more likely than 
either of them. On cooling the assembly down to J\ the systems 
may have become so clamped, by intermolecular forces, that they 
are not now free to move into positions which would, could they 
be realized, actually correspond to states of lower energy. The 
solid is then in a state of metastable equilibrium. In this case 
further cooling will not realize a hump in as described above, 
but, even so, an equation analogous to (18) remains valid: we may 


write it as 


^speo — 


(19) 


fig being the number of equally probable complexions in the 
metastable state. 


The reader may here object that, since the metastable state is ‘frozen 
in’ the assembly is in a perfectly definite state and not free to choose 
among Dj possible such states. This, however, is to misunderstand the 



Fig. 26. 


significance of Oj* ^^7 ®f illustration we may consider, as the 
assembly, a crystal of heteronuclear diatomic molecules each of which we 
can represent by a short arrow. Let the ‘ordered’ arrangement of 
Fig. 26(a) correspond to the true equilibrium state of the assembly at the 
low temperature and suppose that, on cooling, the systems get clamped 
in the random configuration of Fig. 26(6). 

Now assume that we have sample assemblies corresponding to 
both cases, (a) and (6), both at temperature T^, and that we raise the 
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temperature of both samples to a temperature at which the equilibrium 
state of the assembly corresponds. Fig. 26 (c), to a random arrangement, as 
in (6), but for which there is no longer any question of metastability. Then 
in case (i), (a) to (c), there is a gain of configurational entropy given by 
k In 2^, since at T 2 each system has an arbitrary choice of two directions 
which it does not possess at Tj. And since the energy in (o) is less than 
that in (c) the specific heat curve between and Tg will exhibit a hump 
accordingly. In case (ii), (6) to (c), however, no gain of configurational 
energy will be determined calorimetrically: the configurational entropy 
of (6) is simply the configurational entropy of (c) which has become 
‘frozen in’ on lowering the temperature from to T^. The sense in which 
we have referred to ‘equally probable’ complexions at Tj, at the end of 
the above paragraph, is justified since there is a one-to-one corre- 
spondence between configurations of (c) and configurations in which the 
metastable state (h) might be realized. It is for this reason, of course, 
that the symbol Dj* rather than has been used. 

It is not possible to decide between the three possibilities 
represented by equations (17), (18), and (19) simply on the basis 
of a comparison between 8^^^^ ^>^or* Which situation actually 

obtains must be decided on other, physical, grounds. But such 
a comparison does suffice to give us 12® (f2® standing for either 
Qi, or Q 2 ) number, apart from any vibrational factor, of 
alternative complexions persisting (or frozen in) at the lowest 
temperature reached in the calorimetric measurements: and thus 
contributes markedly to our knowledge of the microscopic pro- 
perties of solids at very low temperatures. 

After the above careful consideration of the precise meanings 
of /Sgpeo and /Scaior we are in a much better position from which to 
discuss the so-called third law. Our equation 



^^peo — ^oalor ^ 

(20) 

or 

JfelnQ = ScaioT +felnQ®, 


or 

S^OT = klnn-khiQ^ 

(21) 


shows plainly that /Scaior 1 ® entropy difference, and not an 
absolute entropy. Any suggestion that we have surreptitiously 
assumed the third law in evaluating ^oaior 1 ® quite unfounded. 
The equation ^ 

SiT) = J ^dT+8(0), 

0 


with S(0) = 0, 
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although introduced above in order to provide a basis for our 
discussion, does not really define /S^aior all. We see now that 

T 

^caior is simply the best attempt we can make to evaluate J CJT .dT 

from thermal data: and, apart from the vibrational extrapolation, 
would be more accurately written 

2 ’® 

where T® is the temperature to which the degeneracy fl® corre- 
sponds. 

5. In statistical terms, Nernst’s form of the third law of thermo- 
dynamics can be expressed simply as 

A( for all chemical changes provided is taken 

low enough^ (i) 

while Planck’s stronger postulate would assert that 

has^ for all assemblies^ the value unity, (ii) 

Neither of these hypotheses can be proved true; and, indeed, there 
is every reason to suppose that they are both false. After justify- 
ing this statement we shall proceed, very briefly, to indicate 
something of the true significance of Nemst’s valuable concept. 

We shall deal first with the stronger postulate, (ii) above. 
Clearly, from equation (21), is unchanged if we multiply both 
ii and ii® by the same quantity. Thus if we have omitted any 
factor from ii, a comparison of and Soaior l^a^ds to a value of 
ii® from which this factor is also omitted. Now, in the discussion 
above, factors have indeed been omitted from the evaluation of 
ii: we have not, for instance, included a weight factor to take 
account of nuclear spin degeneracy (i.e. arbitrary directions of the 
spins of the atomic nuclei). The fact that, in many cases, com- 
parison between /S^aior '^spec leads to the conclusion that ii® = 1 
simply shows that even at the lowest temperatures reached (T^ 
above) the nuclear spins are still as randomly directed in the Solid 
as they are in the gaseous state of the molecules concerned. If, in 
such a case, we could reach lower temperatures we should expect 
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the spins to become preferentially orientated; and then, if we 
persist in omitting the spin weight factor from we must expect 
tl® to have a fractional value less than unity (so that In 12® is 
negative). Thus, as indeed is obvious, the value we obtain for £2® 
depends not only on the low temperature, T^, but also on the value 
assigned to £2. 

In the same way, we have omitted from £2 any factor due to 
the presence of different isotopes of the species constituting the 
assembly. Once again if, as is often the case, having omitted this 
factor a comparison of /S^aior ^speo leads to £2® = 1 this simply 
shows that the isotopic statistical weight factor is the same at the 
low temperature, as at the high temperature, T; if we had 
included an isotopic weight factor in £2 then £2® would have emerged 
equal to this new factor after a comparison of the values of 
and /Scaior- There is, however, no evidence to show that isotopic 
separation will occur if the temperature is taken sufficiently 
low.f So, once again, the value of £2® depends, somewhat arbi- 
trarily, on the value we choose to adopt for £2. 

Now, in practice, we always do omit nuclear spin and isotopic 
weight factors from £2. This is simply conventional (indeed, 
hydrogen is usually dealt with differently as far as nuclear spin 
is concerned) : but it is a useful convention since it leads to £2® = 1 
in many (but not all) cases at the low temperatures which are 
actually reached. Entropy values obtained, either thermally by 
extrapolation from temperatures at which nuclear spin orientation 
has not yet occurred or statistically, omitting nuclear spin and 
isotopic weight factors from £2, are known as practical entropy 
values; and it is with these that we shall, in future, be concerned. 
It is, however, already evident that the hypothesis (ii) is quite 
meaningless. Any new knowledge about molecules which may lead 
us to distinguish between their states in such a way as to introduce 
a new factor into £2 will change the value of £2® associated with 
any low temperature T\ already reached. 

t In this respect isotopic degeneracy differs from nuclear spin degeneracy. 
Although at fantastically low temperatures we might expect isotopic separation 
to be energetically favoured, it is even more certain that at such temperatures 
the solid would be frozen in a metastable state with the isotopic nuclei distributed 
randomly among the molecules. 
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Of the first postulate, (i) above, less need now be said. As 
it stands it lacks experimental validity. It is true that for 
many substances the practical values of and agree so 
well that we must conclude that Q® = 1 in each case: but there 
may well be compounds of these for which comparison of /S^peo and 
^caior l^ads to values of O® different from unity. And if, as is perhaps 
generally the case, the O® so obtained has the nature of in our 
discussion above, then there is no evidence that further cooling, 
even if possible, would resolve the metastability. 

Having thus shown that two common, though crude, statements 
of Nernst’s heat theorem are either false or meaningless and, at 
the same time, having indicated how a comparison of >Scaior and 
^Bpec <5an lead to valuable information about the behaviour of 
molecules in the solid state at very low temperatures we ought, 
before proceeding to an actual numerical illustration of such a 
comparison, to refer briefly to the present status of the third law. 
Apphed to a single substance it has, as we have seen, no meaning.| 
But when formulated so as to deal only with entropy changes 
consequent upon isothermal reactions between chemical sub- 
stances it can be made meaningful. Isotopic and nuclear spin 
weight factors always balance out in such reactions (and we may 
suppose that this is true likewise for any other, unknown, factors 
yet to be associated with the il’s). Then a fairly unobjectionable 
statement of the third law is that, as the temperature 2\ tends to 
absolute zero the entropy change /^S, occurring at the temperature 
consequent on the reaction, will also tend to zero 'provided that 
metasiable states of the assemblies are not involved. This, however, 
is not the place to take the matter further, and the reader must 
be referred to the fuller discussions to be found in standard works 
(see Bibliography). 

6. After the rather lengthy preamble of the last two sections 
we return now to our explicit statistical equations and give, by 
way of illustration, the results of using these formulae to calculate 
the practical spectroscopic entropy of water vapour at 26° C. and 
at a pressure of one atmosphere. 

t We exclude from consideration here changes in the environmzrU of the 
assembly, due, for instance, to changing an external magnetic field. 

4»7a L 
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We have, of course, to specify the pressure as well as the 
temperature, since the pressure enters into the Sackur-Tetrode 
expression for the translational entropy. 

We shall not give full details of the calculations, preferring to 
leave these as exercises for the reader: the molecular constants 
required are given in the examples at the end of the chapter. 
Here it is primarily important that we observe the relative magni- 
tudes of the ensuing contributions to the spectroscopic entropy. 
Table V lists the values of /Stransj and Syiiy as calculated from 

equations (2), (5), and (3) respectively. For HgO, a»i — 1 while a, 
the symmetry factor, has the value 2. 


Table V 

Contributions to the Spectroscopic Entropy of HgO at 
298*1° K. and 1 Atm. pressure 




Entropy 
cal.fg. mol. deg. 

'^trails I 

(Sackur-Tetrode equation) 

34-61 

^rot 

(Classical partition function) 

10-48 

'S'vib 

(r = 3,652, 1,692, 3,756 cm.-’) 

0-00 



45-09 


There are two things to notice about these values. First, that 
the dominant contribution is the entropy associated with transla- 
tional motion. And secondly, that there is no contribution at all 
from the vibrational partition functions. This absence of any 
significant vibrational contribution is due, of course, to the fact 
that at 25° C. kT is equivalent to only about 200 cm.“^ whilst 
all three vibrational frequencies for an HgO molecule are very 
much larger than this. 

We turn now to the details of the calorimetric entropy of HgO 
at the same temperature and pressure. These are summarized in 
Table VI. 

The last two items in this table do not particularly concern us 
here. They have to be included, of course, because the gas into 
which the water is evaporated at 25° C. is at a low pressure and 
must be compresvsed (hypothetically) to bring it to the standard 
state of one atmospheric pressure at which we have chosen to 
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Table VI 

Contributions to the Calorimetric Entropy of HgO at 
298*1° K. and I Atm. pressure 



Entropy 
cal.jg. mol. deg. 

0-10° K.: Debye extrapolation 

0022 

10-273 1° K.: Cp curve for ice 

9*081 

Melting at 273- 1°K.: A/T 

5*257 

273 1-298*1° K. : curve for water 

1*580 

Vaporization at 298*1° K.: A/T 

35*220 

Compression to 1 Atm. 

-6*886 

Correction for gas imperfection 

0*002 

44*28 (±0*05) 


compare the values of >Seaior- The correction for this 

pressure change is simply R In P, where P is the pressure, measured 
in atmospheres, of water vapour at 25° C.f The other correction, 
for gas imperfection, is due to the fact that even the low-pressure 
vapour into which the liquid is evaporated at 25° C. is not, on 
account of intermolecular forces, a completely perfect gas. In the 
spectroscopic calculation we assumed that the assembly concerned 
was a perfect gas. The final, small, correction then represents 
the difference in entropy between the actual gas produced on 
evaporating the water and a hypothetical perfect gas (of the same 
substance) at the same temperature and pressure. We would here 
observe further only that our standard state for comparison pur- 
poses is specified not simply by the temperature and pressure but 
also by the requirement that we refer to a (hypothetical) perfect 
gas of the substance concerned. 

Next we notice that the calorimetric entropy for temperatures 
below 10° K., estimated on the basis of the Debye theory of 
crystalline specific heats, is very small — less indeed than the esti- 
mated uncertainty in the final result. This is not, of course, always 
the case: such contributions are frequently at least ten times as 
large as in the present instance. 

Finally, we may remark that by far the largest contribution to 
the calorimetric entropy comes from the entropy of vaporization 

t This may be proved either thermodynamically or from the Sackur-Tetrode 
equation. 
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of the liquid. This, of course, is entirely in accordance with what 
we should expect from the spectroscopic data of Table V. For 
the chief difference between a liquid and a gas lies in the possession 
by the systems of the gas of a large-scale translational motion of 
which they are not capable in the liquid phase. 

Comparing the two results thus obtained, for and /Scaior 
respectively, we find 

^spec ^calor ~ 0 * 81 , 

i.e. felnQo= 0 - 81 . 

This difference is by no means negligible. Before attempting, 
however, to account for the discrepancy it will be well to give 
a short list. Table VII, of the results of similar calculations for 
other substances. The data are selected from the high-precision 
work of Giauque and his collaborators in America and relate, in 
every case, to the same standard state as was used in the com- 
parison for water vapour given above. Fuller lists are available 
in many standard treatises on physical chemistry. 

Table VII 


Ideal gas 
(26® C. and 

1 Atm.) 

Practical entropy 

felnO® 

^spec 

^calor 

HCl 

44-64 

44-6 

— 

HBr 

47-48 

47-6 i 

— 

HI 

49-4 

49-6 

— 

O, 

4903 

49-1 

— 

Cl, 

63-31 

63-32 

— 

CO 

47-31 

46-2 

1-11 

N,0 

62-68 

61-44 

1-14 

H,0 

46-09 

44-28 

0-81 

H,S 

49-10 

49-16 

— 

CA 

62-47 

62-48 

— 

CH,C1 

66-98 

66-94 

— 


The general agreement between the values of and /Scaiop 
shown by the data of Table VII is most impressive and witnesses 
both to the experimental skill displayed in making the calori- 
metric measurements and to the accuracy of modern knowledge 
concerning the nature of simple molecules in the gas phase (on 
which the statistical calculations were based). It is with some 
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confidence, therefore, that we can assign the outstanding dis- 
crepancies, listed to the right of Table VII, to a real departure, in 
these cases, of from the value unity. Now it is significant that 
CO and NgO are both linear, asymmetric molecules; for after the 
discussion in paragraph 4 above we should not be surprised to 
find that, at very low temperatures, these molecules had become 
locked in metastable random arrangements (see Fig. 26). If this 
is so then we shall have, as was argued above, 

jfelnO® = feln2^ = 1*38 (per mole), 
which is certainly quite close to the observed discrepancy between 
^flpeo Scaior these two cases. Indeed this is the generally 
accepted explanation of the value of JQ® for crystals of these 
molecules. 

A somewhat similar explanation has been advanced to account 
for the result felnil® = 0*81 in the case of ice. Roughly speaking, 
it is suggested that even at temperatures approaching absolute 
zero there is a randomness (probably of the above metastable 
nature) in the mutual orientations of the water molecules. In 
detail, the theory gives felnQ® = feln(|)^ =0*81 (per mole) — in 
quite remarkable accordance with the experimental value. Indeed, 
these eminently reasonable explanations of non-zero values of 
jfelntl® furnish strong additional evidence of the accuracy of the 
thermal measurements and correctness of the statistical theory. 

7. So far in this chapter we have dealt only with rigid poly- 
atomic molecules: and these molecules have contained relatively 
few atoms. If similar comparisons, between 8^^^ and ^caior> ^^e 
made for larger, more complex, molecules, again on the assump- 
tion that these have essentially rigid structures, then we are 
frequently led to rather large values for k In 12® which are not easily 
ascribed to properties of the solid state at absolute zero. 

In such cases we must conclude that our evaluation of Q, i.e. 
of the partition function for a single molecule in the gaseous phase, 
is incorrect, due to our having used an inappropriate model for 
the molecule concerned, and the model must be modified. 

For instance, in the case of the dimethylacetylene molecule, 
C^Hg, we have to assume that the two methyl groups are capable 
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of free rotation about the axis of the C — C triple bond. On this 
assumption we obtain excellent agreement between the calori- 
metric entropy of dimethylacetylene and the spectroscopic, or 
statistical, entropy calculated from the partition function appro- 
priate to such a system with two free-rotation groups. But the 
mathematical evaluation of the partition function for such a 
system is much more difficult technically than in the case of rigid 
structures, and the derivation of the appropriate formulae is 
certainly outside the scope of this book. 

If, however, for the ethane molecule, CgHg, we assume free 
mutual rotation of the two methyl groups (about the C — C single 
bond) then we still find a significant difference between /Sgpec and 
'^caior- The same is true of propylene, dimethyl sulphide, propane, 
and other molecules involving methyl groups: neither the assump- 
tion of rigidity nor that of free rotation of the methyl groups leads 
to agreement between and ^oaior* There are several reasons 
why these discrepancies cannot be ascribed to non-zero values of 
ftlnQ®, but the simplest and most conclusive of these is the fact 
that the difference in magnitude between and /Senior depends, 
in each case, on the temperature, T, of the gas phase. This makes 
it quite certain that the discrepancies are due, at least primarily, 
to our using a wrongly temperature-dependent partition function 
to describe the gas molecules. 

For this reason, it is now supposed that the methyl groups in 
these and other such molecules are neither rigidly attached to the 
general framework of the molecule nor capable of perfectly free 
rotation about the bonds attaching them thereto. It is, indeed, 
supposed that rotation of the methyl groups is opposed by the 
presence of potential barriers so that we have what is alternatively 
called restricted or hindered rotation. It is usually assumed that, 
for such a methyl group, these potential barriers are of the form 
F = ^Fo(l-cos3i/r), (22) 

where ifj measures the angular rotation of the group from some 
fixed position. The shape of this potential field is shown in Fig. 
27: the field repeats itself three times in a complete rotation, 
corresponding to the fact that there are three equivalent positions 
of a methyl group when the rest of the molecule is fixed. 
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The statistical problem of calculating the partition functions of 
molecules possessing groups capable of such hindered rotation is 
decidedly complicated but has, nevertheless, been solved in many 
of the practically important cases. The corresponding values of 
the entropy, and other thermodynamic functions, have been 
tabulated (tables of Pitzer and Crawford): they depend, of course, 



Fig. 27. 


not only on the temperature, T, but also on Vq and such other 
molecular parameters as the moment of inertia of the rotating 
group about its axis of rotation. 

We have then, for the particular molecule concerned, to try to 
choose Vq to produce agreement between the calorimetric and 
statistical entropy values at some one temperature: and the tables 
referred to above, once they have been constructed, allow us to 
do this without difficulty. The final test of the theory (unfortu- 
nately it is not ahvays applied) is then to check that, with this 
particular value of the calorimetric and statistical entropies 
agree at other temperatures: when they do we then have strong 
evidence for the existence of potential barriers, restricting free 
rotation, of approximately the height V^, Table VIII gives the 
values of Vq at present associated with hindered rotation of the 
methyl groups in a number of organic molecules. 

Table VIII 


Molecule 

Vq in k.cal./g. mol. 

Ethane 

2*75 

Propane 

1 3-40 

Isobutano 

3-87 

Propylene 

212 

Dimethyl sulphide 

202 
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The origin of the restrictive potentials is uncertain. It is some- 
times ascribed to repulsive forces between the hydrogen atoms 
attached to the molecule: but this is still very much an open 
question. 

8. Restrictive potentials of the form represented by equation 
(22) arise in other problems of physical chemistry besides the one 
just instanced, and a qualitative understanding of their thermo- 
dynamic manifestations is very useful. Let us consider then the 
kind of specific heat curve that we should expect to be shown by 
an assembly of independent ‘restricted rotators* each governed 
by a potential field of this kind. Each system is thus essentially 
a small top with its point fixed and capable of rotating about a 
fixed axis under the influence of a potential field of the type 
depicted in Fig. 27. 

At high temperatures, when kT ^ the restraining potential 
will have negligible effect and each system will behave as a free 
rotator. The partition function for such a free rotator, if its axial 
moment of inertia is /, is easily shown to be given by 

(p.f.) = ^{27TlkT)i, (23) 

ah 

where a is a symmetry number (equal to 3 for a methyl group). 
From this we can at once deduce that the specific heat for free 
rotation, i,e. the high -temperature specific heat of the assembly, 
has the value \Nk, or \R per mole of systems. 

At low temperatures, when kT the systems will be in 

their lowest quantum energy levels which will be very much like 
those of a simple harmonic oscillator: each system being effec- 
tively clamped in one of the hollows of the potential-energy curve. 
Thus, at very low temperatures, the specific heat of the assembly 
will resemble the specific heat of an assembly of harmonic oscilla- 
t' rs at low temperatures, tending to zero as T tends to zero. 

At intermediate temperatures, between these extremes, the 
precise shape of the specific heat curve depends on the relative 
magnitudes of / and Vq\ a typical behaviour is illustrated sche- 
matically in Fig. 28. In some circumstances the maximum specific 
heat may even exceed the value R appropriate to a simple 
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harmonic oscillator. To obtain the exact shape we must know 
the magnitudes of / and Vq and then refer to Pitzer’s tables. But 
it is sufficient here to observe the general form of the curve, and 
the reader should contrast it with the other specific heat curves 
for simple systems which have been given earlier in the book. 



This brings us to the end of a rather long chapter mainly 
concerned with the statistical evaluation of the thermodynamic 
properties of single molecules: and with showing how a combina- 
tion of statistical theory and calorimetric experiment can make 
important contributions to our knowledge of the (microscopic) 
mechanical properties of such systems. In the ensuing chapters 
our principal concern will be with so developing the basic con- 
concepts, or framework, of statistical mechanics that we are able 
to deal with more general assembUes and not simply those com- 
prising independent identical systems in one phase. First, how- 
ever, we shall devote a single chapter to the problem of evaluating 
the partition function for a system in an external field of force — 
a problem on which we have already touched, though in a some- 
what specialized way, in the present paragraph. 

EXAMPLES 

1, Show that equation (5) leads to a rotational specific heat, for a non- 
linear rigid polyatomic molecule of fi?, per mole. 

2. Prove that the rotational entropy, per mole, of an assembly of non- 
linear rigid polyatomic molecules is given by 

i?[ln(p.f,)rat + f], 

where (p.f.)rot is given by equation (5). (Cf. Example 4, Chapter VI.) 
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3 . Using the numerical data of Chapter VIII, show that the Sackur- 
Tetrode formula may be written 

= i2(flnT-f|lnM~lnP-M64), 

where M is the mass in grams of 1 mole of the substance concerned and 
P is measured in atmospheres. (Note: 1 atm. = 1-013. 10® c.g.s.u.) 

4 . Prove that for an assembly of non-linear rigid polyatomic molecules 

^rot= P(flnP + ilnAPU-ln(T-3-471), 
where A, B, and C are in units of 10~^® g. cm.^ 

5. Prove that for an assembly of linear rigid molecules 

/Sfjrot = P(ln P-f InA — lnc7— 2-695), 
where A is in units of 10“^® g. cm.^ 

6 . For HgO, M = 18-02, A = 1-024. lO-*®, 3= 1-921. 10-«®, and 
C = 2-947 . 10“*® c.g.s. units. Confirm the data of Table V. 

7. Prove formula (23), giving the partition function for a rigid rotator 

having just one degree of freedom. ^Hint: K.E. = 
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POLAR AND NON-POLAR GASES IN EXTERNAL 

FIELDS 

1 • An electronic charge e situated in an electric field of strength 
F is acted upon by a force of magnitude eF, in the direction of 
the electric field. 

Therefore, if we have two charges, and — e, localized at 
the ends of a short rod PQ of length a, and both situated in the 
same external electric field F, then two forces, of magnitudes -\-eF 



and — eF, will act on the rod at P and Q respectively. These 
constitute a couple tending to turn QP into the direction of the 
field F. If QP makes an angle d' with the direction of the field F 
(see Fig. 29), then the magnitude of the couple so exerted is 
aeFsini?. Consequently the work done in turning the rod from 
the position in which it is parallel to F, [O' ~ 0), to one in which 
it makes an angle r? with F is given by 

W = j aeF sin = —aeF cos 
0 

= aeF —aeF cosd'. 

This, then, is the potential energy of the charge system in virtue 
of its position, i.e. in virtue of its orientation in the external field. 

The first term, aeF, is simply a constant and can be ignored: 
it is the same for all such systems whatever their orientation. 
We may, therefore, equally well write 

W = —aeF cos&y 

provided we recognize that the zero of potential energy now 
corresponds to the position of the rod in which it is perpendicular 
to the field, — Jtt). 
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Such a system of two equal and opposite charges is called an 
electric dipole. The product ae is known as the strength of the 
dipole, or electric dipole moment. It is usually denoted by the 
symbol p. The potential energy of an electric dipole of strength 
fjL situated in an electric field of strength F is thus given by 

W = — jxF COB d', (1) 

where & denotes the inclination of the dipole to the direction of 
the external field. 

2 . We may consider an assembly of N independent non -localized 
systems (a perfect gas) each of which carries an electric dipole of 
strength /a. Since we are assuming that the systems are inde- 
pendent, the gas must be at a low enough pressure for mutual 
interactions between the dipoles to be unimportant.f If this 
assembly is introduced into a uniform electric field, then each 
system will have a tendency (disturbed, of course, by its thermal 
motion) to turn so that its dipole points along the direction of the 
field. We can thus profitably ask the question, When statistical 
equilibrium is reached, how many systems are orientated so that 
their dipoles are inclined at a given angle, ??, to the external field ? 
We shall treat this problem only on the basis of classical mechanics. 

Naturally, since i? is a continuous variable, the answer to our 
question involves the determination of an angular distribution 
function, n{d'), given by an equation similar in type to equation 
(23) of Chapter IV and having the meaning thatf 

n{d‘) dd^ = equilibrium number of systems having their dipoles 
inclined at an angle between & and d'+dd' to the 
external field. 

Moreover, since the expressions for the translational energy and 
the internal vibrational energy of a rigid molecule are quite inde- 
pendent of the orientation of the molecule in space (on the legiti- 
mate assumption that vibrational and rotational motions are 
effectively independent), we can at once make use of the general 
theory of Chapter V, § 5, and forthwith omit the translational and 
t See § 7, below. 

t At this point, where no confusion can arise, we drop the * from our former 
notation, writing n{&) instead of 



X,§2 


EXTERNAL FIELDS 


167 


vibrational motions of the systems from further consideration. 
The rotational motion of a system, however, is itself intimately 
associated with the angle d' (since the concepts of rotation and 
orientation are fundamentally inseparable). Consequently we 
cannot further factorize the partition function for a system into 
a rotational factor and an orientational factor: we are confronted 
simply with the statistical problem of systems which are able to 
rotate in an external field. For convenience, however, we shall 
denote the resulting partition function by (p.f.)o.pot, the sufiix 
o-rot. standing for ‘orientational -rotational*, and reserve the sym- 
bol (p.f.)rot to denote the corresponding partition function for 
free rotation, i.e. when F = 0. Our immediate problem, there- 
fore, is to calculate the new partition function, (p.f.)o.pof 


3. We have, essentially, already dealt with the purely me- 
chanical problem which necessarily precedes the present statistical 
calculation. For when calculating the rotational partition func- 
tion of a rigid polyatomic molecule (Chapter IX, §3) we gave an 
expression for the rotational kinetic energy of such a molecule in 
terms of three Eulerian angles, 0, and and the corresponding 
conjugate momentum variables, and The Eulerian 

angles concerned specified the orientation of the principal axes of 
the molecule (01,02,03) with respect to a set of axes fixed in 
space {Ox, Oy, Oz). Suppose now that we choose Oz to coincide 
with the direction of the external field, F\ then, since the dipole 
of strength /x is supposed to be rigidly attached to the molecule, 
specification of the Eulerian angles 0, <f>, and ifj will also, indirectly, 
specify the angle ^ between the electric dipole and the external 
electric field. 


Now the total energy of a system is the sum of its kinetic and 
potential energies. In the present case the kinetic energy is simply 
the kinetic energy of rotation, given by equation (7) of Chapter 
IX, while the potential energy is given by equation (1) of the 
present chapter. Introducing the new variables f , rj, J, defined in 
paragraph 3 of Chapter IX, in place of pq, p^, and p^, we thus 



( 2 ) 
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while, as before, the element of phase space dp 0 dp^dp^d 6 d(f)dilj is 
given by d^drjdi^ sin 6 dddcl)dilj. Consequently we now have 

(P-f-)o-rot ^ ^ j* ••• J s.meded(f>dip, (3) 

where € is given by (2). (Cf. equation (8) of Chapter IX.) 

Since I?, a positional coordinate, is quite independent ofp^, p^, 
and and therefore of t], and the integrations over these 
three coordinates can be performed exactly as before, and we 
obtain 

(P-f-)o.rot = IJ J e ded4d^, (4) 

where 6 runs from 0 to tt and <f> and i/j both run from 0 to 27t (see 
Fig. 24). In fact, it now appears that we may write, formally, 

(P*f*)o-rot ~ (P‘f‘)rot(P'f;)o» 

2‘rr 27r rr 

where (p.f.)o = ^ /// ^fiFcoa^jhT 0 d 6 d(f>difj; (5) 

0 0 0 

but we must recognize that (p.f.)^, is not a true partition function, 
it is merely the factor by which (p.f.)i.ot is modified due to the 
orientating effect of an external electric field. 

Before proceeding to evaluate (5), it remains to add only that 
the new factor introduced into the rotational partition function 
is still given by this expression even when the molecule concerned 
is a diatomic or linear molecule. This being so, & is then the same 
angle as 0, and (5) takes the apparently much simpler form 

27r 2n tt 

(p.f.)o = ^ J J J sin d dedcfydi/j, (6) 
0 0 0 

in which the integrations over and ifj can be performed at once 
to give 

(p.f.)o ~ i J sin9 dd. (7) 

0 

But we shall postpone further discussion of this formula until we 
have more fully discussed the general case covered by equation (5). 
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4. At first sight equation (5) looks distinctly awkward mathe- 
matically. For if we assume that the electric dipole associated 
with the molecule points in a direction having direction cosines 
(Z, m, n) w.r.t. the principal axes of the molecule, then it can be 
shown that 


cosi? = — sin0cosj/r.Z4-sin0sini//.m+cos0.n. (8) 


In (8), Z, m, and n are, of course, constants since the dipole is 
rigidly attached to the molecule (i.e. part of it): but even so the 
resulting integral still appears somewhat unmanageable. How- 
ever, if we take another set of mutually perpendicular axes in the 
molecule, say 01', 02', and 03', and if the Eulerian angles which 
specify 01', 02', and 03' with respect to Ox, Oy, and Oz are called 
6' , <f>' , and ^', then it can be shown thatf 

sin 6 dSdcfydip — sin 6 ' dO' d(j>' dijj' . (9) 


We have thus only to choose any set of axes 01', 02', and 03' 
(fixed in the molecule) for which 03' has the direction of the 
electric dipole, and change from the coordinates 6, (f>, and to 
the analogous coordinates 9\ ^', and 0'. For then i?* is the same 
angle as 6' (angle between 03' and Oz) and, using (9), (5) becomes 


27t 2it tt 


(p.f.)^ = ^ J r J sin d (6') 


0 0 0 

which has precisely the same form as (6). Integrating over <^' and 
ifj' we obtain 

TT 


(p.f.)o = I J eMFco8i>/kr sin 3. d&, {!') 

0 

which, of course, is indistinguishable from (7) (we have simply 
written & for 6). 

We have thus proved the somewhat surprising theorem that the 
factor by which (p.f.)rot is modified due to the orientating effect 
of an external field on an electric dipole carried by a molecule is 


t In mathematical terms, the Jacobian of the transformation, 

sin^ 

Bind'' 

Unfortunately a proof of this rather beautiful result is outside the scope of this 
book. 
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independent of the internal orientation of this dipole with respect 
to the principal axes of inertia of the molecule: moreover this 
factor is the same whether we are dealing with a linear or non- 
linear rigid molecule. 

It is now an easy matter to complete the calculation. Putting 
cos^ — X, so that ^ind'dd' = —dx, (7') becomes 

1 

(p.f.)o = i J el^FxlUT dx 
-1 

kT 1 

= _ _ ffiFxIhT 
liF2 

pfiFIkT 

2 ‘ 

But (e^—er-)j2 is the mathematical function known as sinh^. 
Therefore, finally, . . 

(p.f.)„ = ^, (10) 

y 

w'liere y — jxFjkT, 



5. It follows now% from our previous work on internal distribu- 
tion functions, in Chapters IV and V, that the equilibrium number 
of dipoles whose orientation is specified by i?, <f>\ and whatever 
the simultaneous values of their angular momenta may be, is 
given by 


n(&,<f>\ilj')ddd<f>'dilj' = N- 


1 


8n^ (p.f.)o 

Hence, since and can have any values between 0 and 27 t, the 
equilibrium number of dipoles making an angle between and 
^+dd' with the external field is given by 

= — (Fo 

The reader should observe that when = 0, (11) becomes 

r 27t sin I? dd' 


n{d') di? = N\mi & dd' " N- 


4n 


Now 27rsin^rfi^ is the area cut off from the surface of a sphere of unit 
radius, centre 0, between two cones having Oz as axis and semi-vertical 
angles & and iJ-fdi? (Fig. 30). And the total surface area of a unit sphere 
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is 47r. Consequently equation (11) could have been obtained on the 
assumptions that the axis of the dipole is, in the absence of an external 
field, equally likely to cut this imit sphere at any point and that the 
effect of the external field is to weight these a priori equally probable 
positions (orientations) with the Boltzmann factor exp( — TF/felT). 


F 


Fig. 30. 

Equation (11) is often derived in this way: but the method obscures 
the essential dependence of the formula on the basic principles of 
statistical mechanics, and should therefore be regarded as more sophisti- 
cated and not more elementary. 

Having obtained the required formula for n(d')y we shall now 
use it to discuss some macroscopic effects due to this partial 
orientation of the molecular dipoles in an external field. To obtain 
further insight into equation (11), the reader should plot n{&) as 
a function of for various values of ixFjkT. 

6. For any one molecule, its dipole moment, p, can be resolved 
into components with magnitudes /xcosi? along the direction of F 
and /Li sin# in a direction perpendicular to F, 

The latter direction is not, of course, the same 
for all the molecules; but since is 

independent of the angle <f>\ a moment’s 
thought (assisted by Fig. 31) shows that, for 
all the molecules of the assembly, the com- 
ponents perpendicular to F cancel out. Con- 
sequently the average dipole moment per molecule is directed 
along F and given by the average value of /zcos#: in other 
words, in an external field the assembly will behave as if each 
molecule carried a dipole of strength /I, directed along F and of 
magnitude given by the average value of /xcos#. We proceed first 

to calculate ji. 
am 




M 
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From equations (11) and (5) we have at once 

IT 

J /X COS^ ^imFcobS^IHT 
0 

H' = • 

0 

We have already evaluated the integral in the denominator, and 
shown it to be given by 

sinh y , aF 

where y = 

The integral in the numerator follows at once, since 

n TT 

J cosi?e^®^®^sint?di? = A J e^®®®^sind d&. 


We thus obtain t 

- ^ /sinh2/\ //sinht/\ 




\y cosh y — sinh y’\ y 


Jsinhy 

H l^coth y — i j |where 2/ = ^ j • 


( 12 ) 


(The function cotht/— l/y is usually denoted by L(y) and called 
the Langevin function, of y, after P. Langevin who first showed 
its importance in the theory of ferromagnetism.) 

Equation (12), which we may rewrite as 

jS == -^(y) = cothy— (12') 


shows at once that /xF/fc behaves as a characteristic temperature 
as far as orientation (of a dipole of strength /a in a field of strength 
F) is concerned — a result which could have been foreseen from 
equation (5) since the temperature enters into (p.f.)o only through 
the combination fiF/kT. To interpret our result further we must 
consider the behaviour of L{y) as a function of y. 


t cosh 2 stands for and coth2 stands for coshz/sinhz. 
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When y is small, we have 


Hy) = 


e^+c-" 1 

gv — e,-y y 


y+\y^-\-^y^+- 


1 

y 


= ^[(i+k®+2iyH-)(i+Jy*+ife2/^+-)“'-i] 

= -[(l+iy*+5jy*+"-)(l — iy**— ifo2/*+ss2/^~'---)~'l] 


i.e. when y is sufficiently small L(y) behaves like \y. 

On the other hand, when y is large, e"^ is negligible compared 
with and the term Ijy is also very small, so that 
L{y) -> 1 for large y. 

In fact the function L(y) has the form shown in Fig. 32. It is 
usefully described as a saturation function since, no matter how 
large y may be, L{y) can never exceed the value unity. 



This saturation property could, of course, have been predicted 
on purely physical grounds, since obviously /Z can never exceed 
/i. But it is the behaviour of L(tj) for small y that we shall find 
of most immediate interest, and for the proof that this behaves 
as \y we require the detailed investigation of the present para- 
graph. In terms of /I, the result may be written 
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7. Our purpose in calculating fi was avowedly preparatory to 
our discussing a macroscopic manifestation of the orientational 
effect of the external field on the electric dipoles carried by the 
microscopic systems of the gaseous assembly. Speaking physically, 
we can now say that the effect of this field is to polarize the gas, 
producing a polarization (or dipole moment per unit volume) in 
the direction of F and of magnitude, P, given by 



At this point, however, we must pause to criticize the casual 
assumption made so far that P, the field acting on any particular 
dipole, is simply identical in magnitude with the strength of the 
external electric field in which the whole assembly is supposed 
situated. For the very fact that a polarization, P, is set up in 
the gas means that the microscopic dipoles, by tending to point 
along the external field, succeed in so aligning their own local 
fields as to produce a physically important polarization field within 
the body of the gas. This appears to conflict with our original 
decision to treat the dipoles as independent systems, but it can 
be shown that for a sufficiently dilute gas (i.e. for sufficiently low 
pressures) the above treatment is substantially correct provided 
that P, instead of being equated to the strength of the external 
field (which we may temporarily denote by P), is taken to be given 

in 

F=E+^P. (15) 

Here, too, we can further improve the physical plausibility of 
our model assembly by assuming that the effect of P on a system 
of the assembly is not only partially to orientate any permanent 
dipole moment that the system may carry, but also to induce an 
extra dipole moment in the system by distorting the electronic 
distribution of the molecule concerned. We shall suppose, in fact, 
that each molecule is polarized by the field P so that, besides 
bearing its permanent dipole moment /a, it has also an induced 
dipole moment, given by 

Pi = aP, 


(16) 
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in the direction of, and proportional to, the field F, The constant 
of proportionality, a in equation (16), is known as the 'polariza- 
bility of the molecule — and it will be noticed that we are here 
assuming that the molecule is equally polarizable in any direction. 
Since fx^ is, ipso facto, in the direction of F, this induced dipole 
moment will not affect the orientational effect of F on the perma- 
nent dipole moment; and the only modification in the above 
formulae, consequent on assuming the molecules to be themselves 
polarizable in this way, is in (14), which will now become 

P = (14') 


Now it is a matter of physics that if the ratio of P to is 
denoted by k (the electrical susceptibility of the medium), then 
K, the dielectric constant of the medium, is given by 

K — l-j-^TTK. (17) 


In general, when jl is given by (12'), K will not be independent 
of E and we shall have the phenomenon known as dielectric 
saturation. But, in practice, it is virtually impossible to observe 
dielectric saturation for a gaseous assembly since, as we shall see 
below, pF/kT is always very small. Consequently (12') may be 
replaced by (13) and we have (from equations (13), (15), (16), 

K Nil fP 


i.e. 


1 


V\ZkT 


+ 


4 


(18) 


For any particular sample of gas NjV is known: therefore 
measurement of the dielectric constant, K, enables us, on the basis 
of (17) and (18), to estimate the quantity 

1 


3*y 


+ a. 


Actually, for all gases at pressures for which the above theory 
may be applied, k turns out to be very small, of the order of 10""®, 
so that we may legitimately ignore the denominator in the l.h.s. 
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of equation (18) and, on account of equation (17), use the simpler 
formula j y 

3*5’+“ in N' 


The quantity on the l.h.s. of equation (19) may be called the total 
polarizability of the gas, per molecule, at the temperature T. 
On the basis of the above theory it consists of two terms: a 
temperature-dependent term involving the magnitude of the per- 
manent electric dipole-moment, /it, of a molecule and a tempera- 
ture-independent term which is simply the intrinsic molecular 
polarizability. 


8. Since the r.h.s. of equation (19) can be determined experi- 
mentally, it is convenient to plot these experimental magnitudes 


/^\V 

N 


CL 



Fig. 33. 


against the reciprocal temperature, 1/T. For all gases, at not too 
great pressure, the plots are of the linear form predicted by the 
theory and shown schematically in Fig. 33. Extrapolation of these 
lines to the ordinate 1/T = 0, determines a (the molecular polariza- 
bility) while the slope of the line enables us to calculate /x (the 
permanent dipole moment of the molecule concerned). When /x 
has a finite, non-zero, value we speak of a polar molecule, while 
when /X = 0 the molecule is said to be non-polar. 

Values of the constants }jl and a determined in this way for a 
number of molecules are given in Table IX. 

The first thing to notice is the units in which fx and a are 
expressed. If kT is expressed in ergs, and V in cubic centimetres 
then (regarding X as a pure number) fx is automatically given by 
equation (19) in electrostatic units (e.s.u.). The e.s.u., however, 
is an inconveniently large unit in which to express the electric 
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Table IX 


Oas 

/LiX 10 ’® in e.8,u. 

at X 10®* c.c./mote 

HCl 

103 

2-63 

HBr 

0-79 

3-68 

HI 

0-38 

5*4 

H, 

0 

0*79 

HaO 

1-84 

1*68 

CO, 

0 

2*66 

CH 4 

0 

2*61 

CHsCl 

1-86 

456 


dipole moment of a molecule, and the numbers actually listed in 
Table IX are given in terms of 10“^® of an e.s.u., i.e. in terms 
of so-called Debye units, where 1 Debye unit = 10“^® e.s.u. This 
convenient unit in which to measure the electric dipole moment 
of a molecule is named after P. Debye, to whom the theory out- 
lined in this chapter is due (1912). 

It is also evident at once from equation (19) that a has the 
dimensions of cubic centimetres per mole. 

Before commenting further on the data of Table IX, however, 
it is convenient here to verify numerically that the quantity 
y ( ~ fjbF/kT) with which we were concerned in the general theory 
above is indeed small compared with unity — so that the linear 
approximation to L(y) may be used legitimately. To verify this 
we shall calculate the value of F which would make y == I a.t 
room temperature when /x = 1 Debye unit. We have 



(l*38.10-i«)(300) 

10-18 

4-1.10^ e.s.u., 

i.e. we require 

F ^ 4:-l AO* dynes per unit charge 

— 12*3. 10* volts per cm. (since 1 e.s.u. — 300 volts). 

And an external field of the order of 10 million volts per cm. is 
certainly far beyond anything ever employed in the measurement 
of the dielectric constant of a gas. The approximation of replacing 
L{y) by Jy is therefore legitimate. 
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Returning now to the data of Table IX, it is, for our present 
purpose, principally important to notice that whilst HgO is a 
polar molecule, COg is non-polar. This is strong evidence that 
HgO has the well-known triangular structure, while CO 2 is a sym- 
metrical linear molecule of the form 0=C=0. Similarly, the fact 
that methane is non-polar provides evidence for the assumed 
tetrahedral symmetry of the CH 4 molecule. We thus see again 
how statistical theory, by relating together apparently uncon- 
nected matters (in this case the shape of a molecule and the 
variation of dielectric constant with temperature) can throw light 
on the basic problems of molecular structure. 

We have dealt in this chapter only with assembhes of rigid 
systems (in the sense of Chapter IX) in the gaseous state. For 
non-rigid molecules a more elaborate discussion is necessary. Nor 
can the present theory be applied satisfactorily to describe the 
temperature variation of the dielectric constant of a liquid or 
solid. For in a condensed phase intermolecular distances are so 
small that the local polar fields of the molecules become extremely 
large. Dielectric saturation certainly occurs, but a more elaborate 
theory than the present one is required to give satisfactory quanti- 
tative agreement with the experimental data: and for this the 
reader must be referred to more advanced treatises. 

EXAMPLES 

1 . Show that if we define an orientational energy by 

E, = fcT* Ain(p.f.)o 

then j&o = ~ Fji, 

where fi is given by equation (12). 

2. Show that the orientational specific heat, is given by 

C ..0 = b[i - per mole, where 2/ = 

i.e. + when y 1, and thus that is generally 

completely negligible. 
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1. In the first ten chapters of this book we have considered a 
variety of problems in statistical mechanics, deriving the pro- 
perties of assemblies (i.e. measurable thermodynamic quantities) 
in terms of the attributes of the systems (atoms, molecules, etc.) 
of which these assemblies are composed. In particular, we have 
dealt, if only briefiy, with 

(1) the specific heats of solids — Einstein model, 

(2) the specific heats of gases — monatomic, diatomic, and poly- 

atomic, 

(3) the dielectric constants of gases. 

But all the assemblies with which we have been concerned have 
fulfilled three important conditions, apart from which we should 
not have been able to deal with them on the basis of the theory 
so far developed (Chapters I to V). They have been 

(i) one-phase assemblies, 

(ii) composed of identical systems (systems of one kind only), 

and 

(iii) composed of independent systems. 

Now as long as the third of these conditions is satisfied, i.e. as 
long as we are concerned only with essentially independent 
systems, there is no difficulty in extending the previous formulae 
to include multi-phase assemblies of mixed systems. It is only 
when the energy of the whole assembly is not simply the sum of 
independent contributions from the separate systems but involves 
also energies of interaction between the systems (as, for instance, 
in an imperfect gas) that real difficulties arise and an essentially 
more powerful technique is required. 

It would, of course, be practicable to build up the tools of this 
more powerful technique at the present stage and then to use 
them to deal with problems for which they are not really needed. 
To do so would, indeed, effect some shortening of the statistical 
proofs of the formulae of the next two or three chapters. But it 
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seems preferable to proceed more slowly, and to obtain greater 
insight into our present methods before enlarging their scope in 
any very fundamental way. We shall, therefore, proceed first to 
relax the conditions (i) and (ii) above, retaining the restriction 
to independent systems and retaining also the simple procedural 
technique to which we are accustomed. 

The reader will, however, observe from henceforth a certain 
change of emphasis, which is quite deliberate. So far we have 
tended, especially in Chapters VI to X, to concentrate on the 
construction of partition functions appropriate to particular 
systems. For instance, we have evaluated 

(p.f.) = (1) 

i 

for the rotational energies of a diatomic molecule, both on the 
basis of quantum mechanics and on the basis of classical me- 
chanics. In future we shall generally not particularize partition 
functions in this way, but shall rather refer, for example, to (p.f.)i 
and (p.f .)2 as the partition functions for species of types 1 and 2, 
respectively, leaving them further unspecified. These partition 
functions will each, of course, be given by an equation of type (1) 
(they are, indeed, merely abbreviations for sums like the r.h.s. of 
( 1 )), but we shall not usually evaluate them further. Consequently 
our statistical formulae will be quite general. The detailed applica- 
tion of these formulae to particular problems (such, for example, 
as the numerical evaluation of the equilibrium constant for the 
reaction between certain specific gases) is not our present concern. 
Such applications of the formulae which we shall derive, employ- 
ing the partition functions evaluated in the past chapters, present 
no special difficulties; and many illustrations of their use are to 
be found in longer treatises and current literature. Our immediate 
aims are rather to reveal the basic structure of the fundamental 
statistical equations and to explain the statistical methods, and 
basic techniques, by means of which these equations can be 
derived. 

2. Let us consider first the problem of two gases in separate 
containers but in thermal contact, so that they can exchange 
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energy but cannot exchange systems. Then the assembly, i.e. the 
whole thermodynamic system with which we are dealing, can be 
represented diagrammatically by Fig. 34: it consists of two sub- 
assemblies,! labelled 1 and 2 and containing, say, N and M 
systems, respectively. 

Let the systems of assembly 1 have allowed energies Cj, eg,..., 

(for simplicity we shall put all degeneracy factors equal to unity) 


A" 

M 

I 

2 


Fio. 34. 


and let a state (strictly, a set of states) of this assembly be specified 
by the set of distribution numbers rij, ng,..., exactly as in 
§ 1 of Chapter II. Similarly, let the systems of assembly 2 
have allowed energies cg,..., and let a state of assembly 2 
be specified by the distribution numbers mj, mg,..., m^.,... . 

Then for given values of the n's there are 


1 N\ 


Nl Jln^l 


( 2 ) 


distinguishable states of assembly 1: the factor l/Nl arises from 
the non-localization of the indistinguishable systems of this as- 
sembly, and the second factor is the number of ways nj systems 
can be given energy Wg systems given energy eg, and so on, it 
being supposed that the systems have first been rendered distin- 
guishable in some way. Similarly, for given values of the m’s 
there are 

( 3 ) 


1 Ml 


Ml IJm,! 


distinguishable states of assembly 2. But these two distributions 
are independent (apart from a restrictive condition on the total 
energy of the whole assembly with which we shall deal in a 
moment) and any one of the distinguishable states (2) can be 
associated with any one of the distinguishable states (3) to give 

t When no confusion is likely to arise, we shall usually refer to a sub-assembly 
of this kind simply as an assembly. 
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a certain definite state of the whole assembly. Thus, for the whole 
assembly, the number of states corresponding to the given distri- 
bution numbers is given by 

% i 

Therefore fi, the total number of distinguishable states for the 
whole assembly, is given by 

(allowed n’s 
and m’s) 

(allowed n’e ^ ^ 

and m’s) 

We have still to lay down the restrictive conditions oq the 
distribution numbers: but these are simply 


= iV, = M 


and 2 «i+ 2 C^) 

i i 

The equations (6) hold since the two gases cannot exchange 
systems, and equation (7) holds since they can exchange energy 
and in dealing with fi according to the methods of Chapter II 
we have to suppose that the total energy, E, of the whole assembly 
is given. 

We assume now, as always, that only the greatest term in the 
sum on the r.h.s. of (5) contributes appreciably to Q, and proceed 
to pick out this term, subject to the restrictive conditions (6) and 
(7), by the use of Lagrange’s undetermined multipliers. We have, 
using Stirling’s theorem, 

Ini = — 1)— 1), 


X % 

S In ^ hn^— T In — 0, (8) 

where 2 = 0, (9) 

2 hrrii = 0 , ( 10 ) 

= ( 11 ) 


and 
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Adding aj(9)+a2(10)4-j3(ll) to (8) we obtain 

y (ai+^€<— ln»i)S7ii+ y (aj+^e—lnmJSmf = 0, 

t % 


whence 


oci+P€i—lnnf = 0, 

oL2+P^i —Inmf = 0, 


(i= 1,2,...), 


( 12 ) 


i.e. n* = \ 

and m* — / 

where n* and m* give the important values, i.e. the equilibrium 
values, of the distribution numbers. Combining equations (12) 
and (6) we find, therefore, 


and 


mf = / y eW 


1 , 2 ,...). 


(13) 


/ r 

Returning now to the expression for i2, and equating Q, to 
wj‘,wj,...,m?,...), we obtain, by using (12), 


InQ = —^E—oiiN—aiM+N+M 


(14) 


or, by using (13), 

lna= -jSjE'+iVlny e^'‘-lnA!+Jflny e^^J-lnJf!. (14') 

X X 

Equating A:lnf2 to S, the entropy of the assembly, the thermo- 
dynamic formula 

leads to the equation (see equation (21) of Chapter II) 

^=-~l/kT, (15) 

while the thermodynamic formulae 

(i) (S) 

lE,Vi,Vi,M \^^Ie,VuV%,N 

lead to the equations (see equation (25) of Chapter III) 

fix == kToLT^, /X2 = fcTag. (16) 

The reader should complete the steps in the derivations of equa- 
tions (15) and (16), remembering that j8 is itself a function of E 
on account of equation (7), 


—\ =i 
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Once again we can, without difficulty, identify k with Boltz- 
mann’s constant k, given by the gas constant divided by Avo- 
gadro’s number (see § 5 of Chapter III). Finally, therefore, 
returning to equation (14'), we have 




(pf)!* 

N\ 


fcin 


(Pf)2^ 

M\ 


or, in terms of the Helmholtz free energy, F, 


F = 


-kT]n 


(p.f.)f(p.f.)f 


(17) 


where (introducing now the degeneracy factors and io'i for the 
sake of completeness) 

(p.f.)i = 2 “'i (p.f.)2 = 2 

i 1 

We have given the derivation of equation (17) at some length 
in order to remind the reader of the procedural methods developed 
in Chapters II and III. In future, however, to avoid wearisome 
repetition and inordinate wordiness we shall progressively reduce 
such arguments to the barest scaffolding of equations. The reader 
is advised to complete these arguments by carrying through any 
algebraic manipulations that have been suppressed: for only in 
this way can the basic structure of the equations be properly 
appreciated. 

From equation (17) we see at once that we can write 
F = Fi-f Fg, 

where K = _fcTln^£^ 

Nl 

and F, = -fcTln^P^, 


i.e. where F^ and Fg are the free energies of the two separate 
‘phases’ evaluated at the same temperature T, The result appears 
to be almost trivial, but it is not so. For we did not start from 
the assumption that the two sub-assemblies were at the same 
temperature, but merely assumed that they could exchange energy. 
If they had not been able to exchange energy (so that we dealt 
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with two completely separate phases) then in place of (7) we should 
have had 


and (14) would have read 


E, 


Infl — — — oliN — ol^M -\-N JM y 

where and ^2 ^wo parameters by which we should have 

had to multiply the two new restrictive conditions which would 
replace (11), i.e. 

2 = 0 and J = 0. 

i i 

We cannot then speak of dhiQldE, but only of dlnQ/dEj^ and 
^ln£^/^i? 2 > there is no reason why the two separate sub- 
assemblies should not be at different temperatures. 


3. At first sight the substance of the last section has little to 
do with the alleged topics of this chapter, i.e. with mixed gases 
and the law of mass action. But suppose now that we have a 
single gas-phase of two components, i.e. that we have 

N identical non-localized systems having individually allowed 
energies cp € 2 ,..., 
and 

M identical non-localized systems (of another kind) having 
individually allowed energies cp € 2 ,..., ej,... 
in the same enclosure. We assume that thermal equilibrium can 
be attained (say, by collisions) so that there is only one restrictive 
condition on the total energy of the assembly, namely 


where the distribution numbers have the same meanings as before. 
Then a little thought will assure us that nothing has changed, 
essentially, from the example of the last section, and that we 
therefore still have, for this mixed gas. 






N\M\ ' 


(17') 


At first sight this is a rather remarkable result, and perhaps 
two comments will help to remove the apparent mystery. First, 
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we must not forget that the partition functions (p.f.)i and (p.f .)2 
involve as factors the volumes available to species of types 1 and 
2, respectively. If the volumes, and Pg, of the two sub-assemblies 
of Fig. 34 are each precisely equal to the total volume, F, available 
to the mixed gas of the present section, then indeed there is no 
difference in free-energy or entropy between the two cases. The 
total free-energy or entropy of an assembly consisting of two 
different perfect gases, each at temperature T and volume V, is 
entirely unaffected by whether they are in the same container or 
in different containers. On the other hand, destroying the parti- 
tion between the two sub-assemblies of Pig. 34 wiU certainly 
produce what is normally (though perhaps inadvisedly) called an 
entropy of mixing between the two different gases. For before 
the partition is removed, F contains the terms 

— NkT In Vi—MkTlnV 2 (from equation (17)), 
while after the partition is removed F contains the terms 
--NkTln(Vi+V 2 )--MkTln(Vi+V 2 ) (from equation (17')). 

Thus on removing the partition we have a gain of entropy, AS, 
given by 


Although we normally call this an entropy of mixing it is essentially 
due to the lowering of the partial pressuresf of the two gases 
concerned when the volumes available to them are increased. 

Secondly, we must comment that equation (17') is not correct 
when the two species of system are identical, i.e. when the gas 
consists of only one component. For we know already that for 
a gas-phase of iV^-f Af identical systems 

jP— — (19) 


which is not the result obtained by identifying (p.f.)i and (p.f.), 
in equation (17'). 

Equation (17), of course, is not affected by whether the two 
sub-assemblies do or do not consist of the same kind of species. 


t See the SackuivTetrode equation, p. 136. 
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The argument of paragraph 2 above is certainly correct whether 
or not the set of levels is the same as the set 4. But examina- 
tion of this argument shows at once why, for a single gas-phase, 
equation (17') is valid only if we are concerned with two distinct 
species. In the case of the assembly of Fig. 34, even if the systems 
are all alike we still know that there are N on one side of the 
partition and M on the other side. To this extent then the systems 
are not completely non-localized. Similarly, for a single gas-phase 
containing N systems of type 1 and M systems of type 2 there 
are only N systems to which we can give any of the energies 
and in assigning these energies to the systems we can conveniently 
ignore the other M systems which are incapable of receiving them. 
On the other hand, when all the systems are alike the analogy 
between the two problems completely fails and it is not surprising 
that we then require to replace equation (17') by equation (19). 

The fact that equation (17') has to be replaced by (19) when 
the gas phase contains only one instead of two distinct species of 
systems is known as the Gibbs paradox since, in essence, it was 
first pointed out by Willard Gibbs. Physically it produces the not 
very surprising result that if the two sub-assemblies of Fig. 34 
contain the same gas at the same pressure, then there is no ‘entropy 
of mixing’ on removing the partition between them. For we now 
have (from (17) and (18)) 


^8 

k 


= {N + JIf )ln(Fi +V2)-NlnVi-M\nV^-(N+M)\n(N+M)+ 


(N+M)\n 


N+M' 






which vanishes if 


N M' 


i.e. if Pj = Pj, since 


N~~M~ 


In so far as there is a paradox, it can be expressed in the 
question. How do the species know whether they are identical or 
not ? But we must remember that it is we who have to ask this 
question, and not the species themselves. If we can recognize 
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that we are dealing with different species, then we shall also be 
able to detect their entropy of mixing. (See §3, Chapter IX, for 
the discussion of analogous ‘paradoxes’.) 

4. The above results can, of course, be extended without difficulty 
to include any number of different species in the gas phase. Thus 
if there are three species, 1, 2, and 3, then the free energy of the 
gaseous assembly is given by 




N,\ N^\ N,\ 


where (p.f.)^ stands for the partition function appropriate to the 
ith species, and and are the numbers of systems of types 

I, 2, and 3, respectively. These three numbers, iV^, iV 2 , and 
are, of course, supposed to be known: indeed it is essential to the 
whole statistical method so far developed that these three numbers 


are given. 

We shall now tackle a different, and chemically more interest- 
ing problem. Suppose that we know that within a given volume, 
F, we have ^ -atoms (or molecules, but we can conveniently 
speak of atoms) and £-atoms, existing as a mixed gas. And 
suppose that the ^ -atoms and J5-atoms can exist either inde- 
pendently, as such, or conjoined into ^J^-molecules. Then, a 
priori, we do not know the equilibrium number of j9-molecules 
(at any given temperature), but we shall find that this information 
is provided by the statistical theory. We require the thermo- 
dynamic properties of the assembly. 

In order to make a direct statistical attack on this problem we 
have simply to introduce an appropriate notation and then go 
ahead in the usual way. 

Let 


each A -atom have possible energies f ej , e? , . . . ^ 

and each jB-atom have possible energies cj, 6?,... (i) 

and each .4 5-molecule have possible energies eg*,..., 

We may suppose that these energies are measured from the ground- 
state (i.e. the lowest energy state) of the appropriate system at 


t For brevity we shall always sissume that such energy -levels are non- 
degenerate. Note: a, 6, and ab in (i) etc., are superscripts, and not indices. 
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rest: but if so then we must further let xio be the energy of forma- 
tion of a molecule AB from atoms A and B when all three systems 
are in their lowest energy states. Thus we assume further that 
AB has energy w less than A-\~B, 

Then a specification of the assembly is given by the distribution 
numbers 



n^>— 

, nf,... 


A,... 

, A,... 

nf, 

, nf,. 

nf. 


(ii) 


and the number of different states of the whole assembly corre- 
sponding to the specification (ii) is (note the abbreviated notation) 


where 


and 


<(n?, n\, nf) 


1 N^\ N^\ iVij! 

N^\N^\N^^\ J\nr. Tln\\ IJnf !’ 


% % % 

= number of uncombined ^ -atoms in 

the given specification ^ 

= number of uncombined .B-atoms in =2 
the given specification ^ 

== i^^^ber of ^i?-molecules in the 
given specification ^ 


Then F, N^) = 2 f «, nj, nf). 


where the distribution numbers have always to satisfy 


^ 1+^12 

and ^nUi + ^n\e\+^nf w = E. 


( 21 ) 


( 22 ) 


(23) 

(24) 


The equations (23) ensure that the given Nj_ ^ -atoms and iV^ 
jB-atoms are all accounted for (and no more), while equation (24) 
fixes the total energy of the assembly as E, The last term on the 
l.h.s. of (24) arises from the fact that every AB-molecule implies 
a decrease w in the total energy. 

We now proceed on the usual basic assumption that only the 
greatest term, sum on the r.h.s. of (22) contributes 

appreciably to Q. There are two ways in which we can pick out 
this greatest term, and we shall consider them in turn. 
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Method 1. We first find the largest term for given values of N^, 
and then find those values of N^, and for which 

this term (so found) is itself a maximum. This means that, for 
simplicity, we attack the problem of finding the largest term in 
Q. in two steps. 

Applying Stirling’s theorem, equation (21) gives 


Slni = 

— — 2 \nn^8nf— ^ Inwf 2 iTinf^Snf^ 

i i i 

(26) 

and, when 

N 2 , and Ai 2 are fixed, the differential forms of the 

restrictive conditions are simply 



2 Sw? = 0, 

i 

(26) 


J Sn? = 0, 

(27) 


^ Bnf — 0, 

1 

(28) 

and 

^ ef8nf+ J €?8n?+ ^ efSnf = 0. 

(29) 


Using the method of Lagrange’s undetermined multipliers, we 
multiply (26), (27), (28), and (29) by a^, a^, and j8, respectively, 
and add to (25), so obtaining the equations 


and 


oL^+^—lnnf = 0 
aj+ZSc?— Inn? = 0 
“aft+iSef — Innf = 0 


(i = 1,2,...) 


(30) 


for the important values of the distribution numbers. 

Substituting these values of nf, and nf^ into the expression 
for In^, we find (cf. equation (14')), 

hit = ~-j8(^+^l2^)+^ll^ J eP^i+N^ln ^ 

i % i 

— IniV^i!— (31) 
where, on account of (24), jS is given by 


Ni T e? N2 y e? .^12 2 

— 1 -I- ! — + 1 ^ Nizw = 


E. 


(32) 


We first observe that 


' a In A 

, JxuN^Stt 


= 0, since differentiating 
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(31) formally w.r.t. jS reproduces (32). Consequently, in subse- 
quent differentiation of (31), ^ may be treated as a constant. 
Then we proceed to the second step in finding namely to 
choose Ni, ATg, and iV^g expression on the r.h.s. of (31) 

is largest. 

Since N-^, A^g, and A^ig satisfy the restrictive conditions (23) we 
have 

81n< = (ln|;e^‘?-lnJVi)8iVi+(lnJe^'?-IniV2]8iVi4- 

+ i3w+In J ^ (38) 

subject to SN 1 + 8 N 12 = 0 (34) 

and 8 iV^ 2 + 8 iV^i 2 = 0. (35) 


Again using the method of Lagrange’s undetermined multipMers, 
we multiply (34) and (35) by a and b, respectively, and add to 
(33), so obtaining the equations 


a+ln 2 e^‘‘— In AJ = 0 ' 

i 

6+ln;^e^'J-lnAJ = 0 
and a-{-b-pw-{-ln T In A *2 = 0 

i j 


(36) 


If now we get rid of a and b between the equations (36), we 
obtain the equation 



i i 


(37) 


which, together with the two equations (23), suffices to determine 
N*, N*, and in terms of A/^, and p. 

Moreover, equating Q to equation S — klnQ gives 

^S(E, V,N^,Ns) = -p{E+Nt^w)+N*ln J e^‘?+A*ln e^'f+ 


+A 72 ln 2 eP "-InAfl-ln A 7 !-ln Af,!, 
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whence, as always, the thermodynamical equation 8Sj8E = l/T 
leads to jS = —l/kT. Consequently we obtain, finally, 


E-TS 


= P = kT Inf 


iVrf! Ntl iVfj! 


(38) 


where N*, N*, and iVfg are given, in terms of N^, and T, by 

^12 _ /on'\ 

NtNt (p.f.)^(p.f.)^ ^ ^ 

together with I )■ (^S’) 

The partition functions occurring in (38) and (37') are, of course, 
given by 

(p-f-)^ == 2 (p.f.)i? = 2 

i i 

(P-f-)^B = 

i 

where we have now introduced weight factors, for the sake of 
complete generality. 

Before proceeding to the second method of obtaining these 
formulae, and then to discuss their physical significance, there is 
one comment which should obviously be made immediately. For 
we notice at once that the above equations would have been both 
simpler and more elegant in form had we decided initially to 


measure all energies from the same energy zero. To do so 

we have 

(see Fig. 35) merely to subtract w from all the energies at present 

occurring in (p.f.)j[£. 

Our formulae then become 


F - - 

1 N*\ xV*\ i\*! I’ 

(I) 

where 

iVf. (p.f.).,B 

(ii) 

iVf A'* ■ " (p.f.).,(p f b 

and 

ATf+AT* = NA 

N*+N*^ = NJ 

(III) 


(where now, in all three partition functions, the energies are 
measured from the same energy zero). We shall adopt this better 
convention when describing the second way of obtaining the 
equations (I), (II), and (III). The heat of formation, w, was 
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introduced explicitly above partly in deference to common custom 
and partly lest otherwise it should appear to have been entirely 
omitted from consideration. 


: I 

* * r* 

53 

6? 

^VZeno For^j and^i-and 

' ‘ new zero For^ jr 

* ^ab 

W ^3 

Old zero hrAB molecules 
Fig. 35. 



5 . Method 2. The second method of deriving the above formulae 
is to go straight for step instead of in two. We derive 

equation (25) as before, i.e. 

Sln^ — —2 InnJS/i?— ^ Innl" Bni— ^ (25) 

i i i 


but now we deal only with the ultimate restrictive conditions 


and 


i i / 

(23") 

f + ^ Mi «?+ '^nfef= E. 

(24') 


In equation (24') we have, of course, used the new, and preferable, 
convention in which all energies are measured from the same zero. 
The equations (23") ensure that there are precisely Nj_ ^-systems 
and ^-systems (combined or uncombined), and nothing more. 
In differential form, the restrictive conditions read 


^ Swf + 2 8nf* = 0, 

1 i 

(39) 

2 8Mi+ 2 

(40) 


1 X 


1 e?8n?+ 2 ^ 8«f = 0. 


and 


(41) 
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Multiplying (39), (40), and (41) by a^, a^, and )3, respectively, and 
adding to (25), we obtain the equations 


56+M— = 0 
5„+aj+i3€f -In nf* = 0 , 


(i= 1,2,...) 


(42) 


for the important values of the distribution numbers. Introducing 
the symbols 


= K and 


we obtain from (42) the formulae 


N* 






and 


nf = N* 


efi-i 


nf* = 




= e“* 2 

N*2 = 


(43) 


(44) 


Substituting from (43) into the formula for t (equation (21)), we 
find 


In = -pE+N* In ^ e^^‘+N* In 2 

I i 

+N*^ In 2 c^'J'-lniVrf !-Ini^*!~lniV* ! (45) 


while from the equations (44) we obtain immediately 


^ 1*2 
iVf Nt 



(46) 


On comparing equations (45) and (46) with the previous equations 
(31) and (37) we see that, apart from the new convention of a 
common energy zero, we have precisely the same equations as 
before. The identification of j8 with —1/feT is unchanged, and 
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from equations (45) and (46) we derive immediately the equations 

(I) and (II) above. The equations (III) follow from equations 
(23") as a matter of course. 

This second derivation of the crucial equations, (I), (II), and 
(III), has been given in bare outline only, and the reader should 
make certain that he can complete the arguments in detail before 
proceeding further. It is, essentially, a shorter method than the 
first, if only because one step is generally shorter than two. On 
the other hand the longer method perhaps better reveals the 
essential structure of the equations. In particular, it is instructive 
to compare the equations (30), (36), and (42): a matter to which 
we shall return later (see next chapter). 

6 . To appreciate the physical significance of the equations (I), 

(II) , and (III) we need only refer back to equation ( 20 ) which 
gives the free energy of a gaseous assembly of three distinct non- 
combining species, i.e. of a mixed gas containing systems of 
type 1 , N 2 systems of type 2 , and ^^3 systems of type 3. Equations 
(I) and ( 20 ) have precisely the same form. Consequently, we have 
proved that when equilibrium has been attained, then the free 
energy of the present gaseous assembly, of .4 -systems and B- 
systems capable of uniting to form .45-systems, is precisely the 
same as for a gas mixture of the three species in their equilibrium 
amounts (i.e. with N* ^ -atoms, N* 5-atoms, and N *2 AB- 
molecules). 

This result is of the greatest theoretical, and practical, im- 
portance. For it means that if we know the equilibrium composi- 
tion of the gaseous assembly at a given temjieraturey then we can 
entirely ignore the continuous interchange A + B:^ AB when 
calculating the free energy of the equilibrium state of the assembly 
at that temperature. If, however, we do not know the equilibrium 
composition of the assembly at the temperature concerned, but 
do know the partition functions for the three types of species, 
Ay By and ABy then we can calculate this equilibrium composition 
from the equation 

Ntn (p.f.)^(p.f.)^ 


(ii) 
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together with the constitutive equations 

Nt+N*, = N^ and Nt+Nt^ = N^. (Ill) 

Equation (II) is said to express the Law of Mass Action for the 
reaction 4 + 5 The r.h.s. depends on T and also, through 
the energies c, on F: in fact each partition function involves a 
factor F. We may therefore write 




==K{V,T) 




(47) 


N*N* ' ’ ' (p.f.)^(P-f-)5’ 

where K, which is called the equilibrium constant of the reaction, 
is, for given F and T, independent of the amounts and of 
the two components concerned.! 


EXAMPLES 

1 . Complete the steps, omitted above, in the derivation of equations 
(15) and (16). 

2. Use equation (17') to prove that a perfect gaseous mixture, contain- 
ing N systems of type 1 and M systems of type 2, satisfies the equation 
of state PV = (N+M)kT. 

3. Two different gases, A and B, both at a pressure of 1 atm. are allowed 
to mix and the resulting mixed gas attains the pressure of 1 atm. The 
temperature is constant throughout. The mixed gas satisfies the equation 
of state PF — nRT. Calculate the entropy of mixing 

(a) if, before mixing, there are equal volmnes of A and B; 

(b) if, before mixing, there are 2 volumes of 4 to 1 of B, 

((a) AS = 0-69nP, (b) AS = 0'64nP.) 

4 . Two different gases, each at the same pressure, are in adjacent con- 
tainers (as in Fig. 34). The partition is then removed, the temperature 
remaining constant. Show that the entropy of mixing may be written 

AS — (N +M){—Xj^lnxi—X2hiX2)k^ 
where x^ = JV/(iV+M), x^ — M/(N-{-M). 

5 . Complete the details of the analysis of § 5 above. 

6 . At a given temperature and volume, a gas of -molecules is 50 per 
cent, dissociated into A ’s and P’s. The volume is doubled, the temperature 
remaining constant. Find the new equilibrium dissociation. By how much 
is the original pressure reduced? (61*8 per cent.; 46*1 per cent.) 


I This is true, of course, only as long as we are dealing with perfect gases. 



XII 


LAW OF MASS ACTION {contd.): CHEMICAL 
POTENTIALS OF GASEOUS ASSEMBLIES 


1 . In the last chapter we proved that if Nj^ A -systems and 
B-systems, capable of combining to form AB-systems, exist in a 
gaseous phase of volume V and at temperature T, then the Helm- 
holtz free energy of the assembly is given by 


F = 


-feTln 


i(p^pL)|r(pL)2|l 
\ N*IN*IN*^\ /’ 


(I) 


where (p.f.)j[, (p.f.)^j? are the partition functions for 

an ^-system, a B-system, and an ^5-system, respectively, and 
N*, N*, and ^^^^2 are the numbers of systems of these three types 
in the equilibrium state of the assembly. Moreover, JV*, N*, and 
iV* 2 , which define the equilibrium composition of the assembly, 
are given by the three equations 


and 


Nt, _ (p.f-)^B 

NtN* (p.f.)^(p.f.)B’ 

Nf +N* = \ 

Nt+Nt^^N^r 


( 11 ) 

(III) 


We have already briefly discussed the physical meaning of these 
results, but we must now proceed to derive further consequences 
of these equations before their full significance can be appreciated. 

First, let us calculate the pressure of the assembly from the 
thermodynamic formula 


P = 


{-] ■ 


We remember that, on account of the translational motions of the 
systems, all the partition functions will contain F as a factor (and 
they will not otherwise involve F if we are dealing w ith perfect 
gases): therefore ^ ^ _ d\nV _ I 

8V dV V 


( 1 ) 
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in each case. Consequently, 

+iV*ln{p.f.)^s-iVr*(Ini\r*_l)_ 

-A^*(ln N*-l)-NUln 

= •“*^(^+^+^1“ (by use of (1)) 

\ INa,^b.T 

-kT(^\ (ln(p.f.)^B-lnn). 

\ ^ ^ INa,Nb.T 

But, by (III), 

\ Ina,Nb,T \ Inj^NbS \ )NA,Nt,T 
Therefore, 

+ *7'(^) {ln(p.f,)^+ln(p.f.) 5 -. 

\ INa,Nb,T 

and the quantity in the curly brackets vanishes on account of 
(II). Thus we have 


i-®- Py = {Nt+^^l+Nt^)kT. (2) 

Since iV^i+iV 2 +^f 2 is iiot a constant, the assembly does not 
satisfy Boyle s law. Nevertheless, A^f -f- 4* is the equilibrium 
number of systems in the assembly at temperature T (and volume 
F), and therefore equation (2) is closely analogous to the equation 

PV^NtT 
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for a perfect gas (as we might, perhaps, have guessed on kinetic 
grounds — though kinetic arguments are strictly outside our present 
purview). 


2. At this point it is necessary, for clarity, to make use of the 
technical distinction between species and components defined in 
Chapter I. We shall take -systems and ^-systems, wherever 
they are to be found, for the two components of the assembly, 
and then, as distinct species we have A -atoms (uncombined), B- 
atoms (uncombined), and .4jB-molecules. Thus the systems of the 
components A and B number and iVg, respectively, while in 
the equilibrium state of the assembly, we have 

systems of the species 1 (uncombined ^-atoms), 

A* systems of the species 2 (uncombined jB-atoms), and 
A *2 systems of the species 12 (^5-molecules). 


Let us now ask, What is the chemical potential of the com- 
ponent A in the assembly? We have, thermodynamically (from 

(I)), 




= f-l 




SNaJn,. 




K.r 


But, by III, 
and 


= 1 

\ I Nb»V,T \ I Nj„V,T 

+»] =0. 

\ ^^A In^,V,T \ ^^A I N^,V,T 

,aAf .dN* 


Therefore, getting rid of and we have 
= — fcT(ln(p.f.)^-lnAJ)+ 

\^^AlNg,V,T 

-InNt-lnNt+lnN^^}. 
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The last term on the r.h.s. again vanishes, on account of II, and 
we obtain simply 

== -fer(ln(p.f.)^-lniV*). (3) 

Similarly, = — *T(ln(p.f.)B— (4) 

Adding (3) and (4), and using II, we find 


y^A+y^B = -*T(ln(p.f.).,B-lniV? 2 ). (5) 

The significance of these equations, (3), (4), and (5), can best 
be appreciated when we recall that for a perfect gas of just one 
species, for which 


F - -*Tln^ 


N\ 


we have p, = — fe5r(ln(p.f.)— IniV^) (6) 

(see end of Chapter III). We then see that equations (3) and (4) 
tell us that the chemical potentials of the two components, A and 
B, are the chemical potentials of the species 1 and 2 (^4 -atoms 
and jB-atoms) supposed to exist as independent perfect gases with 
pressures equal to the partial pressures of the species 1 and 2 
-atoms and 5-atoms) in the mixed gas phase. For not only does 
equation (2) enable us to identify N* kTjV and N* kTjV with the 
partial pressures of species 1 -atoms) and species 2 (5-atoms), 
but also, of course, if we calculate, quite formally, the quantities 

we obtain /xi = ~feT(ln(p.f.)^— IniV^f) 

and /X 2 = — fejP(ln(p.f.)^~lniV^J), 

whence — /xj and fi^ — jjl^- (7) 

These quantities, /x^ and /xg, defined as above, may be called the 
chemical potentials of the species 1 and 2: and our result can be 
expressed by saying that the chemical potential of an ^-atom (or 
5-atom) is the same whether it is uncombined or combined with 
a 5-atom (or x4-atom). 

If now, in exactly the same way, we define the chemical 
potential of the species 12 by the formula 

/ dF \ 
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we find /xi 2 = — *T(ln(p.f.)^B— 

i.e., by (5), = /i^+Mjs, (8) 

or, alternatively, ^12 “ (^') 

Equation (8), or (8'), may be regarded as the crux of the whole 
matter. For it tells us that the chemical potential of a complex 
system is the sum of the chemical potentials of the parts from 
which it is constructed. Had we had three completely independent 
species, 1, 2, and 3 say, then there would have been no such 
connexion between their chemical potentials: equation (S') is an 
expression of the Law of Mass Action, controlling the reaction 
A + B:^AB. 


3. Next it is instructive to investigate just how this important 
law, expressed in equation (8'), first made its appearance in the 
statistical mechanics underlying the equations (I), (II), and (III). 
It is very easy to see how the equation arises. If we return to 
equations (44) of the last chapter, and take the logarithm of both 
sides, we find 

a, = -(In(p.f.)e-lniV*), 


and 
so that 


Pi = 1 

p 2 " ^^“6 j - 

P12 = kT{oL^+af,) = /Xi+/X2 J 


( 9 ) 


Thus equation (S') goes right to the heart of the statistical treat- 
ment, and expresses nothing more or less than the influence of 
the two restrictive conditions 


i i 

and |:n?+|nf = 

Indeed, the position is still further clarified if we look again at 
the first method of obtaining equations (I), (II), and (III), given 
in § 4 of Chapter XI. (To avoid the old energy convention. 
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simply treat w as zero.) For the equations (30), obtained from 
the restrictive conditions 

ln2 = N^, = and ^ 

it % 

aj, = -(ln(p.f.)B-lniV^2), 

and = — (ln{p.f.)^B-lni\^i 2 ) 

with no connexion between and It is the second step 

in this first method, in which and are chosen to make 

^(^ 1 , iV'g, iV^a) ifself a maximum (subject to ^ 

-^ 2+^12 “ ^b)> which then makes when — iVf, 

and = ^i 2 - is just this second step, of course, 

which brings in the chemical reaction 

The reader should also observe that the important values of 
and oLb, which correspond to the true equilibrium state of the 
assembly, are simply the quantities a and b of equation (36) (of 
Chapter XI). 

Thus the law of mass action or, more precisely, the reflection 
of this law in the equation connecting the chemical potentials of 
the various species, is a direct consequence of those restrictive 
conditions which express the indestructibility of matter in the 
chemical reaction under consideration. 

4 . Returning now to equation (I), and using the results of 
paragraphs 2 and 3 above, we find 

F -kT{N*ln(^,l)^-N*(]nNt-l)+ 

+N*]n{pf-)B-Nt(lr^N*-l)+ 

= -kT{N*{ln(i>.{.)^-lnN*)+ 

+N*{\n{p.f.)s-\nN*) + 

+ -^12(^^(P*f*)viiJ 12) + 

+ (iVf + ^l + ^Vf2)} 

= iV* ^ 4 + A 2 /i<2? + A J‘2 (m^ + /^2?) PVj 
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F+PV 

i.e. 0 = 

showing that the chemical potentials are actually partial Gibbs 
free energies — as we should expect thermodynamically. More- 
over, from (7) and (8), we see that we can also write 

a = 

subject to Mi 2 = (10') 

These equations are of considerable thermodynamic importance, 
but we shall not pursue them further here. 

5. At this point, and in view of developments to be described 
later, it is convenient to introduce the quantities 

and ^ ef^Blh 2 \ (Uj 

By the equations (9) above, we have 
A^ = 

and, therefore, the formulae (42) of Chapter XI become, in terms 
of A^ and A^, 

Tif = ' 

= ^ (i=l,2,...), (12) 

nf* = A^A^e- , 
whence, summing over all values of i, 

Nt = A^(p.f.)^, 

N 2 = Aj5(p-f-)/j, (13) 

A*2 = ^^^^(pf)^^- 
Thus the restrictive conditions 


Nt+Nt2 - 
Nt+Nt, == 

yield the equations 

= A^[(p.f.)^+Aj,(p.f.)AB]\ 

— AB[(p.f-)B+A^(p.f.)^] j’ 
whilst equations (13) and (2) give 


(III) 

(14) 


PV — fe3^[A^(p.f*)^+^j5?(P'f-)B+^wi 
o 


4973 


(15) 
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6, Before commenting at all on equations (14) and (15), it is 
convenient to consider just what happens to the formulae of this 
chapter when the A and B systems are alike (so that there is only 
one component in the assembly) and we are concerned with a 
dissociative equilibrium between atoms and diatomic molecules 
represented by A-\-A 

If (p.f.)^ and where all energies are measured from the 

same zero, refer to systems of the species A and A^^ respectively, 
and if, in any specification of the assembly with total energy 

we let _ number of uncombined A ’s, 

= number of ^2 molecules, and 

= total number of A ’s, combined or uncombined, 

then, following Method I above, we can easily prove that, for this 
specification, we have effectively 

In^ = ln(p.f.)^— In 

+i^nln(p.f.)^^-iViilniV^n+-ZV^ii ( 16 ) 

(see equation (31) of Chapter XI). 

We have now to choose and so that the r.h.s. of (16) is 
a maximum, subject to fixed. But, stoichiometrically, 

N,+2N,, = (17) 

and therefore we require 


8In< = (ln(p.f.)^— lniV^i)8iVi+(ln(p.f.)^^— 
= 0 


(18) 


subject to = 0. (19) 

Multiplying (19) by a and adding to (18) we obtain, for the 
equilibrium values of and iV^^, the equations 

a = -(ln(p.f.)^-lni\^f) \ 

2a = -(ln(p.f.)^^-lniV*) /’ ^ ^ 

whence we obtain the Law of Mass Action 


■^11 _ 

{Ntr (p.f.)i • 


( 21 ) 
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In place of equations (I), (II), and (III), therefore, we now have 


F — —fey 

(I') 

where 

II 

faV 

(ir) 

and 

N*+2N*^ = 

(IIF) 


It is important to recognize that these equations are not obtained 
if we simply identify 5-systems with ^-systems in the equations 
(I), (II), and (III). (Equation (II') could be obtained in this way, 
but not either equation (I') or equation (III')-) 

Proceeding with the analysis of this new problem, we can 
derive, without difficulty, the formulae 


PV = kT{Nt+Ntx), 

= -kT(ln{p.l)^-hiNf) = kTa, 


and ^1 = H'li = 

Consequently, introducing 

we find, from (20) 

and Nti = A^(p.f.)^^ /’ 


( 22 ) 

(23) 

(24) 


(26) 


so that equations (III') and (22) give us now (in place of (14) and 
= Ai(p.f.)^+2A^(p.f.)^^] (26) 

and PV = kT[X^{ip.{.)^+XW-)AAl (27) 

If now we compare equations (26) and (27) with equations (14) 
and (15) we notice two things. First, equations (27) and (15) are 
very closely analogous. In fact they both exemplify the general 
rule that if we take as components independent units (e.g. A-y 5-, 
C-,... atoms) from which all the various species are built up, then, 
for any gaseous assembly (perfect, apart from the dissociative 
equilibria), 

PV ~ kT{sum for all species of [(p.f.)gpecie8X Product of A’s for aU 

the units occurring in the species]}. (28) 



106 


LAW OF MASS ACTION 


XII, §6 


It is not difficult to prove equation (28) by the methods of this 
chapter: we have only to introduce a sufficiently general notation 
and proceed along lines which have already led, in two particular 
cases, to equations (15) and (27), respectively. 

Secondly, looking now at equations (14) and (26), we observe 
that the equations (14) may be written 



while equation (26) may be written 


where PF is given 
by (15). 


Thus, in each instance, we follow the general rule that, for each 
component (distinguished by a suffix i) 




f-1 

This equation, (29), can likewise be justified, in its complete 
generality, by a suitable extension of the methods of this chapter. 

Here we must leave these equations for the moment, comment- 
ing in conclusion only that if there are altogether x components 
then (having written down (28) with appropriate values for the 
partition functions on the r.h.s.) the equations (29) give just x 
equations connecting the x quantities with the x quantities A^-. 
But each A is related to the corresponding chemical potential by 
the formula 


where PF is given 
by (28). 


(29) 


A = or ft = fePlnA, 


( 30 ) 


and consequently we have just sufficient equations to determine 
the chemical potential of each component as a function of the 
composition of the gaseous assembly. It should also be noted 
that the technical name for the quantity A, connected with the 
chemical potential, /x, by equation (30), is absolute activity. 

We shall return to the formulae of this last section in Chapter 
XVII. 
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EXAMPLES 

1, Show that the results of Example 6 of Chapter XI are unchanged 
if instead of dealing with the dissociation of A B -molecules we deal with 
the dissociation of A 2 -molecules. 

2. AB-molecules and N(jj) CD -molecules are introduced into a vessel 
(volume V and temperature T) in which they form a gaseous phase and 
where they can react according to the formula 

AB-\-CDZ^AC-\-BD. 

Prove, by the methods of this chapter, that when equilibrium is attained 




where 

= Njs, 


Nfo + NtD = Ncd, 

and 

n*ao = Nio. 


(Note that the result is independent of the volume, V.) 
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TWO-PHASE ASSEMBLIES: SINGLE COMPONENT 

1 . In Chapters XI and XII we extended the methods previously 
developed for single-phase assemblies of identical systems to in- 
clude also the statistical treatment of assemblies whose systems 
are of more than one kind. We shall devote the present chapter 
and the next to discussing the further extension of our methods, 
or formulae, necessary when we have to consider more than one 
phase, e.g. when we desire to discuss the equilibrium between a 
crystal and a gas. For simplicity, we shall assume throughout 
that there are only two possible phases (open to the systems of 
the assembly): further extension of the formulae to cover multi- 
phase assemblies introduces no new principles. In the present 
chapter we shall discuss some simple two-phase problems in which 
only one component is concerned, and in Chapter XIV we shall 
deal with some similar problems for two-component assemblies. 

It is, of course, necessary that we still deal with essentially 
independent systems and, therefore, when discussing a solid or 
liquid phase we must employ an Einstein model in which every 
system is assumed to have, in the condensed phase, a set of 
possible energy values which is unaffected by the energy states 
of neighbouring systems. We are not yet ready to approach the 
much more difficult problems presented by assemblies of non- 
independent systems. 

It is convenient to adopt a distinctive notation in which we can 
easily distinguish the symbols which refer to non -localized systems 
in a gaseous phase from those which refer to localized systems in 
a condensed phase. For the systems of a gaseous phase we shall 
employ (with appropriate suffixes) 

€ to denote a possible energy level of a system, 

CO to denote the corresponding degeneracy (if any), 
n to denote a distribution number, and (a) 

N to denote the number of systems of a species or 
component. 
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while for the systems of a condensed phase we shall use (again 
with appropriate suffixes) 

rj to denote a possible energy level of a system, 

VT to denote the corresponding degeneracy (if any), 
m to denote a distribution number, and (b) 

M to denote the number of systems of a species or 
component. 

Thus the symbols e, a>, n, and N refer to non-localized systems, 
while the symbols rj, m, m, and M refer to localized systems. 
Finally, when we wish to denote, say, the total number of sys- 
tems in a one-component two-phase assembly, given by M-\-N in 
the above notation, we shall use the letter X. It is hoped that the 
reader will find this standardization of notation a help towards 
the ready recognition and appreciation of formulae in subsequent 
chapters. 

2. The first problem we shall discuss may seem a slightly 
artificial one. It is the problem of (non-combining) systems which 
can distribute themselves between two 
different, perfect, gaseous assemblies. 

The whole assembly is, therefore, sup- 
posed to consist of two sub-assemblies, 

1 and 2, between which the systems can 
migrate. It can be represented, dia- 
grammatically, by Fig. 36, and the problem differs from that 
represented by Fig. 34 only in that now systems, as well as energy, 
can be exchanged between the two parts of the assembly. 

Suppose, then, that we have N systems each capable of being 
either 

(i) in phase 1, when its allowed energies are 6^, fgv, f/w. 
or 

(ii) in phase 2, when its allowed energies are e^, 6^,... . 

Let the corresponding distribution numbers, defining a specifica- 
tion of the assembly, be ng,..., 71^,,.. and respec- 

tively.andlet N^. 
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Then, if the total energy of the assembly is E, the restrictive 
conditions on the distribution numbers % and n\ are 


and 


ni+ N 

i T 


( 1 ) 

(2) 


Moreover, the number of different complexions of the assembly 
for the given specification (i.e. for given values of the distribution 
numbers) is (see equation (4) of Chapter XI) 

1 




N,\N,\Uni\Tl<r 


(3) 


so that, by Stirling’s theorem, 

In^ = — 1)— 27ii(lnni— 1) 

and, for the maximum such term, we require 

81n^ ™ — 2 Inn^ 8n^— 2 hiTiJ SnJ — 0 (4) 

i i 

where, on account of (1) and (2), 8n^ and 8n[ are subject to the 
restrictive conditions 


and 


2 2 0 

% i 

2 ei8n£+ y fiBn'i — 0. 
1 % 


(5) 

(6) 


Adding a(5)+j8(6) to (4) we find, in the usual way, that the im- 
portant values of the distribution numbers are given by the 
equations 


= 0 ) 
= 0 j 


1,2,...), 


(7) 


which have solutions 


n'l* = Ae^*< j 


(i= 1,2,...) 


(8) 


where A = c“. 

We can, forthwith, identify j3 with —l/kT, and introduce 
weight-factors to,- and taj. The equations (8) then become 


n* = AtOj- e-**^*'^ 
n'i* — Aa)j 


(i- 1,2,...) 


(9) 
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so that, summing over all values of i, we find 

N* = A(p.f.)i 


N* 


where 

and 


= A(p.f.)x I 
= A(p.f.)2 /’ 
(p.f.)i = 

i 

(p.f.)2 = 1 


( 10 ) 


Finally, identifying £1 with ^niax> ^ with felnQ we obtain, 
for the Helmholtz free energy of the whole assembly, 

F = -kT (11, 

where, from (1) and (10), N* and N* are given by 

-^1 _ (p-f )i ) 

Nt (P-f.)2 . (12) 

and Nt+Nt = N j 


The argument follows the traditional lines so closely that the 
reader who so desires should have no difficulty in completing the 
formal details of the proof. 

Before proceeding to discuss these formulae further, we must 
first dispose of one rather intriguing matter. For it may, rightly, 
be argued that a much simpler approach would have been simply 
to have said 


every system can have one of the possible energies Cg,..., 

6^, € 2 ,..., and if the system has one of the energies e we 
shall say that it is in phase 1, w hile if it has one of the energies 
e' we shall say that it is in phase 2. Consequently, since the 
systems are non-localized, we must have 

F^-kTln^^^^ (13) 

Nl 

•where (p.f.) = ^ ^ 

i i 

i.e. (p.f.) = (p.f.)j+(p.f.) 2 . 


And then, by the internal distribution properties of a partition 
function (Chapter V), 

_ (p-f-)i and 

N (p.f.), + (p.f.)2 .V (p.f.), + (p.f.)2- 


and 


( 14 ) 
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Now this argument is quite sound. And, clearly, the equations 
(14) are entirely equivalent to the equations (12). The difficulty 
lies in recognizing that equation (13) is equivalent to equation 
( 11 ). 

On the basis of equation (13), we have 
F = -kT 

A' ! 

(by the binomial theorem) 


-kT\n 


{ z 




(13') 


MiVi+iv»=iV) 

Now in the sum on the r.h.s. of (13') there are A^+1 terms, 
corresponding to iV^ = 0, 1, 2,..., respectively, and the greatest 
of these terms is easily determined. Writing 

(p.f.)f.(p.f.)f. 

Ny^.N^\ 

we have 

Slnr = (In(p.f.)i-— In A^i)SWi4-(ln(p.f.)2—ln A^ 2 )S-^ 2 » (1^) 

where (1®) 

Consequently, if N'^ and AJ are the values of A^ and Ag leading 
f'O '^max> have (multiplying (16) by a and adding to (15)) 
a+ln(p.f.)i— In Aj** == 0 
a+ln(p.f.) 2 — InAf 

Also Aj^+A^f = N, Hence comparison with the equations (14) 
shows that 


"I- 

0 ) 


(17) 


Moreover, since 

'max ^ 


Tmax 

we have, from (13'), 


Nt = NX and iV+ = N*. 
(p.f.)f'(p.f.)^* 


Ni\N^\ 


<(N+\)r^ 


F = -*Tlni 


c+8. 


( 18 ) 


where 


|S| <*?’In(iV+l). 
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But, from (13), F is proportional to N, when N is large, and then 
ln(iV^+l) is negligible compared with N, Thus, when N is large, 
8 is negligible compared with F and equation (18) gives 


F = — feTlnrn^ax 


-kT\n 


N*\Nt\ 


in accordance with equation (11). Therefore equation (13) is 
entirely equivalent to equation (11). 

The apparent difference between equations (11) and (13) may 
be expressed by saying that in deriving (11) we have already 
recognized that only the equilibrium distribution of the systems 
between the two phases contributes appreciably to the entropy 
(and, therefore, to the free energy) of the assembly, while in 
equation (13) we do not recognize this and so equation (13) in- 
volves a sum over all such distributions. But since in fact only 
the equilibrium distribution does matter, the two equations are 
entirely equivalent (when N is large and we can neglect IniV' in 
comparison with N). 


3. Having shown that both methods of attack lead to the same 
formulae, we must now discuss the significance of these results, 
summarized in equations (11) and (12). 

We observe, first, that, from equation (11), we can write 

F == Ft + Ft, 

where 


-kT\n 


(p.f.)f 


Ft = 


-kT 


SO that the free energy of the whole assembly may be regarded 
as the sum of the free energies of the two sub -assemblies. We 
have written Ft and Ft, instead of F^ and F^, simply to emphasize 
that these quantities have to be evaluated at the equilibrium 
composition of the assembly; i.e. if 

/i = -kT and = -kT 

^ N^\ * N^\ ’ 

then Ft = (i^i evaluated at = Nt) 

and Ft — (F^ evaluated at = iVJ). 
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Thus, first, then, 

the free energy of the whole assembly is the sum of the 
free energies of the two sub-assemblies, each sub-assembly (a) 
having its equilibrium composition, 

and a similar statement is true of any other extensive thermo- 
dynamic property of the assembly. 

Secondly, we notice that the equations (12), which serve to 
fix the equilibrium composition of the assembly referred to above, 
are equivalent to the equations 


( 

II 

(19) 

and 

N^+N^ = N. 

(20) 

For equation (19) gives 




-hiNi) = — feT(ln(p.f.) 2 — 


i.e. 

_ (P-f-)i 
-^2 (P-f-)2 

(21) 


and so, since equations (21) and (20) are identical with the 
equations (12), the solutions of equations (19) and (20) are 
N^ = N* 8 ^ndN 2 = But 



where and pg chemical potentials of systems in the 

phases 1 and 2, respectively. Consequently, 

the equilibrium composition of the assembly can be de- 
termined by equating the chemical potentials of systems (6) 
in the two sub-assemblies, 

where, in conjimction vdth (6) we have, of course, to use the 
equation of conservation of mass (see equations (12) and (20) 
above). 

Now these results, summarized in (a) and (6), express well- 
known thermodynamic properties of poly-phase assemblies and 
suggest an entirely new approach to statistical problems in which 
more than one phase is involved. They suggest that we should 
first calculate, statistically, expressions for the thermodynamic 
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properties of the separate phases, and then determine the equi- 
librium composition of the assembly (in particular, the equilibrium 
amounts of the various phases) by the method of equating chemical 
potentials — each component having the same chemical potential 
in every phase in which it occurs. 

This is a perfectly valid method of approach, and we shall call 
it the thermodynamic method of dealing with poly -phase assemblies. 
Formally, it is usually shorter than the more thorough-going 
statistical methods used earher in this chapter, but it is neither 
as fundamental nor as powerful a method. For the sake of obtain- 
ing insight into the statistical theory and acquiring practice in 
handling problems we shall proceed to develop the fully statistical 
method (in which different phases are regarded as providing 
different possible states for the systems of a single assembly), 
sometimes verifying that the thermodynamic method leads to the 
same results. 

4. The second problem that we shall discuss under the heading 
of this chapter is that of a pure crystal in equilibrium with its 
own vapour. In accordance with the proposed general notation, 
we shall suppose that there are altogether X systems in the 
assembly, each of which can either 

(i) exist in the gaseous phase, when its allowed energies are 

or 

(ii) exist in the crystal phase, when its allowed energies are 

We let the corresponding distribution numbers, defining a speci- 
fication of the assembly, be rig,..., and mg,..., m^,..., 
respectively. Then, for the distribution numbers Tig,--, 
there are i 

wher. N = -^n,. (22) 

i 

complexions of the non-localized, gaseous systems; and for the 
distribution numbers m^, there are 

M\ 

IJmf!’ 


where M — nii. 


(23) 
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complexions of the localized, crystalline systems. Each of the 
complexions numbered in (22) can be associated with each of 
the complexions in (23); consequently for the given distribution 
numbers there are 

i 



complexions of the whole assembly. 

For given X and E, the restrictive conditions on the distribution 
numbers are J = X (26) 


and 


2 = E- 


(26) 


From (24), and Stirling’s theorem, we have, since 
S ^ ^ Sm,., 

Sln< = InjT m^) T Sm^— T Inm^ 8m^— T Inw^ ^n^, 
and so, for the greatest term in Q {= J w^)}, we require 

ln(|; m,) Sm^— Inm^ ^ In Sw^ = 0 (27) 

where, on account of (25) and (26), 

y s»i+ y = 0 (28) 

t I 

and J et8»t+ 2 = 0. (29) 

i t 

Adding a(28)+)3(29) to (27) we obtain, in the usual way, for the 
important values of the distribution numbers, the equations 


a+i5e,.— Innf = 0, 

Inwf+ln^mf = 0, 

i 

which have the solutions nf = 


and 


where A = e“. 


rrii 






Equating now 8 with k InQ, or k In we find 
S/k = -pE-<xN*+N*-ocM*, 


(30) 

(31) 

(32) 

(33) 


( 34 ) 
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whence we can identify with —IjkT andf a with ixjkT (so 
that /X = kT In A), where /x is the chemical potential of the systems 
of the assembly. 

From equations (32) and (33), on summing over all i, we have 
N* = A(p.f.), (36) 

and 1 = A(p.f.)„ (36) 

where (now introducing degeneracies for complete generality) 

= 2 and (p.f.)^ = 2 

i i 

i.e. (p.f.)f, and (p.f.)c are the partition functions for a system in 
the gaseous and condensed phases, respectively. Then, from (34), 

F = E-TS = -kT(N*-0LN*-aM*) 

= -feT(iV*-(lniV*-hi(p.f.)^)iV*+i/*ln(p.f.),^ 
by (35) and (36), i.e., using Stirling’s theorem, 

F = -kT In j(p.f.)r (37) 

Equations (35), (36), and (37) epitomize the solution of this 
problem, and should be contrasted with equations (10) and (11) 
earlier in this chapter. Only two further comments are necessary. 
First, writing F, = -fcT ln(p.f.)f 

and forgetting about the volume of the condensed phase, J we 
have /p)F\ 

= -kT ln(p.f.), = feT In A 

while, writing = —kT In- ^^y^ , 

we have 

(ig = = -fer(ln(p.f.)„-lniV) (= kT lnAwheni\r = N*). 

t The reader who refers back to Chapter II will notice that the a there 
introduced (see equation ( 1 7)) is not the a of the present paragraph. Consequently, 
in Chapter II, we did not deduce /a = kTot : in fact, in the notation of Chapter II, 
fx = feT(a — IniV), as may eeisily be verified. The apparent discrepancy is due to 
treating iV! as a constant when difierentiating In ^ in Chapter II. Of course, both 
treatments are perfectly correct, and it is well that the reader should realize that 
a little care is needed, in the handling of our equations, if we are to ensure that 
the ‘undetermined multiplier’, a, is equal to /x/IrT. 
t See paragraph 6, below. 
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Consequently the equations (35) and (36) are equivalent to the 
equation We could, therefore, have obtained the same 

results equally well by following the thermodynamic method 
described above (see (a) and (6)). 

Secondly, we must examine the two equations (35) and (36) 
rather more closely, to see just how they differ from one another. 
We remember that (p.f.)y, for a perfect gas, involves the volume V 
of the assembly merely as a multiplicative factor. Distinguishing, 
for the moment, quite formally, between calculated from (35) 
and \ calculated from (36), and dropping the stars, we have 

N N 

^ (pTy ^ V g(T) ’ independent of 

Consequently A^, and hence is an intensive property of the 
gas phase, independent of its extent: if we double V and double 
N (so that the density and pressure of the gas are unaltered) then 
A^ remains unchanged. Similarly, 

i.e. where is the volume per system of the crystalline phase. 
For the moment the last statement here must be taken on trust: 
we shall deal with this matter more fully later when discussing 
the place of models in statistical mechanics. But, for the present, 
we may simply say that if A^, or /x^, is to be an intensive property 
of the condensed phase, then (p.f.)c must involve only and not 
Vc independently of M, This being so, both equations lead to 
chemical potentials which are properly intensive properties of 
their respective phases, and the striking difference between equa- 
tions (35) and (36) is due fundamentally to the fact that (p.f.)^ 
involves F as a factor while (p.f.)c involves only the volume 
per system of the condensed phase. Indeed this is the real 
difference between gaseous and condensed phases, i.e. between 
assemblies of non-localized and locaUzed systems, respectively. 
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5. Before proceeding to discuss briefly two more problems which 
fall under this same heading, it seems desirable here to consider 
rather more carefully how the volume per system of the con- 
densed phase, enters into the above equations. So far it is fairly 
clear that we have neglected v^, in comparison with for from 
the equation ^ ^ -kT(N*-otN*-<xM*) 

= -kT(N*-^LXIkT) 

we have, since /xX = 6r, the Gibbs free energy of the whole 
assembly, py ^ G~F 

- fxX+N^kT-fjiX 

= N*kT, 

showing that we are treating as V/N*, i.e. neglecting the volume 
of the crystalline phase. We shall now proceed to take account 
of the volume of the crystalline phase on the assumption that 
when there are M systems therein the volume remaining for the 
gaseous phase is V—Mv^, 

If we assume to start with that M and xY are fixed, so that the 
phases can exchange energy but not systems, then we readily find 
(see equation (34)) 

In W = -PE+M In J eM +X In J -~Nln N+N. 

i i 

Now, since = 0 (formally) we can, in future, treat j3 as 

a constant, and we may as well forthwith identify /3 with —l/kT. 
Then 

In W = X/feT+Jf ln(p.f.),+Xln(p.f.)^-iVlnX+X, 
i.e. 

ln^„,ax = ElkT+M\nf(v,, T)+Nln(V-Mv,)g(T)- 

-N In N+N. (38) 

Now, choosing M and N, subject to M+N = X, so that the 
r.h.s. of (38) is a maximum, we have 

(39) 

subject to SxV = 0. (40) 

4973 


F 
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Consequently, adding a(40) to (39) in the usual way, we find 

N*v 

= (41) 

and = 0, (42) 

i.e., writing V—M^^v^ — V* and (p.f.)* when TJ = V*, 

from (42) and (41), respectively, 


and 

where A = e“. Now, 


iV* ^ A(p.f.)? 


(43) 




^ a 


kT ’ 


where P*F* - N*kT, 


i.e. where P* is the equilibrium pressure of the gas phase. Thus 
the equations (43) become 

N* = A(p.f.)* (35') 

and ^ A(p.f.),. (36') 

These equations, (35') and (36'), now replace (35) and (36) and, 
similarly, equation (37) becomes 


We now see, quite clearly, that previously, in the argument of 
paragraph 4, we were neglecting P*v^ in comparison with kT, i.e. 
in comparison with P^v*: consequently we were neglecting in 
comparison with — which is eminently reasonable in most 
circumstances. 

On the other hand all the previous difficulty about (hidden 
by the words ‘forgetting about the volume of the condensed 
phase’) now disappears. We have 

= where F, = -M kTHv-f )e 

^ -MkTlnf{v„T) 

= -MkTlnf{VJM,T). 
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I.e. 

/Xc = — where /' = 

= -kT]n{p.f.),+kTvJj. 

But, similarly, P==_/|^] ^ fey/ 

Therefore, = —kTln{p.f.)^+Pvc, 


i.e., by (36'), = feTlnA when P — P*, as we should expect. 

Moreover, it is now apparent that if any external pressure, P, 
hinders the growth of the crystalline phase, whether or not P is 
merely the pressure of the crystal’s own vapour, equation (36') 
wiU read ^ A(p.f.)e. (44) 


But the l.h.s. of equation (44) is almost always very nearly unity. 
For, numerically, we have, taking 


since 


P^c 

kT 


= 10 A3 = 10-23 c.c. and T = 300'^ K., 
k ^ 1*4. 10“^® erg/deg.. 


P 10-23 
4.10-14 


— when P 
40 


10® dynes/c.c. 


Now 1 atm. == 1-013.10® dynes/c.c. Therefore Pi^JfeP 1/40, 
and differs from unity only by some 2 per cent., even when 

P « 100 atm. 

Since the l.h.s. of equation (44) is always, in practice, so nearly 
unity we shall, in further illustrative examples of the statistical 
methods, generally ignore the volume of the crystalline phase. 
But we shall refer to this problem again at the end of Chapter 
XVII. 


6. Next we shall discuss briefly the problem of the adsorption of 
a perfect gas upon a surface, supposing that there is no dissociation 
of the systems on adsorption (we may think of the adsorption of 
a monatomic gas if we wish, though this restriction is not neces- 
sary). We shall also suppose that on adsorption each system 
occupies a definite site on the adsorbing surface: consequently we 
are dealing with immobile rather than mobile adsorbed films. 
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Finally, we shall suppose that all the sites on the surface capable 
of adsorbing a system are equivalent, and that the adsorbed 
systems can be treated as independent systems, which implies that 
there are no interactions between them. We shall show that the 
statistical treatment of this problem leads to the well-known 
Langmuir adsorption isotherm. 

Diagrammatically, the adsorbed phase can be represented by 

Fig. 37, where each cross signifies an 
adsorbed system and each dot a possible 
site for adsorption. We shall denote 
the total number of sites on which ad- 
sorption is possible by Mg, and let M 
denote the number of adsorbed systems 
in any particular specification of the 
assembly. M* will, of course, denote the equilibrium number of 
adsorbed systems. 

If altogether there are X systems, and each can exist either 
(i) in the gaseous phase, with possible energies e^, eg,..., e^,..., or 


• X • X X • X 

XX- • X • • 
X • • X • X X 

- X X X - X - 

Fia. 37. 


(ii) in the adsorbed phase, with possible energies 
and if the corresponding distribution numbers are n^, rig,..., n^,... 
and mg,..., m^,..., respectively, where 

n^ = N, 2 N+M = X, 

then for this specification of the assembly there are 


and 


1 N\ 
Nl 


complexions of the gaseous systems 


(45) 


M)\ adsorbed systems. (46) 

i 

The first factor in (46) gives the number of ways in which M 
identical systems can be localized upon M out of Mg possible sites 
on the adsorbing surface (see Appendix II, §a). For any such 
localization, we have then the problem of the number of com- 
plexions of M localized systems, the well-known solution of which 
is given by the second factor in (46). 

Since each complexion of the gas phase, numbered in (45), can 
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be associated with each complexion of the adsorbed phase in (46), 


we have 


£2 = 


where 

,/ , 3/,! 1 1 

i i 

(47) 

while, if E 

is the total energy of the assembly. 



2ni+2«^i = ^ 

t % 

(48) 

and 


(49) 


t i 


Now is constant, and therefore 

?>(M^—M) = 8(Jlfg— y Wf) = — s 2 = — 2 SWf; 

T i i 


consequently, 
81 n^ = 

where 

and 



Adding a(51)4-^(52) to (50), in the usual way, we find, for the 
important, equilibrium, values of the distribution numbers, the 
equations 


a+/3€,:— Innf = 0 | 


(i= 1,2,...), 


(53) 


where M* = 2 Th® equations (53) have solutions 

i 

n*^\ePu (^•=],2,...), (54) 

where A = e“. We can now identify j8 with —IjkT, and introduce 
weight factors if necessary. Summing (54) and (55) over all i, we 
then find 


N* = A(p.f.)„, 


and 

M* 


A(p.f.)o, 


where (p.f.)^, = 2 ‘"i 

i 

where (p.f.)„ = 2 w, 


(56) 


(57) 



214 TWO-PHASE ASSEMBLIES: SINGLE COMPONENT XIII, §6 


i.e. where (p.f.)^ and (p.f.)a are the partition functions appropriate 
to systems in the gaseous and adsorbed phases, respectively. 

Eliminating A between equations (56) and (57), and writing 
M*IMg = 6, we obtain 


AT* = ^ 

1-0 (p.f.)/ 


(58) 


where 6 is the equilibrium fraction of sites for adsorption which 
are occupied by adsorbed molecules. Now (p.f.)^ contains F, the 
volume of the gas*phase, as a factor, and N*IV — PjkT, where P 
is the pressure of the gas. Consequently equation (58) gives 




(69) 


which is Langmuir’s isotherm equation. In equation (58), how- 
ever, the function of temperature, /(T), is specified quite definitely 
in terms of the partition functions of gaseous and adsorbed 
systems. 

We shall not discuss this problem further here (see examples) 
except to state that when the results (54) and (55) are substituted 
into the equation for In t we find (using 

F = E-TS = E~kTAnQ = E-kT 
the formula 


F 


-kT 








(p.f. 


iM* 


( p-f-)r 

N*\ 


(60) 


as the equation for the Helmholtz free energy of the whole 
assembly. 


7. As a final example in this chapter we shall sketch the 
statistical attack on the problem of the equilibrium between a 
gaseous and a condensed phase when the systems of either phase 
can dimerize, that is, can join together in pairs to form a new 
species. Apart from this allowed dimerization we shall assume 
that the gaseous phase is perfect and that the condensed phase 
can be treated on the basis of an Einstein model (i.e. as an 
assembly of independent localized systems). We shall further 
assume that in the condensed phase monomers and dimers are inter- 
changeable. This implies (cf, the previous problem of adsorption) 
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that if we have monomers and Jfg dimers in a certain specifica- 
tion of the condensed phase then there are 

mutual arrangements of these systems (all these arrangements 
being equally probable). After the systems have been localized 
in any one of these arrangements, we have still the familiar task 
of assigning to them their various allowed energy values. 

It is convenient to set out the symbols occurring in the statistical 
theory in tabular form: i.e. 


State of a system 

I Allowed energies 

Distribution numbers 

Monomer in gas phase 



n,, ng,..., n^,... 

Dimer in gas phase 

€l', 4,.,. 

/ 


Monomer in condensed phase 

Vif ‘ 72 . • 


mi, m^,... 

Dimer in condensed phase 

In 


77J j , 771.^,..., 771^,... 


and to introduce the abbreviations 


2 Wj = Ni, 2 % = -^2' 2 2 = ^2- 

i i i i 

Then, if in the whole assembly there are A" monomer units, since 
each dimer accounts for two such units we have 


N,+2N,+M,+2M, - A. (62) 

After the previous discussions of a mixed gas phase and of 
adsorption, we can write down, without further explanation, the 
expression for the number of different com j)lex ions of the assembly 
corresponding to a given set of distribution numbers. This is 
given by 

!!<! 

i i i 

==n«^£!TTK!nviK!' 

i i i i 

The restrictive conditions on the distribution numbers are 

'^ni+2'^n'i+ '^mi+2'^mi = X (64) 

and 2 «*+ 2 4+2 ”*«■ ’?£+ 2 4 == 

lit i 

where E is the total energy of the assembly. 


^VHy ‘Hi "Hi "Hf 


M,\M,\ IT 



216 TWO-PHASE ASSEMBLIES: SINGLE COMPONENT XIII, §7 


Therefore we have 
Sln< = 

— y In . Sw4— 2 In Wf . SWi— ^ In n'i. SnJ, (66) 

t i i 

where the changes in the distribution numbers are subject to 

2 Sn,+2 2 8<+ 2 ^8mi=0 (67) 

^ 2 2 ‘7iS^x+ 2 

Adding a(67)4-j9(68) to (66) we obtain, for the important values 
of the distribution numbers, the equations 
a+jS€^— Innf = 0 i.e. nf = (69) 

2a-}-p€\~lnnl* — ^ (70) 

- 0 i.e. (71) 

2a+i37?;-lnm>+hi(i/f+J/*)==0 i.e. ^3 ^ (72) 

where A = e“. 


Identifying j3 with —l/feT, and summing (69), (70), (71), and 
(72) for all i, we find _ ;^(p ^ ^ 73 ) 

Nt = A*(p.f.)i. (74) 

(V5) 

Here (p.f.)? and (p.f.)J are the partition functions appropriate to 
monomer systems in the gaseous and condensed phases, respec- 
tively, and (p.f.)f and (p.f .)2 are the corresponding partition 
functions for dimer systems. 

From the equations (73) and (74) we obtain, on eliminating A, 

^ _ (p-f-) g 

y«“[(p.f.)?j*’ ^ ^ 

which expresses the Law of Mass Action for the vapour phase. 
Similarly, eliminating A from equations (75) and (76), we find 
Mt{M*+M*) (p.f.)l 


( 78 ) 
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Equation (78) expresses the Law of Mass Action for the con- 
densed phase. Its meaning is, perhaps, better revealed if we write 


if* _ 


and 


Mt 


iTg 


' Ml+M* 

so that and are, respectively, the equilibrium mole fractions 
of monomers and dimers in the condensed phase. Then equation 


(78) becomes 


(pf. 


(78') 


A [(P-f-)i]* 

and shows that the Law of Mass Action for the condensed phase 
is expressed by an equation which, while analogous to that for 
the gas phase (equation (77)), involves mole fractions, and not 
numbers of systems (as in the gas phase). 

Again we shall not discuss this problem in further detail here, 
save only to record that the usual procedure now leads to the 
equation 

(79) 

as the reader can easily verify. 


EXAMPLES 

1 . Derive equation (60), using the results (54) and (55). 

2 . Writing 






-fePln 


(P.f.).^ 


N\ 


derive Langmuir’s isotherm equation by the method of equating chemical 
potentials. 

3. Prove that the free energy of the adsorbed phase may be written 

= --feT[Mln(p.f.)«--M,{(l-0)ln(l--^)4-^ln^^^^ 

4 . If, in the problem of immobile adsorption, the gas consists of diatomic 
molecules, (whose dissociation in the gas phase may be ignored) which 
are adsorbed as single, A, atoms (between which interactions may be 
neglected), prove that Langmuir’s isotherm equation then becomes 


5. Derive equation (79). 



XIV 

TWO-PHASE ASSEMBLIES: TWO COMPONENTS 


1 . Extension of the methods of the last chapter to the slightly 
more complex problems, of the same type, in which there are 
several different components present in the assembly presents no 
difficulty and we shall illustrate the procedure by considering just 
two problems in each of which we are concerned with two com- 
ponents only. 

First, we shall consider the problem of a perfect mixed crystal 
in equilibrium with its own vapour phase: in place of the mixed 
crystal we can substitute instead any condensed phase (solid or 
liquid) provided we may treat it on the basis of an Einstein model 
of essentially independent systems and provided also that a second 
physical condition, implied in the word perfect is satisfied (see 
paragraph 3 below). Secondly, we shall consider the rather more 
elaborate problem in which one of the two components is capable 
of dimerization in the condensed phase, and shall discuss the effect 
of this dimerization on the corresponding partial vapour-pressure 
curves. 

After the several examples which we have worked through in 
fair detail in the previous and preceding chapters, the reader will 
recognize that the application of our standard procedure (to the 
simple problems with which it is capable of dealing) is merely a 
matter of routine. In fact it is now possible to predict with 
confidence what the result will be, even without carrying through 
the mathematical derivation of many of the intermediate formulae. 
To appreciate this let us collect, in tabular form, some of the 
results we have already obtained (using the notation of §1, 
Chapter XIII). 

These results, see Table X, should be studied carefully: it will 
be seen that very little effort is required to memorize them, since 
all subsequent formulae follow logically from the first one accord- 
ing to the rule that each new factor in the general term in gives 
rise to an appropriate corresponding factor in exp(— F/feiT). 
The equations fixing the equilibrium extent, or composition, of 
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Note that each distinctive factor of the general term in O gives rise to an equally characteristic factor in 
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the various phases (when there is more than one phase) are not 
given in Table X. Whilst these equations are produced auto- 
matically on carrying through the full statistical treatment (as 
above), they can also be obtained by the alternative method, 
already discussed, of equating chemical potentials. Thus, for 
instance, in the case of immobile adsorption we should write 


F = 

where 

and 


and then write down explicitly the equation = fjLgy where 




8M* 


A ^Fg 


This gives 

kT]nM^-kTln(M,-^M^)-kT ln(p.f.)^ 


= kTlnN*-kTln(p.l)g 

(see equations (56) and (57) of Chapter XIII), which determines 
M* and N* when (= X) is known. 

We shall employ this short-cut method in discussing the two 
problems of the present chapter: but the reader should bear in 
mind that, from the standpoint of statistical mechanics, the justi- 
fication of the results so obtained lies in the fully statistical 
derivation which, though sometimes a little tedious, can always 
be supplied. Indeed, if in doubt the reader should always return 
to the full-length statistical treatment. 


2. Considering now a mixed crystal, of two components, in 
equilibrium with its own vapour phase, let there be altogether 

Xj systems of type A, 

X^ systems of type iS, 

and suppose that any system of type A can have energies 
ej, cg,..., €?,.•• in the vapour phase 

and energies 

Vv in the condensed phase, 
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whilst the corresponding energy levels available to a system of 
type B are 




- 4 ,..., 


respectively. Weight factors a>“, can be introduced if 

necessary. 

Let any specification of the assembly be described by the 
distribution numbers 


nf, n?,..., nj,...; 


mj, mg , .••5 m“,... 
mj, m^,.:., mj,... 


in accordance with the notation of Chapter XIII. We shall also 


write 






and then, of course, 
and 




2 m? = 




M, 




Ns+Mjj = Xs- 


(1) 


For given Mj^ and the crystalline phase comprises 
systems. We shall suppose (cf. §7, Chapter XIII) that these 
systems, of the two types A and B, are sufficiently alike in size 
and shape to be entirely equivalent as far as arrangements within 
the crystal lattice are concerned. More precisely, we shall sup> 
pose that the systems of type A and the Mjj systems of type B 
can be permuted at random among the available lattice- 

sites, so that there are 

( 2 ) 




equivalent ways of localizing the systems of the condensed phase 
(see §3, below). Having localized these systems in any one of 
the possible ways enumerated in (2), the energies and can 
then be assigned to the systems, on the basis of the distribution 
numbers m® and in 

M^\ 


M^\ 




( 3 ) 


ways. Finally, we can assign the energies and c'" to the 
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non-localized systems on the basis of the distribution numbers 
and m ^ ^ 

i t 

ways (see equation (5), Chapter XI). 

Now each of the equivalent arrangements enumerated in (2) can 
be associated with any of the energy distributions enumerated in 
f3), and any such complexion of the condensed phase can then 
be associated with any complexion of the gas phase (enumerated 
in (4)). Consequently, the total number of complexions of the 
assembly corresponding to the given distribution numbers is 

MJ M„\ _J 

• n ■ n • 

t X i i 

The expression (5) gives the general term in Q for the present 
problem. We can now take the proposed short cut, on the basis 
of past experience, to the result that the Helmholtz free energy 
of the assembly is given by 




where 


iVl! N%\ 


(p.f.r^ = 2 

i 

(p.f.)2t = 2 


(p.f.)^ = 2 

i 


and il/ 5 , ^re the equilibrium values of 

and N^, 

To find these equilibrium values of M^, and by 
the method of equating chemical potentials, we write 

F = 


where 
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= kTlnN*^-kTln(p.i.)<'^, 
SO that the equation /x^ = /x^ gives 


N* = (P-f-)^ 


( 9 ) 


Similarly, the equation gives 

Vf* ^ M% (p.f.)^ 


( 10 ) 


( 11 ) 


To find il/* , M%, iV* , and N% we require, besides the equations 
(9) and (10), the two constitutive equations (see equations (1)) 

N%+M% = 

but equations (9) and (10) themselves express the most important 
properties of a perfect binary solution. Before discussing their 
content further, however, we must examine, rather more carefully 
than in § 1 above, the physical assumptions underlying the model 
from which these equations have been derived. 


3 . The basis of equations (9) and (10) is to be found in the 
expression (5): given the expression (5), equations (9) and (10) 
follow automatically. In the expression (5) there are three distinct 
factors, (2), (3), and (4), with each of which is associated a definite 
physical assumption. 

Taking first the factor (4), concerned simply with the gas phase, 
we need comment only that 

(i) the assumption of independent systems implies a perfect 
(mixed) gas, 

(ii) the assumption that e® and are independent of and 

implies that we are ignoring the volume of the condensed 
phase compared with that of the vapour phase. 

Neither of these assumptions, however, is particularly important. 
We have already discussed (ii) in paragraph 4 of Chapter XIII 
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(and shall treat the matter in more detail later); whilst (i), although 
essential to equations (9) and (10), simply enables us to give 
explicit values to and fi%. If we are unable to treat the vapour 
phase as perfect, then we shall still have 


A = I^A = kTln 


( 12 ) 


But since the physical interpretation of the equations ( 12 ) is less 
simple and striking than that of equations (9) and (10), we shall 
continue to make the assumption that the vapour phase may be 
treated as perfect. 

The assumption underlying the factor (3) is that entailed in any 
simple Einstein model, namely that the systems of the condensed 
phase may be regarded as essentially independent; more precisely 
(since obviously the systems of a crystal or liquid are far from 
being physically independent), that there is a model comprising 
essentially independent systems which can do justice to the real 
condensed phase. Now for a condensed phase of one component 
only we can always write, formally, 


F = -fcTln(p.f.)f ; 


for since F is, thermodynamically, an extensive property of the 
assembly it is necessarily proportional to M, Thus, in one sense, 
an Einstein model always exists for a pure phase: although we 
may know very little about the actual set of energy levels, rj, 
which would lead to the correct behaviour of F. For a mixed 
phase the situation is less simple. But we have certainly assumed 
that the energy levels, and 17 *, besides being the same for all 
systems of types A and JB, respectively, are also quite unaffected 
by the relative arrangement of A and B systems in the condensed 
phase. Thus we assume that we can mutually rearrange the 
systems, keeping Mj^ and Mj^ fixed, without upsetting the distri- 
bution of energies to these systems, and so without affecting the 
total energy possessed by the condensed phase as a whole. 
Physically, this certainly implies that, effectively, there are no 
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preferential interaction energies between systems of the same or 
opposite types. Indeed, we shall see below that zero heat of 
mixing (in the thermodynamical sense) is one of the necessary 
consequences of equation (6), and so of the expression (5). 

So much, then, for the assumption which underlies our inclusion 
of the factor (3): briefly, we may say that we are supposing the 
systems of types A and B to be sufficiently similar for there to 
be no preferential interaction-energies between them. 

Finally, there is the assumption underlying the use of the 
expression (2) for the number of mutual arrangements of Mj^ 
^-systems and Mj^ JS-systems. If the systems can (pictorially) be 
regarded as spherical and all of the same size, then clearly any 
two systems can always be interchanged (whether of the same kind 
or not), and corresponding to any one positional arrangement of 
the systems there are altogether M^\ arrange- 

ments (including the first one) obtained simply by permuting the 
systems among the given positions. Moreover, it may be expected 
that small differences of size or shape will not greatly affect the 
validity of the expression (2) for the number of mutual arrange- 
ments. But the validity of expression (2) is more general than 
this. Equal, or roughly equal, molecules, whatever their shape, 
will also be capable of this number of mutual rearrangements: for 
if the species of types A and B are equal in size, any two such 
systems can be interchanged without the necessity of disturbing 
the other systems of the assembly. 

Thus we may, provisionally, claim that the physical assumption 
underlying the use of the expression (2), and so implied in the 
epithet perfect solution, is that of equality (or very near equality) 
in the size and shape of the two species concerned. There is, how- 
ever, certainly one exception to this rule: if we have a mixture 
of two matchlike species, of the same thickness but of two different 
lengths, and if the only significant arrangements of these systems 
are those in which they are aU aligned with their axes paralJel 
(see Fig. 38) then, provided that the condition of no preferential 
interactions is fulfilled, we can always interchange two systems 
by simply pushing others further along the line if necessary (this 
having no effect on the energy of the assembly). Consequently, 
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in such circumstances the expression (2) will again be valid, f and 
the solution will exhibit all the consequences of equations (9) and 
( 10 ). 

To sum up, then, we may say that for the validity of equations 
(9) and (10) we require that 

(а) the vapour phase behaves as a mixture of perfect gases, 

(б) there are no preferential interactions between the different 
systems within the condensed phase, 

(c) the systems (in the condensed phase) are of approximately 
equal size and shape. 


We have noted an exception to the condition (c), but it is 

comparatively unimportant . Moreover, 
(a) concerns only the gas phase and is 
not, essentially, a restriction on the 
nature of the solution itself. When the 
conditions (6) and (c) are satisfied or, 
more accurately, when the equations 
(12) are satisfied for all values of the 
mole-ratio we speak of a perfect solution. The condensed 

phase concerned may be either solid or hquid. 

Having thus defined more precisely the microscopic physical 
conditions, or assumptions, underlying the equations (6) to (10) 
above, derived somewhat uncritically in paragraph 2, we may 
now proceed to examine the content and consequences of these 
equations with respect to the macroscopic behaviour of any 
solution for which they may hold true. 



4. We shall consider first the equations (9) and (10), i.e. 

If V and P be the volume and pressure, respectively, of the gas 
phase then ^ . 

= VgsiT) I ' ^ 

and (iV^5+iV'^)fcr = FV. (14) 

t This particular exception to the rule of equal size and shape seems to occur 
with mixtures of certain linear hydrocarbon molecules of different lengths. 
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But in place of (14) we may write 

= (1=) 

Here and pg are the partial vapour pressures, of A and B 
systems respectively, in the gas phase. Using (13) and (15), the 
equations (9) and (10) then become 


and 


Putting M% 


Pa = 


Pb=^ 




___ kTgJT) 
M^+M% (p.f.)^ 

M*b kTggiT) 

M^+M% • 

0 in (16) we find 

kTgJT) 






(16) 

(17) 


where p\(T) denotes the vapour pressure, at the temperature T, 
of the condensed phase of the pure ^-component. Similarly, 
putting J/* == 0 in (17) we find 


kTgg(T) 


=pm- 


Consequently (16) and (17) may be written 


Pa 






Pb^-, 


Ml 


Ml+Ml 


PliT) 


(18) 


showing that, at any given temperature, and the partial 
vapour pressures of the two components in the gas phase, are 
linear functions of the mole fraction, 


defining the composition of the solution. Experimentally, this 
law, that the partial vapour pressure in the gas phase is pro- 
portional to the mole fraction in the condensed phase, is known 
as Raoult’s law: the above statistical theory shows that a solution 
obeys Raoult’s law when the three conditions (a), (6), and (c), of 
§ 3, are satisfied. 
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The equations (18) are represented graphically in Fig. 39 (i), 
where the straight lines describe the behaviour of the partial 
vapour pressures at a constant temperature, as functions of the 



0 (i) ' 0 (ii) ' 0 (iii) ' 

Raoults law Positive deviations Ncqativc deviations 


Fig. 39. 


composition of the condensed phase. This composition is specified 
by Xj^ or where 


_ M\ _ M% 


and ~ 


So much for the equations (9) and (10). Prom equation (7), 
however, we can easily determine two other interesting properties 
of a perfect solution, namely expressions for the free energy and 
entropy of mixing. For, from (7), we know that the free energy 
of a mixed condensed phase of A/* ^-systems and M% jB-systems 
(forming a perfect solution) is given by 




whereas the sum of the free energies of two pure condensed phases 
containing, respectively, j 4 -systems and M% fi-systems is 

= -*rin[(p.f.r^r3_A.rin[(p.f.)yj>4. 

Consequently, the gain in Helmholtz free energy on mixing the 
two pure phases, to form the perfect solution, is 


^F = F-F^-Fs 


-kT\n 
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(a negative quantity, showing that there is a loss of free energy 
on mixing), i.e. by Stirling’s theorem, 

AF = -kT {M^+M%)\n(M^+Ml)+ 

+kT In M^-\-kT M% In Ml 

i.e. LF = {M'^+M%)kT{x^\nx^+Xs\nxB). (19) 

It follows at once, from the Gibbs-Helmholtz equation 


^E = 


^E = 0 , 




and thence, since A^’ = \E — T^S, that the entropy of mixing 
is given by 

^8= -{M*-^M%)k{x^\nx^+Xs\nxs) 


= feln 




(21) 


The equations (20) and (21) are, of course, direct macroscopic 
consequences of the two molecular physical conditions, (6) and (c), 
which a perfect solution must satisfy. Not all the solutions of 
chemistry or metallurgy, however, are perfect solutions: indeed, 
comparatively few of them obey Raoult’s law at all accurately. 
When the actual, experimental, partial vapour-pressures lie above 
the corresponding straight lines of Fig. 39 (i), as in Fig. 39 (ii), 
we speak of positive deviations from Raoult’s law; when they lie 
below, as in Fig. 39 (iii), we speak of negative deviations. Partial 
vapour-pressure curves lying partly above and partly below the 
Raoult’s law lines are quite possible. An important field of 
statistical mechanics, in which much work remains yet to be done, 
may be defined as the correlation of deviations from Raoult’s law 
with the progressive breakdown, or relaxation, of the conditions 
(b) and (c). This, however, is not the place to enter upon an 
extensive treatment of the theory of solutions (but see § 5 below 
and Chapter XVIII). This is, however, perhaps a convenient place 
to remind the reader that the two partial vapour-pressure curves 
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depicted in any diagram such as Fig. 39 are not independent: 
they are necessarily connected by the Duhem-Margules equation 
(»e Appendix V) 8a _ 

where x stands for either Xj^ ot and the symbol of partial 
differentiation signifies that the changes are at constant tem- 
perature. Equation (22) provides a useful check on the internal 
consistency of all approximate statistical treatments. 

5. The second problem which we have proposed to discuss in 
this chapter may be called the problem of dimerization in an 
otherwise perfect solution. We suppose that all the physical condi- 
tions are just as in the last example (i.e. as for a perfect binary 
solution) except that now one of the two species is capable of 
forming dimers in the condensed phase. The dimers so formed 
are assumed to be roughly equivalent, in size and shape, to the 
other systems of the condensed phase (see §7, Chapter XIII) so 
that we have in fact three species therein capable of mutual inter- 
changes of position. We shall refer to the non-dimerizing com- 
ponent and the dimerizing component as the solvent and solute, 
respectively: the solute then comprises both monomer and dimer 
species. 

We shall further assume, for simplicity, that no dimerization 
occurs in the vapour phase: but it is not necessary that we intro- 
duce the vapour phase explicitly to start with, and we shall con- 
sider first simply the appropriate expression for the free energy 
of the condensed phase. Again we shall use the short-cut method 
employed already in this chapter, though the reader is strongly 
urged to carry through the full statistical treatment without this 
appeal to past experience. 

The notational symbols may conveniently be exhibited in 
tabular form: 


Species 

Allowed energies 

{Degeneracies) 

Distrihidion numbers 

Solvent 


(wi) 

mi, mt,..., m^,... 

Monomer solute 

'*?!» ‘*74»*** 

K') 

m{, mj,..., mj,... 

Dimer solute 


K) 

mj, m^,... 
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and we shall further write 

^mi = = ^1’ 2 

i % i 

and = (23) 

Thus is the total number of solvent species and the total 
number of monomer units in either of the two eolute species (i.e. 
whether occurring as monomers or as dimers). 

Now M-^ species of type 1, Jfg species of type 2, and species 
of type 3 can, if mutually interchangeable, be arranged spacially in 

different ways. (This is a direct generalization of (2) : see Appendix 
II, §a.) Consequently the general term in Q, for the condensed 
phase, corresponding to the given distribution numbers, is 
(M,+M,+MJl M,\ M,\ MJ 




(25) 


and we may now jump to the result that the Helmholtz free energy 
of the condensed phase is given by 


Fe = 
where 


(p.f.), = 5 (p.f.), = 2 w-e-iIW, 

% i 

(P-f-)S = 2 

i 

The formula (26) may, by Stirling’s theorem, be written 

+ (Mt + Mt+M^)ln(M*+Mt+M*)- 
-Mf In In if* - AT* In AT*], (26') 

from which we can immediately derive expressions for the three 
chemical potentials given by 


Pi 






= kT 

l.vt.Mt 


1 = kT 

hii.Mt 


1 =kT 



(27) 

(28) 
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For the vapour phase, assuming this to be a mixture of perfect 
gases, without dimerization, we have, as always, 

fjL^ = fcT[lniV2— ln(p.f.)£] (30) 

and pg = *T[lniV*— ln(p.f.)?]- (31) 

The equations expressing thermodynamic equilibrium and which, 
together with the constitutive equations, fix the values of iff f , iff J, 
iff*, iV*, and iV*, are now 


f^v = (= say) \ 


(32) 


and fji 2 — ) 

From the viewpoint of thermodynamics these equations, (32), 
may be regarded as self-evident. Statistically they are produced 
automatically in the full treatment, and in writing them down 
without proof we presume an appeal to past experience (see §7 
of Chapter XIII). 


Before making full use of these equations it is desirable that we should 
note, from (26'), (27), (28), and (29), that 

F = ilfiVi+M*/x24-iff?Mr (33) 

which, by (32) and (23), becomes 

(33') 

These equations show that what we have here been regarding as a 
Helmholtz free energy is, in reality, a Gibbs free energy ; but the anomaly 
is due simply to our customary disregard of PvjkT for a condensed phase. 


Using the above explicit formulae for the various chemical 
potentials, the equations (32) become 

M* (p.f.)g 


K* 

* (p.f.)S’ 

N* = 


and 


M*(M*+M*+M*) _ (p.f.). 


K(T), say. 


(34) 


(35) 


(36) 


Mr (Pf)f 

Equation (36) expresses the law of mass action for dimerization 
in an otherwise perfect solution (cf. equation (78), Chapter XIII). 
The equations (34) and (35) are the analogues, for the present 
problem, of equations (9) and (10) above, and we may proceed 
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to discuss them along the lines which led from those equations 
to Raoult’s law. With a self-explanatory notation, we have 
immediately 

(p.f.)S ^ ^ 

^ iff kTgJT) 

and ~ (pi.)i ' 

Now when M* — 0 it necessarily follows that Af* — Af* = 0. 
Therefore, putting Af* = 0 in (37) we obtain the equation 

(P-f-)S 

where p® is the vapour pressure of a condensed phase of the pure 
solvent species. Thus equation (37) may be written 

On the other hand, when M* = 0, the equation (38) gives 

ggO _ MQ\ 

where denotes the value of Af*/(A/*-[-Af 2 ) when AfJ = 0, 
and we must proceed with caution. 

To find icj we must use equation (36). Putting M* = 0, equa- 
tion (36) becomes , o 

^ ^ 

(xir 

whence 

* 2K 

Consequently, from (40), we have 

kTg„{T) _ 2K 
(p.f.), V(l + 4Jir)-l^“ 
and equation (38) becomes 

j. - (411 

where p® denotes the vapour pressure of a condensed phase of 
pure solute (within which a measure of dimerization necessarily 
occurs). 
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In terms of Af* and M* the equations (39) and (40) become 
Af* 

M*-2M* 2K „ 

and M*+M*-Mt ^il+4K)-l^^ 

where, from (36), Af* is given by 

(A/*~2Af|)2 ^ 

It is left to the reader to show, which is not difficult, that if p^lp^ 
and pjpu are plotted, at constant temperature, against the mole 
fraction Af*/(A/* + Af*) then the resulting partial vapour-pressure 
curves exhibit everywhere positive deviations from the straight 
lines corresponding to Raoult’s law. 



EXAMPLES 

1 . Starting from equation (5), and the appropriate restrictive conditions 
on the distribution numbers, derive equation (6) by the full-length method 
of picking out the greatest term in Q. 

2 . For a perfect binary solution, the entropy of mixing is given by 

per mole of solution. Plot against and show that AS is greatest 
when Xji — J. (Note; = L) 

3. Derive equations analogous to (16) and (17) for the three partial 
vapour pressures of a perfect ternary solution. And thus prove that the 
partial vapour pressures of the components of a given perfect binary 
solution are always lowered by the addition of a third component which 
forms a perfect ternary solution with them. 

4 . Prove that for a perfect ternary solution the entropy of mixing, per 
mole of solution, is given by 

AS — — R(Xj^\nXji-\-X]^hiX]i-\-X(j\TiXc) 


(where =1); and that this is greatest when x^ — Xj^ — Xq = \. 

5. Show that the partial vapour pressures given by the equations (42) 
satisfy the Duhem-Margules equation, (22). 

6 . Prove that the partial vapour pressures given by (42) exhibit every- 
where positive deviations from Raoult’s law. 

7. Prove that the Duhem-Margules equation is necessarily satisfied 


whenever 


Fc(MM == (A/^ + A4)/(.U^/(M^-f 34)). 



XV 

CONSTANT-TEMPERATURE PARTITION FUNCTIONS 


1 , All the examples of the preceding chapters have, in principle, 
been worked out by the same technique and from the same 
starting-point. Admittedly we have sometimes employed short 
cuts, when the main road was in danger of becoming rather tire- 
somely familiar, and sometimes we have dealt with the integrals 
appropriate to classical mechanics instead of quantal sums of 
which the significance is more easily appreciated, particularly in 
formal work. But throughout we have built on the foundations 
laid down in Chapters I and II, namely the equation 

SiE,V,N) = klnQ{E,V,N) (1) 

which links the macroscopic, thermodynamical properties of the 
equilibrium state of an assembly with its microscopic, molecular 
attributes. 

There are, however, besides that expressed in equation (1), 
other bridges from the mechanical to the thermodynamical states 
of an assembly, two of which are of particular importance. Indeed, 
these other two bridges provide stronger and broader thorough- 
fares, than that with which we are already familiar. We could, 
perhaps, have built all these bridges first, before proceeding to cross 
any of them: we might even have confined our attention to the 
strongest. But it has seemed wisest first to explore the simplest, 
if also the narrowest, route and only afterwards to approach the 
broader, and more elaborate, structures. In this chapter and the 
next we shall build, and use, the second bridge: in Chapter XVII 
we shall proceed to the third. It will then be seen that while these 
three bridges are progressively wider, and more useful, they are 
by no means mutually independent. 

Perhaps the simplest approach to the second basic formula of 
statistical mechanics (abandoning the bridge metaphor) starts 
from the familiar equationf 

I ^ . (2) 

t We shall drop the special m, *»;, M notation of the lost few chapters, and use 
cu, e, N whether dealing with non-localized or localized systems. 
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Writing EjN — e, so that (2) becomes 

" = (3) 

where (p.f.) ~ J 

t 

we may interpret this equation as giving the mean (effective, or 
equilibrium) energy of any particular system in the assembly. 
Now let us consider a very large collection of identical assemblies 
(each of volume F and containing N systems) in thermal contact, 
and equilibrium, with each other. We consider in fact an assembly 
of assemblies, which, to avoid linguistic confusion, we shall call 
an ensemble of assemblies: so that each of our original assemblies 
is, as it were, a system in the ensemble. (The reader may find it 
helpful to think of a block of lead weighing ten tons divided 
mentally into 10^ separate little cubes — clearly in thermal contact 
with each other — each weighing about one gram.) Then, accord- 
ing to quantum mechanics, each assembly, which consists of N 
definite microscopic systems within a given volume F, is capable 
of any one of a certain set of energies 

In practice, of course, these levels lie extremely close together and 
form, to all intents and purposes, a continuum. But since all 
mechanical systems are, strictly speaking, quantal systems it is 
legitimate, as well as convenient, to employ the discrete, quantal 
notation. (The energy, E, in equation (1) is, necessarily, one of 
these energies.) Now we may suppose that the whole ensemble 
of assemblies is thermally isolated, so that its total energy is fixed, 
and so we can forthwith apply the formulae (3) and (4), with the 
appropriate change of notation, to determine the equilibrium value 
of the energy of any particular assembly in the ensemble. We 
thus obtain _ ^ 

E = *T*^ln(P.F.), (5) 

where (P.F.) = ' (6) 

% 

In the expression (6), is the degeneracy, or weight-factor, 
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pertaining to the energy level of an assembly: i.e. it is the 
number of distinguishable states of the assembly corresponding 
to this energy level, and the given values of V and JV. Conse- 
quently Q, in (6) has precisely the same meaning as has Q in (1). 

Before commenting at all on the above argument, we shall next 
derive an immediate consequence of equation (5). From the 
Gibbs-Helmholtz equation 



we deduce that (5) implies that 

F = —feT[ln(P.F.)+ constant]. (7) 

The ‘constant’ in (7) is independent of the temperature, T, and 
we shall take it to be zero: a procedure which could be justified 
along the lines of our previous discussion of the third law of 
thermodynamics, were the foregoing argument intended to be 
other than tentative. As it is we shall take as the second funda- 
mental formula of statistical mechanics the equation (dropping 
the unnecessary bar) 

F = -~*rin(P.F.), (8) 

where (P-F-) = 2 

i 

and (P.F.) will be called the partition function for the assembly. f 
The consequences of equation (8) will be developed in the next 
section and the remainder of this chapter. Before proceeding to 
derive them, however, further comment on the argument imme- 
diately preceding equation (5) above is certainly called for. The 
argument is not intended to be more than suggestive, and we must 
regard the validity of equation (8) as something still to be justified 
a posteriori. Nevertheless it is perhaps worth emphasizing (a) that, 
on physical grounds, the temperature of the ensemble, T in (6), 
will be the same as the temperature of an assembly within the 
ensemble, and (6) that the thermodynamical properties of an 
assembly (its free energy, for instance) are not dependent on its 
environment (for any actual thermodynamic assembly possesses 

•f In contradistinction to (p.f.)» the partition function for a system, which has 
meaning only when the assembly comprises essentially independent systems. 
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a definite equation of state) and consequently if (8) is true at all 
it is true whether the assembly is or is not part of an actual 
physical ensemble of assemblies in the way imagined. If it is 
complained that an isolated assembly has a fixed and definite 
energy, so that it is hard to see why all the energies of which the 
assembly is capable should occur in the expression for its free 
energy, then we may reply first that the adiabatic isolation of a 
body is not known to affect its thermodynamical properties and, 
secondly, that if an assembly has a definite temperature it has 
also a very well defined internal energy: a point which will become 
clearer in the discussion below. 


2 . The first thing to observe about equation (8) is that, sup- 
posing the partition function, (P.F.), to have been evaluated, the 
r.h.s. is an explicit function of T, F, and N, which are just the 
independent variables appropriate to the thermod}ntiamic func- 
tion F (see equation (23), Chapter II). Secondly, however, we 
must observe an apparent contradiction with previous results. 
For the equation (1), ^ _ jfelnD 

combined with the thermodynamic equation 

E-TS, 


leads to the result (see equations (1) and (2) of Chapter III) 


and, of course, is only one of the many terms included 

in the sum We must resolve this paradox before 

% 

going any further. 

That the antithesis is more apparent than real can be seen by 
making explicit use of the expression for Q alread}" obtained for 
any assembly of identical independent systems. For definiteness, 
we shall take these systems to be localized: the extra factor l/N\ 
for non-localized systems, of course, makes no essential difference. 
Adopting the results obtained in Chapter II, but writing E^ for 
E since E is necessarily one of the allowed energies of the assembly. 
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where is given by 

In the equations (9) and (10) we have given j3 a suffix i to 
emphasize that ^ is implicitly a function of the energy E, through 
equation (10); and we have had to adopt j instead of i as the 
summation suffix to avoid unnecessary confusion. 

Using (9) and (10), we thus obtain 
(P.F.) = 

I 

( 11 ) 

where It = (12) 

We shall now make the assumption, which can be justified 
mathematically, that only the greatest term, Imax* 
the r.h.s. of (11) contributes appreciably to this sum, and so to 
(P.F.). Proceeding to pick out this greatest term, we have 


In I, = 


dE, 




(jJjCi 




since the term enclosed in square brackets vanishes on account 
of (10). Consequently Imar corresponds to that energy of the 
assembly for which ^ _ —l/kT 

and the equations (11) and (12) lead to 


(P.F.) = 




(13) 


while the important value of E^, which we shall denote simply by 
E, is given, from equation (10), by 

2 


E = N 


2 


(14) 
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Thus the formula F = — feTln(P.F.) 

gives F = — iVfeTln(p.f.), 

in identical agreement with the results of Chapter II for an 
assembly of independent localized systems. 

The reader should study the above proof carefully. For though 
we shall proceed in the next section to improve upon it, it shows 
up very nicely the connexion between the first and second funda- 
mental formulae of statistical mechanics. Putting into words the 
essence of the argument, we may say that we have shown that the 
only term, 2^, which contributes appreciably to (P.F.) is just that 
term for which is related to the temperature in the manner 
demanded by the earlier theory, starting from S = kin Q. 

3. The above demonstration, for an assembly of identical inde- 
pendent systems, of the equivalence of the two statistical methods 
based, respectively, on the formulae 

S = klna 

and F= -*Tln(P.F.) 

suffers from a certain inelegance in that the technique of picking 
out the greatest term in a sum has been used twice, once in 
evaluating Q and then again in evaluating (P.F.). While there is 
no mathematical objection to this, it is natural to try to avoid 
so elaborate a technique by attempting a more direct calculation 
of (P.F.). 

We shall, therefore, consider again the case of an assembly of 
N identical, independent, localized systems. We shall, however, 
interchange the roles of the suffixes i and j above, so that most 
of our formulae may have their customary appearance. We thus 
suppose that any system is capable of the possible energies 

with degeneracies coj, cog,..., 

and let ng,..., 

where ^ = ^, (15) 

be the set of distribution numbers corresponding to any particular 
specification of the assembly. 
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Then the number of distinct complexions of the assembly, 
corresponding to these distribution numbers, is 

<(w,) = ( 16 ) 

(for formal completeness, we have introduced the degeneracy 

factors explicitly) while for these same distribution numbers the 

total energy of the assembly is given by 

= ( 11 ) 

i 

Consequently — y 

where the allowed are subject to the restrictive conditions 


and 

while 


= N (15) 

1 

lnie, = Ej, (17) 

(RF.) = (18) 

= (19) 


where, since all possible values of are to occur in (18) the only 
restriction on the distribution numbers in (19) is simply that their 
sum shall equal N, the total number of systems in the assembly. 
Thus, using the expression (16) for t{n^) we have, finally. 



where N. (15) 

We can now proceed to pick out the greatest term in the sum 
on the r.h.s. of (20) on the legitimate assumption that only this 
greatest term contributes significantly to (P.F.). Denoting the 
general term by 3^(wJ, we have, using Stirling’s theorem, 

In Zirii) = ( |; »,•))«( ^ w.) — X ”i+ In ‘*>i— 
whence 

S In Zirii) = In^ ^ ^ Sn,) — In Wj 8»f+ 

+ ^ Inwf Sn^— (21) 
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The only restrictive condition on the variations Sn^- now is that 
provided by (15), namely, 

K = 0. (22) 

i 

Adding a constant multiple, (x, times (22) to (21) in the usual way 
(method of Lagrange’s undetermined multipliers) we find, for the 
important distribution numbers, the equation 

X In wfjSwf = 0, 

whence 

InN+oL+lrKo^—eJkT—lnnf = 0 (i ~ 1,2,...), 
i.e. nf = (i = 1, 2,...), (23) 


where A = 

Summing (23) for all i, we find 

A 2 = 1 

i 

so that, getting rid of A, 


n? = N 


(Of g-**/**^ 


{i= 1,2,...). 


(24) 


Finally, putting these values of rif in the above expression for 
X{nf) we obtain 

In llmai = In Z(nf) = NlnN-NlnN- In w,.-f 

-f I nf ,flkT+N ln( | a>, + 

+ 2nfln(Of-ynf,f/kT 

i % 

i.e. (P.F.) = In.ax=(|a,ie-«"'^)^ 

or F = -fcTln(P.F.) = -feTln(p.f.)^ (25) 

where (p.f.) = 2 w,- e-**/**^. 



XV, § 3 CONSTANT-TEMPERATURE PARTITION FUNCTIONS 243 

This completes the proof, for we liave now obtained precisely 
the same equations, (24) and (25), as we found formerly, starting 
from the equation S — felnQ. The two methods lead to identical 
results. And at this point the only further comment we would 
make is that the second method, based on — feTln(P.F.), 
has the advantage of introducing only one restrictive condition 
on the distribution numbers: we do not now have to bring in an 
unknown parameter ^ and afterwards identify this with —IjkT, 
where T is the absolute temperature. 


4. We shall now show that the r.h.s. of equation (20) can be 
summed exactly : in other words, that for the expression (20) there 
was no need at all to adopt the technique of picking out the 
greatest term. This is surprising, and calls for subsequent com- 
ment, but we must first prove our assertion. 

To readers familiar with the multinomial extension of the bi- 
nomial theorem there is indeed very little to prove. But for those 
less well equipped algebraically, a statement of this theorem, or 
algebraic formula, is necessary. 

We will start by recalling that the ordinary binomial theorem 


(x+y)^ = 


where 


nn _n(n—l)(n—2)„,{n—r+l) 

iyj. , 


may be written in the alternative forms 




or 


(r4-««n) (r-|-«=n) 

In three variables, x, y, and the multinomial theorem reads 
{x+y+z)- = y 

(r+a+I—n) 


n\ 
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while with m variables, x^, we have 


(a?i+a;2+...+^mr 


2 


n\ 


nAnA^.-n^\ 

(ni + na + ... -f rim = n) 




(26) 


This important theorem can be proved by the method of induction 
from the binomial theorem: an alternative and neater proof, 
depending on combinatory formulae with which we are already 
familiar, is given in Appendix II, §6. 

We are going to apply the formula (26) to the case of an infinite 
number of variables, x^, Xg,..., x ^,,.. — a step which really calls for 
justification, though we shall not attempt this here. When this 
is legitimate (26) takes the form 




(26') 


where, in the sum on the r.h.s. of (26'), the w/s are subject to 

^ = n. 

In the equation (26') write N for n, and put 

Xi — 

The equation then becomes 



where = N. The r.h.s. of (27) is identical with the r.h.s. of 

(20). Consequently, for the problem discussed in paragraph 3 
above, we have, identically, 

(P.F.) = ( = (p.f.)^: (28) 

which is the somewhat surprising result already asserted. Indeed, 
not only can the partition function, (P.F.), be summed exactly 
but the result of so doing is precisely the same as that obtained 
by the technique of picking out the greatest term. 
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The significance of this rather remarkable conclusion is perhaps 
most easily appreciated if we summarize, in note form, the achieve- 
ments of the three parallel attacks which we have made on this 
problem of an assembly of independent, localized systems. We 
have 


I 

11(a) 

n(6) 

S = fclnQ 

F = ~-feTln(P.F.) 

F = -~fe!rin(P.F.) 

(n<) i 

(P.F.) = 2. n n, ! ~ 

(ni) i 

where 

where 

where 

(i) 2 nj = iV 

i 

(ii) = 

i 

Picking out the greatest 

(i) = 

i 

Picking out the greatest 

II 

term subject to (i) and 
(ii) leads to 

F - -feTln(p.f.)^ 

term subject to (i) leads 
to 

F = -kTbi(p.{.)^ 

(P.F.) ^ (p.f.)» 

where 

where 

where 

(p.f.) — 2 

i 

(p.f.) = 2 
< 

(p.f.) = 2 "1 

1 


The equivalence of the methods I and II (a) has already been 
discussed in some detail. That the method II (a) should itself be 
in exact accord with the rigorous analysis of method II (6) simply 
shows that the two approximations introduced in the second 
method, namely, 

(i) the technique of picking out the greatest term, and 

(ii) the use of Stirling’s theorem, 

exactly annul each other: so that the result, instead of being, as 
we should have expected, merely thermodynamically equivalent 
with that of an algebraically exact treatment, is actually com- 
pletely identical therewith. 

5. So far we have evaluated the partition function, (P.F.), only 
for an assembly of N identical, independent, localized systems. 
We have shown that it can be summed exactly, by purely alge- 
braic methods. The same is true, of course, without further 
analysis, of the partition function for an assembly of N identical, 
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independent, non-localized systems, i.e. for a perfect gas. 
have immediately 


(P.F.)= 2 

(En<=JV) 


1 






We 


(p.f.)-''' 
Nl ’ 


(29) 


where (P-f-) — ^ 

i 


But not all partition functions, (P.F.), can be summed exactly, 
in this algebraic way. When direct summation is impossible we 
have to fall back on the technique of method II (a), or some 
modification of this technique. As an illustration of a case in 
which the complete summation is impracticable, we may consider 
the problem of the equilibrium between a pure condensed phase, 
represented by an Einstein model, and a vapour phase which can 
be treated as a perfect gas. For this purpose we return to the 
specialized notation of Chapter XIII, and the reader should refer 
again to the table of results at the beginning of Chapter XIV. 

Introducing degeneracies and for the sake of completeness, 
we start from the formula already obtained when discussing this 
problem in Chapter XIII, namely 


Q - 


2 

(m<,n<) 


1 


M\ 


n».! 




sV'i 


where the distribution numbers and are subject to the 
conditions 


2 »«<+ 2 
i i 


X 


and 




Then from the definition 


(P.F.) - 

we have at once 

(p.F.)= T ^ (30) 

where the only restriction on the distribution numbers is simply 

= X (31) 

1 % 
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If instead of the single restriction (31) we had the two restric- 
^m^ — M and — N (32) 

i % 

then, as a little thought will show, the r.h.s. of (30) would factorize 
into 


M\ 








7li€ilkT 


which, by the results (28) and (29) above, is identical with 


[i 


W.‘ 6 


i N\ 


Since we have only the restriction (31), instead of the two restric- 
tions (32), we infer at once that (30) yields 

(P.F.) = 2 (33) 

(M+^==X) 

where 

(p.f.)e = and (p.f.)<, = J 

Unfortunately we can get no further than equation (33) by 
purely algebraic means. The restriction M-\-N = X reduces the 
r.h.s. to a finite sum which cannot be tidied up at all. Conse- 
quently we have now to fall back on the familiar, and entirely 
legitimate, method of picking out the greatest term in this sum, 
which leads to formulae for the equilibrium values of M and N 
identical with those obtained in Chapter XIII. There is no need 
to discuss this last stage in the problem again here. 


6. By now it should be sufficiently clear that the second funda- 
mental formula of statistical mechanics, which we may call the 
isothermic formula, 

F{T, V,N) = -ferin(P.F.), 

where (P.F.) = J 

% 

will lead to results identical with those obtained from the first, 
or adiabatic, fundamental formula 

S{EJ,N) = k\na{E,V,N) 
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(where is the number of distinct complexions of the assembly 
corresponding to the given values of E, V, and N) in the case of 
all problems with which we have so far dealt. Evidently the new 
method provides a bridge between mechanics and thermo- 
dynamics at least as dependable as that to which we have 
previously been accustomed. In fact, since, because the distri- 
bution numbers are now subject to only one restrictive condition 
instead of two, we can sometimes sum the partition function, 
(P.F.), by purely algebraic methods, the new bridge may be 
described as a more elegant structure than the old one. But it 
has still to be shown to provide a wider thoroughfare; we have 
still to show that the new method is more powerful than the old 
one in that with it we can successfully tackle problems which 
would be quite intractable, or prohibitively difficult, simply with 
the old technique. 

We shall attempt this task in the next chapter. But since we 
must, for the purpose, choose a somewhat difficult problem it will 
be possible, within the scope of this book, only to give an approxi- 
mate, or partial, solution of that problem. Whenever it is possible 
to give an incomplete specification of the state of an assembly 
by means of distribution numbers which are themselves adequate 
to determine the energy of the assembly, either of the two methods 
under discussion can be applied: and both will, of course, produce 
the same final formulae. It is only when such distribution numbers 
cannot be defined, or can be defined only with very great difficulty, 
that the new method has marked advantages of strength, as well 
as elegance, over the old one. Such a case is provided by the 
problem of imperfect gases, and it is to the problem of an assembly 
of N identical, non-localized systems between which there are 
forces of interaction that we now turn. 

EXAMPLES 

1 . Show that the equation (P.F.) = (p.f.)^ for an assembly of N identical, 
independent, localized systems follows at once from the factorization 
property of partition functions. (Chapter V, §5.) 

2. Show that the greatest term in the sum on the r.h.s. of equation (33) 
corresponds to values of M and N which satisfy the equations 

^ = (p.f.W(P-fi)c and Af+N = X. 
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3. For the problem of adsorption, discussed in § 6 of Chapter XIII, prove 
that the partition function (P.F.) is given, precisely, by the coefficient of 

in the expansion of 

[l+A(p.f.y^ie^(Pf)ir 

in ascending powers of A. 

(This cannot be foimd explicitly: but see Chapter XVII.) 

Q. er^ilhT 

4 . Writing i - = Pi, show that S = -fe Jp^lnp^. 
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1 . In approaching the problem of imperfect gases, it is convenient 
to consider first the classical evaluation of the partition function, 
(P.F.), for a perfect gas. We have already, in the last chapter, 
dealt with a perfect gas (i.e. an assembly of independent, non- 
localized systems) in the notation of quantum mechanics, and 
found that , 


(P.F.) 


iV! 


(p.f.) 




( 1 ) 


where (p.f.) is the partition function for a single system of the 
assembly. In the notation of classical mechanics, therefore, we 
shall expect to find 

[ nN 

J dqi...dq^dpi...dpn , 

(2n) 

( 2 ) 

where Jj,..., are coordinates specifying the configuration and 
position in space of any one system in the assembly, andp^,..., 
are the conjugate momentum variables. There is no real need for 
further proof of equation (2), but an outline of the completely 
classical argument (retaining the factors 1/A for tidiness) will help 
both in introducing a notation that is, necessarily, somewhat 
elaborate and in providing a simple background against which 
to view the more difficult problem involving non-independent 
systems. 

We shall confine attention to the case of structureless point 
masses, each of mass m, moving freely in a volume F. Then, from 
first principles (see equation (22), Chapter IV) 


(P.F.) 



.dp^f^, 

( 3 ) 


where the 6.^-fold phase-integral has to be taken over all distin- 
guishable complexions of the assembly. For the iN spacial coordi- 
nates, q, we shall use the x, y, and z coordinates of each of the N 
systems (relative to some fixed set of rectangular axes): the ZN 
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conjugate momental coordinates are then determined auto- 
matically and require no further specification. 

Now only distinct complexions of the assembly are to be counted 
in evaluating the r.h.s. of (3) ; and we have already seen, in Chapter 
IV, that due to the indistinguishability of its systems an assembly 
of N identical, non-localized, particles will take up every distinct 
complexion Nl times as the coordinates, q and p above, assume, 
successively, all the values of which they are capable. Thus, if 
the integral on the r.h.s. of (3) is to have its obvious interpretation 
(without any rider being attached to the effect that only distin- 
guishable complexions are to be counted), we must divide the 
r.h.s. of (3) by N\ to obtain 

^ M / ■■■ j 

(6iV) (3') 

where now the variables q and p take all the values of which they 
are physically capable. In other words, the integral on the r.h.s. 
of (3') differs from that on the r.h.s. of (3) in that the integral in 
(3') is the phase integral for N numbered systems, while the integral 
in (3) is the phase integral for N indistinguishable systems. 

For each point mass the energy, which is entirely kinetic, is 
given (see Chapter IV) by 


and therefore, for the energy of the whole assembly, we have 





( 4 ) 


Introducing, as a shorthand notation, the symbol dr in place 
of dxdydz, equation (3') thus becomes 


(P.F.) 


1 



g-S p*il2mhT dp2.- -dp^.y dri drg. . .dr^u 
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The r.h.s. factorizes, to give 


= s^M(n / 

^ ^ — 00 

... j dr^dT2---dT^ 

/•••/ dr^ dr^-.-dr^f 


i=l 

_ 1 /277mfeTy''2 

~ N\\ I 

_ 1 (2-nmkTY^I\,^ 
~ N\[ I ’ 


(5) 


(6) 


since the spacial coordinates of each particle are restricted to the 
volume F. 

1 


Consequently, 

where 


(P.F.) 


N\ 


(p.f.r 


(p.f.) = |!!!^j^F, 


i.e. where (p.f.) is the partition function for a point particle, of 
mass m, confined to a volume V: which completes the classical 
demonstration of equation (1) for the present problem. 


2. We are now in a much better position to begin the discussion 
of the statistical theory of an imperfect gas, i.e. of an assembly 
of non -localized systems having interaction forces between them. 
We shall again assume that the systems of the assembly are 
essentially structureless particles, i.e. we shall suppose that in the 
absence of the interaction forces the partition function for the 
assembly would be given by equation (6). We shall also assume 
that these interaction forces are what are known in mechanics as 
additive, central, conservative forces. These two assumptions are 
not essential, in their entirety, to the present theory of imperfect 
gases. But we shall make them here for the sake of simplicity, 
and should notice that they restrict the applicability of the result- 
ing equations, as they stand, to such gases of inert spherical atoms 
as argon, neon, krypton, and so on. 

The assumption about the interaction forces made above im- 
plies that they produce, or are produced by, an interaction potential 
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energy which is the sum of contributions ‘between’ each pair of 
systems in the assembly. More precisely, if two systems, numbered 
i and j say, are at a distance apart, the assumption we have 
made is that the interaction between these two systems gives rise 
to a potential energy, say, whose magnitude depends only on 
the distance Thus we may write, for the potential energy of 
the interaction directly between these two systems, 

Uii = (7) 

Now there are interaction forces between all the systems of the 
assembly ; and all the systems are alike, so in each case the inter- 
action forces depend on the mutual distance in the same way. 
Consequently the total potential energy of the assembly, which 
depends, of course, on the spacial configuration of the systems of 
the assembly, is the sum of expressions of the form (7) for every 
pair of systems in the assembly. We may therefore write, for the 
total potential energy, I/, of the assembly 


1/ = C7 (r^f) for all pairs of systems in the assembly 



(8) 

i>j 

(S') 


The factor | has to be introduced in (8) since otherwise we should 
count each interaction energy twice: once for the pair (ij) and again 
for the pair (ji). The convention i > j in (8') secures the same 
unique counting of each pair of systems, and will be used below 
as it provides a rather neater notation. 

The total energy of the assembly is now the sum of the kinetic 
energy given by (4) and the potential energy given by (8'). Thus 
we now have 

and this expression for E has to be introduced into the phase- 
integral on the r.h.s. of (3'). Since the expression for U is entirely 
independent of the momental coordinates, p, the factorization 
of this phase-integral as far as the momental coordinates are 
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concerned proceeds exactly as before, so that we now obtain, 
instead of (5), the equation 




We shall write (9) as 


I^TTrYikiy^i^ 

\ I N!' 


where Qy “ J ••• J ^ dridT 2 ...dry. (10) 

And the crux of the problem is the evaluation of the configura-^ 
tional integral, 


3. The key to the evaluation of Qy is the simple device of 
writing = l+/(r,.^). (11) 

Before seeing how this enables the integral (10) to be broken up 
in a manageable way, we must digress a little from the main 
analysis to examine the nature of this 
new function f(r^j) which, for short, we 
shall write as Of course f^j depends on 
the temperature T as well as on the dis- 
tance but it is with the latter depen- 
dence that we are now concerned. 

As a function of r^y, the potential 
energy, will necessarily have a form 
similar to that shown in Fig. 40 (a). 
Qualitatively, this curve is very like that 
given in Fig. 10 for the potential-energy 
function of a diatomic molecule : but since 
the present systems are presumably not 
capable of uniting to form permanent mole- 
cules the minimum in the present potential - 
energy curve will be much more shallow 
than that in the curve of Fig. 10. 

The function exp( — C/^y/feT) will then, schematically, have the 
form shown in Fig. 40(b); and /yy, which is simply 
exp(— C^.y/feT)— 1, 

will have the form shown in Fig. 40 (c). 



Fig. 40. 
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For our present purposes only one property of this particular 
functional behaviour of with the distance is important, 
namely the fact that vanishes when is large compared with 
the effective range of the interaction forces. Now interatomic 
forces have an effective range of perhaps 20 A; and we conclude 
that if two systems, i and j, are at an appreciably greater distance 
apart, then the corresponding function is effectively zero. 
More colloquially, we may say that vanishes unless the two 
systems i and j are ‘close together’. 

4. We are now in a position to tackle the integral on the r.h.s. 
of equation (10). Using the substitution (11), we have 

Qn= f ••• f n (12) 

and we can expand the product to obtain 

Qn == j ••• J + dTidT2^..dT^ (13) 

where the terms not written down explicitly involve products of 
two or more of the functions /. At this point we shall deal only 
with the first two terms in the bracket on the r.h.s. of (13), 
returning to the other terms, not yet written down, in the next 
section. 

Integration of the first term, unity, gives just (see equation 
(6)). This is, of course, in accordance with the fact that the/’s 
vanish when there are no interatomic forces, in which case we 
must obtain the well-known partition function for a perfect gas 
(equation (6)). It also shows that the terms involving the /’s may 
be regarded as correction terms, modifying the partition function 
for a perfect gas in accordance with the imperfection produced 
by the forces between the systems. Consequently it is tempting 
to suppose that,^ to a first approximation, when the deviations 
from ideal behaviour are small (i.e. at sufficiently low pressures) 
the appropriate correction to (P.F.) is that produced by the terms 
involving one /-function only, i.e. that the first approximation to 
the partition function for an imperfect gas is obtained from the 
terms written down explicitly in (13). Unfortunately, for our 
convenience, this natural supposition is not true: for although all 



256 


IMPERFECT GASES 


XVI. §4 


the subsequent terms are individually smaller than those contain- 
ing one /-function only, there are also a great many more of them. 
We shall therefore have to consider all the terms in (13) explicitly, 
and only make approximations later when we are quite sure that 
they are valid. 

Turning now to the second term, or group of terms, on the r.h.s. 
of (13), before examining how many terms there are in this group, 
we should first observe that they all have the same value. In other 

j ... jUdr,dr,...dr^ (14) 

is independent of the suffixes i and /. This statement hardly calls 
for proof but, in detail, we have 

f - ( fiidr^dTi...dTj...dTi...dTf^ = [(fi^dT^dTj T ... {jldr^ 

(Ar-2) k*i,j 


= \lh,dr,dr,V^- 

// fij dr^dTf = J//w dr^dri, 


since /^| is the same function of the distance as is of the 
distance 

We can indeed say more than this about the integral (14), for 
JJ /j-y dr^dTj can itself be expressed in a simpler form, on account 
of the property of/^y portrayed in Fig. 40 (c). We have 

// fijdTidrj = J ( drj 


and since /^y vanishes except when i and j are close together, the 
inner integral here is effectively independent of the position in 
space of the system j. It would, of course, be 
entirely independent of the position of /, 
whatever the form of the function /^y, except 
for the boundary condition imposed by the 
walls of the container of volume V. With 
both systems confined to the given volume 
F, j fij d'Ti is independent of the position of 
the system j unless j is itself very close to the boundary wall (com- 
pare the relative positions 1 and 2 in Fig. 41). Only when j is very 
close to the walls of V do the boundary conditions affect the 
evaluation of the integral J/yydry: in all other cases /^y vanishes 
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before ti:e boundary conditions become effective. If we can 
neglect the contribution of positions like 2 in comparison with 
that of positions like 1, then 

/ (/ j ^'^i- ( 1 ®) 

Using spherical polar coordinates to express the position of i 
relative to j, we have 

00 

/ /(»•«) = f /(r)47rr2 dr (16) 

0 

whence, from (15), 

00 

///<'«) dr^drj = V 4^77 j f(r)r^ dr, (17) 

0 

In (16) and (17) we have written /(r) in place of /(r^y). The upper 
limit of integration is taken as infinity since in any case /(r) 
vanishes when r is greater than the effective range of the inter- 
action forces. 

Now the above neglect of contributions from configurations of 
the type 2, in comparison with those from configurations of the 
type 1, is perfectly legitimate. For the number of configurations 
of the type 2 will be proportional to A, the surface area of the 
containing walls: so that contributions from these configurations 
will affect the partition function in some way depending on the 
area A, But, in general, the thermodynamic properties of a gas 
are extensive properties, depending simply on the volume V: it is 
only when capillary effects are involved that the surface area A 
is of importance. Consequently for physical conditions in which 
capillary effects can be neglected, which are the only physical 
conditions in which we are here interested, the above procedure 
is permissible and equation (17) is valid. 

Finally we have to ask, How many terms are there in the sum 
(1^)» ^Q'Ch of which will give to the partition function a 

contribution equal to the r.h.s. of equation (17)? The answer is 
immediate, for the number of different pairs of suffixes which we 
can pick from the numbers 1, 2 ,..., N is simply 

N(N-l) 

2 • 


4973 


S 
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Consequently equation (13) becomes 
Qn 


F^-i 47r f /(r)r* dr+.. 


j 


(18) 


We have, however, still to examine the nature of the remaining 
terms, as yet unspecified, on the r.h.s. of equation (18). 

5. Before, however, proceeding to examine these other, un- 
specified, terms in (18) let us first deduce the consequences of a 
partition function given by equation (18) as it stands, assuming 
that the second term in (18) is small compared with the first term 
(F^). 

If we write, for short, 


h j ^TTrJ{r)dr = b 


and replace N {N —\) hy (which is legitimate, since N is very 
large) then, on the basis of (18), we have 


^ ] N\ 


[27TmkTY^>^V^’\. N^b , 1 


whence 

F = -*Tln(P.F.) 


-i^feTln 


/27m*r\3/2 

I A* ) 


-NkTlnV+NkThiN- 


-iVfeT-*rin[l- 


N’^b 


and 


W)r.N 


....] 


NkT 

V 


NkT 


t-=) 




■■■] 


•+=+... 
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i.e., since we are assuming N^bjV < 1 and ignoring the unspecified 
terms, 




NkT 




or PV = (20) 

But although, under the conditions stated, this equation is 
formally correct, physically it is not very useful. For if 



1 , 


then 



and so the second term in (20) is totally negligible compared with 
the first (unity) and altogether devoid of physical significance. 

Nevertheless equation (20) is important. For, although as yet 
we have no firm ground for believing so, it is actually valid for 
sufficiently large V even when the second term in (20) is not 
negligible compared with unity. In fact equation (20), written in 
the equivalent form 

gives correctly the first two coefficients in the expansion of P in 

ascending powers of Ijv, where v is the volume per molecule of the 

gas. This expansion is known as the virial expansion, and the 

coefficients of successive powers of Ijv are called virial coefficients. 

But if b/v^ is not negligible compared with 1/v, then the second 

term in (19) is certainly enormous compared with the first, i.e. 

the contribution from the terms 2 in (13) altogether swamps 

i>j 

the contribution from the term unity. And this is, in fact, even 
more true of later terms in the expansion: terms which we must 
now consider in more detail. 


b* The complete evaluation of basis of the expansion 

(13) presents very little difficulty once we properly appreciate the 
physical significance of the successive terms. The first term in 
(13), unity, leads, by itself, to the theory of a perfect gas, and so 
appertains to a physical state of the assembly in which inter- 
actions between the particles can be ignored. Each of the single 
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terms, f^p corresponds to a state of the assembly in which the 
interaction between the systems i and j is significant whereas all 
other interactions can be ignored. Likewise a term such as f^j 
which will certainly arise in the expansion of (12), will correspond 
to a state of the assembly in which the interactions between the 
systems i and j and the systems j and k are significant while all 
other interactions (including that between i and k) can be ignored: 
and so on. 

Since a factor vanishes unless i and j are close together, it 
is convenient to say that a term involving the factor corre- 
sponds to a state of collision between the systems i and j. Thus 
the first term in (13) corresponds to a state of the assembly in 
which there are no collisions, and each of the terms corresponds 
to a state of the assembly in which there is just one collision. f 
Similarly, a term like corresponds to a state of the assembly 
in which there are two collisions, namely significant interactions 
between the systems i and j and between the systems k and 1. 

It is convenient to refer to systems between which the inter- 
actions are significant as forming a cluster of systems. Thus a 
term corresponds to just one cluster of just two systems. 
A term in which all four suffixes are different, corresponds 
to two such clusters, whilst a term with a repeated suffix, 

pertains to a cluster of three systems (the systems i, and k). 
Now if the product (l+A^) is expanded completely, we shall 

get a series of terms (connected by plus signs) each of which 
corresponds to a certain division of the systems into mutually 
exclusive clusters. The absence of a particular suffix from any 
such term simply means that the corresponding system is not joined 
(through an /-factor) to any other system: we may say that it 
forms an isolated system. Thus, strictly speaking, the term/yy/y^j. 
corresponds to one cluster of three systems (i, /, and k) a^ndN—Z 
isolated systems. 

t The assumption that the first term in (19) is greater than the second implies 
that it is more likely that the assembly behaves as if there are no collisions 
between the systems than as if there is just one collision (between any two of its 
systems). It is not surprising that the physical effect of the possibility of this 
single collision (derived in (30)) should be entirely negligible! 
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Altogether there are N systems: and as far as is concerned 
they are distinguishable systems, since they have the suffixes 1, 
2 ,..., N attached to them. We can divide them up into mutually 
exclusive clusters in a large number of ways. Suppose that, in 
a particular specification of the assembly, there are 


rii isolated systems 
Tig clusters of 2 systems 
Tig clusters of 3 systems 

Ui clusters of I systems 


( 22 ) 


and so on. J 

Let us fix attention on a particular distribution of the systems 
according to this specification, and suppose, for example, that in 
this particular distribution the systems numbered i, j, and k form 
one of the clusters of 3 systems. This can be secured through the 
presence of 

fijfjk fikfjk fijfik fijfjkfik 

in the corresponding term in the expansion of TJ (l-f/id ’ conse- 

x>i 

quently several such terms correspond to the same particular 
distribution of the systems into clusters. But we can add all these 
terms together, and then take out the factor 

(fij fjk +/a fjk +fij fik +fij fjk fik)y 

since the suffixes i, j, and k do not occur again in these terms. 

Now fijfjk+fikfik+fijfik+fufikfik = 2 ( TI/w)’ 

terms on the r.h.s. being consistent with a single cluster of 3 
systems, p and q being restricted to the values i, j, and k. And, 
by the argument of paragraph 4 above, 

jjjl(UU^dr,dr,dr,^VB, 

(single cluster of the 3 systems, i, j, and k) 

where, provided there are no capillary effects, is independent 
of V. Furthermore, is independent of the particular suffixes 
i, j, and k: any cluster of 3 systems will give rise to a factor VB^ 
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in the corresponding term in Consequently, extending this 
argument, each particular distribution of the systems in accordance 
with the specification (22) will produce the contribution 

(23) 

towards wheref 

^' = 7 H2(n/") '''**-*< 

il) 

(single cluster of I systems) 


“ J-J 2 

(l-l) 

(single cluster of I systems). 

(Since the particular suffixes do not matter, we have chosen to 
call them 1, 2 ,..., 1.) We can make (23) more symmetrical by 
writing = 1, and then (23) becomes 

or Y^{VB;)^k (23') 


The expression (23') exhausts the terms in TJ (1+/^-^.) which are 

i>j 

consistent with any particular distribution of the systems into 
clusters in accordance with the specification (22). Consequently, 


Qn — IJ i^Bi)^ 


(24) 


where g(ni) stands for the number of ways in which N numbered 
systems can be divided up into isolated systems, clusters of 
2 systems and so on, i.e. divided up according to the specification 
(22). 

The next step is the relatively simple one of writing down an 
explicit expression for g(ni). The formula, which is an immediate 
extension of combinatory formulae with which we are already 
familiar, is 

= w:, ( 25 ) 


((!)«-' 


t Note: 6, of § 5 above, is given by = 26. 
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To prove this, we observe that we can imagine the N numbered 
systems arranged in order (say in a straight line) in N\ ways. 
Against this order we can divide the systems into groups accord- 
ing to the specification (22) (say by taking the first systems 
as the isolated systems, the next 2^2 systems, in successive pairs, 
as forming the binary clusters, the next systems, in suc- 
cessive triplets, as forming the % ternary clusters, and so on). 
But no order of sequence has to be attached to the Ui groups 
each containing I systems: so we have to divide by n^!. And 
similarly no order of sequence has to be attached to the I systems 
contained in any one of these groups (e.g. it makes no difference 
whether we say i, j, and k form a cluster or k, and i, or any 
other permutation of these three suffixes); so we have to divide 
by i! for every cluster of I systems. This leads directly to the 
expression (25). 

Finally, we observe that the numbers Ui are restricted by the 
condition that there are just N systems in the assembly, i.e. by 
the equation 

^ 2 ( 26 ) 

i 


Combining the equations (24), (25), and (26), we thus obtain 

[i:Zn/=iV] i 1 1 V / 


or 


or 


Qn 

Nl 


1 nbni^f. 


(27) 


wheref 




The last step here is merely a matter of convenience. But we 
t Note : 6 of § 5 above is the same as 6,. 
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may notice that 6^ can be given a semi-physical meaning, since, 
explicitly, 

= h. /•••/ 2 

(i) 

(single cluster of I numbered systems) 


dTidr^-^-dr^ (28) 

(l) 

(single cluster of I indistinguishable 
systems). 


We shall refer to the expression (28) again later. At the moment 
it is sufficient to observe that, with Vbi given by (28), equation 
(27) is exact, i.e. there is an algebraic identity between the right- 
hand sides of equations (12) and (27). That the above discussion 
should have been given in semi-physical language is quite irrele- 
vant: it has merely helped us to group the terms in Qy ^ 
venient way, to which we might equally well have been led by 
purely mathematical considerations. The only physical assump- 
tion which we have made (but not yet used) is that the quantities 
given by (28), are independent of V. Equation (27) is valid 
whether or not this physical condition is fulfilled, but when it 
is fulfilled the subsequent derivation of the thermodynamic pro- 
perties of the assembly is greatly simplified. And we have seen 
that the quantities 6^ will indeed be independent of V provided 
that capillary effects, dependent on the surface area of the 
assembly, can be ignored. 


7 . Unfortunately, owing to the restrictive condition (26), we 
cannot sum the r.h.s. of (27) explicitly, by purely algebraic 
methods, and so at this stage we must have recourse to the familiar 
technique of picking out the greatest term in the sum concerned, 
on the assumption that only this greatest term is of any im- 
portance. It is convenient to deal with (P.F.) itself, rather than 
with Qy, and by equations (9) and (10) we have 

(2nmkT\m^Qs 
== \—hF-) m- 
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Replacing N by ^ this gives 

ILZni-ATl V ^ ^ ' 

“ 2 i^7,n(w«. 

rvi*i.» ^n AJ. i 


(29) 


where stands for 

I.e. 


[ZZn,«JV] Y 

/27rmfeT\3^/2 


where 


(P.F.) = Tl(n,), 

(ni) 

I? 

and the quantities rii are subject to 

^Inr-^N, 

Using Stirling’s theorem we obtain, from (30), 

8 In X = — 2 In ^ ln( Vgi) hrti 

where, from (20), Z = 0. 

Consequently the values of denoted by nf^ which make X(n/) 
greatest are given by the equations (found by adding a(32) to 

ln(F(7,) + a/-lnnf 0 (I = 1,2,...), 


(30) 

(26) 

(31) 

(32) 


whence 


where A = 6“. 


(33) 


Introducing these values into (30), and equating (P.F.) to X(nf ), 
we thus find 

ln(P.F.) = - |:<[nnA+ln(F5r,)]+ ^nr+-^r,tln(Vgi) 

whence F = — AE7'In(P.F.) 

= NkT\nX—kT C^nf). (34) 

The thermodynamic equation, P — — (SF/SF);v,r> applied to 
(34), now gives 

NkT 8A , V 

A dV^ Z dV 


p = 
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but, from (33), 




since gi is assumed independent of F. Consequently 

i.e. PF = feT y nf. 


Combining the equations (35) and (34), we obtain 
G = P+PF 
= NkTlnX, 

which identifies A with the absolute activity of a system in the 
assembly. But for our present purposes the important equations 
are (35), (33), and (26), namely. 



PV = 

= kT 


(35) 


II 

II 




where 

= a'f| 

f Aar #1 # r </«V JL 1 I 

1 

(33) 

and 

llnr = 

= N. 


(26') 


8. On putting the values of nf given by the equation (33) into 
the equation (26'), we obtain 

or, dividing by F and writing V/N = v, 

griA+ 29 ^ 2 ^^+ = “• (36) 

V 


The l.h.s. of (36) is a power-series in A of which the coefficients 
Igi are (according to our basic physical assumption) independent 
of V. Consequently if v is sufficiently large, i.e. if the gas is at a 
sufficiently low pressure, A must be small and given, to a first 
approximation, by 

1 / A2 yi^N 

g^v^\27TmkT] V 
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(which is, of course, the absolute activity of a perfect gas of 
structureless particles). We are, however, here interested in the 
second approximation to A, which we can find by assuming 


A== 



and substituting this expression into equation (36). This gives 




+ ••• • 


.1 = 0 , 

V 


whence, equating to zero the coefficients of - and we obtain 

V 

1+^192 = 0 , 

giving = l|g■^ and = —2g^jg\. 

Hence, for sufficiently large v, 

1 23-2 , 


'' g^v 

Now, combining (35) and (33), we have 

PV = kT{XVg^+\Wg^+...), 
i.e. P = kT{'kgi+X'^g.;^-\-...). 

So finally, substituting from (37) into (38), we find 

But, returning to the definition of g-j, we have 


(37) 


(38) 


|| = 62 = 6 = iJ 47rr2/(r) dr 
0 

and our equation for P, expanded in successive powers of Ijv, 
commences 

P = kT 

which is precisely the same as our former result, equation (21). 
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With this strict derivation of the expression for the second 
virial coefficient we must end our present discussion of the full 
statistical treatment of an imperfect gas. We shall, however, refer 
again briefly to the above equations in the next chapter. It is 
possible, by the method of successive approximations to A out- 
lined in this section, to derive expressions for the third, fourth, 
and later coefficients in the virial expansion 



n=l 


but the algebra is tedious and the resulting formulae involve 
rather elaborate combinations of the cluster-integrals 6^. Actually 
Mayer has shown that the general virial-coefficient, can be 
expressed as a single integral having a simpler form than any of 
the cluster-integrals 6^; but this extension of the theory is certainly 
outside the scope of the present book. 

The theory of imperfect gases, to which this chapter must serve 
only as an introduction, is, in the author’s opinion, the most out- 
standing achievement yet attained in the whole field of statistical 
mechanics. The work, begun by Ursell in 1927, was taken much 
further by Mayer and his collaborators in America ten years later 
and has since been added to by Kahn, Born, Fuchs, and others. 
Detailed application of the general formulae has yet to be made: 
but formally the classical problem of an imperfect gas, and of 
a mixture of imperfect gases, has been solved. 


9, It seems ijhappropriate to conclude a chapter on the theory 
of imperfect gases without at least a passing reference to the well- 
known van der Waals equation, which may be written in the 

formt / »T2 X 

[P+^j(V-Na,) = NkT, (39) 

where and are positive constants. This equation, although 
of considerable usefulness in discussing the behaviour of imperfect 
(i.e. actual) gases empirically, has little theoretical foundation. 
For the model (involving binary collisions) from which it is 


t We use Oi and instead of the more customary a and 6, since we are 
already using —b for the second virial-coefficient. 
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generally derived can be shown to break down completely long 
before the interesting critical conditions occur which the equation 
itself is most famed for predicting. Nevertheless it is instructive 
to examine the nature of the second virial-coefficient on the basis 
of van der Waals’s equation and to see in what circumstances this 
agrees with the value found by the full statistical treatment. 

Solving equation (39) for P, and expanding the result in 
successive powers of NjV, we have 

p = 

v—a^ 

— I I \ 

i; \ V ’ / 

so that, on the basis of van der Waals’s equation, the second virial- 
coefficient is given by Ug— a^/feP. If this is to agree with the result 
found above, equation (21), we require 


00 



0 


The equations (40) and (21) will, therefore, agree as far as the 
second virial-coefficient is concerned provided that the interatomic 
potential V (r) is such that 
00 

27t J dr = « 2 — (41) 

0 

where and are positive constants. 

We shall not attempt to discuss in detail the restrictions imposed 
on U(r) b}^ the condition (41), for the problem is in any case rather 
an artificial one. But it is worth noting that if U (r) has the form 
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shown in Fig. 42, where Uq is sufficiently small for exp( — (r)/feT) 
to be replaced by l — U(r)lkT when r > then 


00 ro 00 

2-n J r*(l— dr == 27r J r* dr+2Tr J 


kT 


and the r.h.s. can be identified with a^—aJkT. 

The potential field depicted in Fig. 42 
is that appropriate to a model of the gas 
in which the atoms are regarded as rigid 
spheres, of diameter acting on each 
other with weak attractive forces. Such 
a model, therefore, gives a second virial- 
coefficient of the same form, i.e. having 
the same temperature dependence, as 
that implied by van der Waals’s equa- 
tion. Indeed, in this case, we have 



ro 

= 2.J 


dr = \nrl — 4tVQ where Vq 


4 




i.e. where Vq is the volume of one of the rigid atomic spheres. 


EXAMPLES 

1 . Prove that the third virial -coefficient, c,, is given by 

C, = = 461-263 = JJJ/u/m/si drjdrjdTa. 


2. Show that for a binary gas-mixture consisting of A -systems and 
B-systems we have (with the obvious notation, and subject to the same 
assumptions as in this chapter) 


Qna Nb 
NaINbI 


^ n 

hmnitn^Nji) 


where Ui^ and refer to clusters containing I indistinguishable A -systems 
and m indistinguishable B-systems. = 0, 6oi = ^lo — i*) l^educe the 
equation 


PV = ^20 5^02 +•••)» 
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where Aj and are given by 

^ I27rm. feT\3l/2 /277m« kT\^l\ 

3 ,.-{—^} (-jl— ) 

Hence derive the virial expansion 

P = fc2’(^-^(a^6iio+aua:B6u+»^6o»)+-). 

where 

v=VI(N^+Nb), NJ(N^+Ns), Xs^NM-i-Ns) 

00 00 00 

6m = i J 47rr*/4^(r) dr, = J iTir%B{r) dr, bos = H ^*Sbb(‘^) dr. 

0 0 0 
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GRAND PARTITION FUNCTIONS 


I . So far we have considered two of the fundamental formulae 
of statistical mechanics, namely 


fi' = felna a = Q{E,V,N) (I) 

and 

F{T, V,N) = -*Tln(P.F.), (P.F.) = (II) 

% 

We have seen that these two routes, or bridges, between mechanics 
and thermodynamics, lead to precisely the same territory, i.e. 
essentially they are equivalent structures although the second, or 
isothermal, bridge is more elegant and more easily crossed than 
the first, rather narrow, adiabatic one. 

The advantages of formula (II), compared with formula (I), 
were clearly seen in the simple example of an assembly of N inde- 
pendent, identical, localized systems. Formula (I) led to 






im) ^ 

(1) 

where 


(2) 

and 


(3) 


I 


We had to proceed by picking out the greatest term in the sum 
on the r.h.s. of (1), subject to the two restrictive conditions, (2) 
and (3). On the other hand formula (II), applied to the same 
problem, led to 


(P.F.) = y 





(4) 


where 


Jn, = jV, 

I 


( 2 ) 


and we were able to sum the r.h.s. of (4) forthwith, purely alge- 
braically. This advantage is due, of course, to the welcome loss 
of the restrictive condition, (3), expressing the constancy of the 
total eneigy of the assembly. 

We have, however, also met with cases in which the remaining 
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restrictive condition, expressing the fact that the total number 
of systems in the assembly is fixed, continues to impede purely 
algebraic progress. This happened in the example discussed in 
paragraph 5 of Chapter XV, and again in the theory of imperfect 
gases developed in the last chapter (see equation (27), Chapter 
XVI). The question therefore arises, Can we get rid of the remain- 
ing restrictive condition, typified by (2) above, and obtain a third 
fundamental formula of statistical mechanics for which any distri- 
bution numbers that may be introduced are entirely unencum- 
bered by restrictive conditions of any kind ? If so, then this third 
fundamental formula should provide an even better bridge, 
between mechanics and thermodynamics, than either of those 
which we have already explored. 

As already suggested, in the introductory paragraph to Chapter 
XV, there is such a third bridge, and one of great strength. We 
shall proceed in this chapter to construct it, and to illustrate its 
usefulness by considering again some of the problems to which we 
have already applied methods based on the formulae (I) and (II) 
above. 

2. Our immediate problem, then, is to get rid of restrictive 
conditions of the kind typified in equation (2); and it is convenient 
to use the particular example of an assembly of N independent, 
identical, localized systems in considering how this can be done. 

A clue to the correct procedure is afforded by examining the 
formal side of the transition, which we have already made, from 
formula (I) to formula (II). Starting with we construct (P.F.) 
by multiplying £2 by and then summing over all values of 

E, Now — IjkT was, in the first method, equal to the quantity ^ 
with which we multiplied the restrictive condition ^ — E in 

I 

applying the method of Lagrange’s undetermined multipliers to 
pick out the greatest term in O. Thus in passing from formula (I) 
to formula (II), and getting rid of the restrictive condition 
2 = E, we have 

(i) multiplied Q by 

(ii) summed over all values of E, 

(iii) given j8 its physical meaning, --IjkT. 
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These observations at once suggest that an entirely analogous 
procedure might be fruitful in getting rid of the restrictive condi- 
tion N. Indeed they suggest that we should 

1 

(i) multiply (P.F.) by 

(ii) sum over all values of N, 

(hi) give a its physical meaning, ixjkT, 

Here, of course, a is the quantity with which we formerly multi- 
plied the restrictive condition 2 ^ the method 

i 

of Lagrange’s undetermined multipliers to pick out the greatest 
term in tl, and fi is the chemical potential of a system in the 
assembly. 

We shall denote the result of these three operations by the 
symbol (G.P.F.), an abbreviation for the words Grand Partition 
Function. Thus, quite formally. 



(G.P.F.) = J 

(5) 

or 

(G.P.F.) = 2 (P.F.)a A-^ where A = 

0?) 

(S') 


(EJf) 

(5") 


Now equation (5) may, as we hope, provide a useful function 
of the mechanical properties of the assembly, but we have still to 
link this function with some thermodynamical property of the 
assembly. If the expression on the r.h.s. of (5) is to form the r.h.s. 
of an equation akin to (I) or (II), what thermodynamic function 
is to replace /S or F on the Lh.s. of this equation ? 

The answer is suggested by supposing that only the greatest 
term in the sum on the r.h.s. of (5') makes any significant contri- 
bution to the (G.P.F. ). If we write 

(G.P.F.) = y T{N), 

m 

where T(N) = (P.F.)^A^, 

then In T(N) = ln(P.F.)^+^lnA 

and the value of N for which T(N) is a maximum is given by 


ain(P.F.) 

dN 


InA = 


0 . 
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But 


ain(P.F.) 1 dF 
' dN ~~~ kTdN 


JL 

kT' 


and therefore the greatest term in the (G.P.F.) is the term for 
which In A — where /x is the chemical potential of a system 

in the assembly as calculated by method II. Our previous ex- 
perience in comparing method II with method I ought to have 
prepared us for this result, which suggests that to pick out the 
greatest term in the (G.P.F.), while not inevitably a necessary 
procedure, is at least a valid one. And if we can equate (G.P.F.) 
with 

(G.P.F.) - (P.F.);v*^^V*«^, 
i.e. *Tln(G.P.F.) = feTln(P.F.);v*+^V 

= -F+G 
= PV. 


These considerations, therefore, lead us to suppose that a third 
fundamental formula of statistical mechanics may be provided by 
the equations 

PV = fe!rin(G.P.F.) 
where (G.P.F.) = T (P.F.)^ 

iN) 

and where (P.F.)^y stands for the partition function, as already 
defined, for an assembly of N systems (in a volume V and at 
temperature T) and A is the equilibrium value of the absolute 
activity of (a system in) the assembly. 



Before discussing the equations (III), one further comment in the vein 
of the argument of the present section can usefully be made. It is that 
the familiar equations (see equation (23), Chapter XV), 

InN-f a-f)5€i— Inwi — 0, i = 1,2,... 


can equally well be regarded as 


Nl 


(a) giving the values of nf which make a maximum subject to 


i 


2n,«j = E, 
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Nl 


(b) giving the values of nf which make - -- ---- a maximum, 

11 ^ 4 * 


subject to 


i 


Nl 


or (c) giving the values of which make ^ e“ ^ a maximum, 

1 1 rii ! 


And the sum, for all values of n^, of the expression in (c) is (for the 
problem of an assembly of N independent, identical, localized systems) 
the quantity to which we have given the name grand partition function. 


3. The first important observation that has to be made on the 
content of the equations (III) concerns the nature, or identity, 
of the independent variables occurring in the grand partition 
function itself. 

In the case of Q, the independent variables are E, V, and N: 
which we have already seen are appropriate to the thermodynamic 
function S, 

In the case of (P.F.), the independent variables are T, F, and N : 
which we have, likewise, seen are appropriate to the thermo- 
dynamic function F. 

It is evident, from equation (5), that T and V remain inde- 
pendent variables as far as (G.P.F.) is concerned; but — since we 
sum over all values of N in forming (G.P.F.) — the variable N no 
longer enters explicitly into the final function. In place of N, 
however, we now have, as a new independent variable, either the 
chemical potential p (equation (5)) or the absolute activity A 
(equation (5')). And it does not matter whether we regard T, F, 
and p or T, V, and A as independent variables, since A and p are 
related by the equation InA = pjkT, 

The grand partition function itself, therefore, is an explicit 
function of the three variables T, F, and p or T, F, and A. We 
must now inquire whether these variables are appropriate to the 
thermodynamic function PV on the l.h.s. of equation (III). 

The product of the pressure and the volume of a thermo- 
dynamical assembly is very possibly a quantity with which the 
reader is not well acquainted. But it is shown in Appendix I, §c 
that, quite generally, for any single component assembly 

d{PV) = SdT+PdV+Ndp, 


( 6 ) 
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which reveals at once that T, V, and /x are just the independent 
variables most appropriate to the thermodynamic function PF. 
In fact 




and 



(7) 


so that, knowing PF as an explicit function of T, F, and /a, we 
can at once, by simple differentiation, calculate the other thermo- 
dynamic properties of the assembly. 

Actually, however, the quantity with which we wish to have to 
deal is not PF itself, but (G.P.F.) which is related to PF through 
the equation 

PF = ArTln(G.P.F.). 


And for (G.P.F.) the variables T, F, and A are even more con- 
venient than the variables P, F, and /i. For since 


/A - fcPhiA, 

we have (//a ~ feln AdP-f fePrflii A 

and therefore 


d{PV) - {S-\-Nk\nX)(lT-\-PdV+NkTd\nX 




dT-\-PdY^^^kT- 


d\ 


jm ,i\ 

= {TS+G)^-J^Pd V + Nk T ~ 
1 A 

= {E+PV)~^PdV+NkT'^ 

1 A 


( 8 ) 


since E — TS = F = G — PV. And from equation (8) we have 
I8PV\ E+PV ldPV\ ldPV\ NkT 

(9) 

whence, introducing the equation PV — *!rin(G.P.F.) into (9), 
we obtain at once 

A[*Tin(G.P.F.)] = |+*ln(G.P.F.), 
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i.e. 

and 

and 


E = fe7'2^1n(G.P.F.) 
P = tTAln(G.P.F.) 
N = A4ln{G.P.F.) 


(10) 


(G.P.F.) being a function of T, F, and A. These equations are 
considerably simpler than those which result from the equations 
(7) on regarding (G.P.F.) as an explicit function of T, F, and /it, 
and will form the basis of our subsequent work with grand 
partition functions. 

The last of the equations (10) can be written 


N 




(10') 


where on the r.h.s. we have written the explicit form of the (G.P.F.) 
and on the l.h.s. we have written N in place of N in order to avoid 
a confusion of notation. (The symbols N in equation (10) and N 
in (10') both stand for the equilibrium number of systems in the 
assembly when its volume is F, the temperature T, and the 
absolute activity of a system is A.) Now (10') gives 

) 

which shows that the term (P.F.)^^ A'^in the (G.P.F.) is proportional 
to the probability that there are in fact N systems in the assembly 
when T, F, and A are given. 



4. We must next verify that these new equations lead to the 
results obtained by methods (I) and (II) for some of the problems 
already discussed in earlier chapters. We shall give the equations 
with a minimum of comment. 


(i) A perfect gas 


(P.F.)^ 


_ (P-f-)^ 

N\ 


Since 
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we have 


(G.P.F.) = 2 


(AT) 


Ni 


i.e. (G.P.F.) = exp[A(p.f.)]. (11) 

This is an algebraic identity. Since (p.f.) = Vg{T) for a non- 
localized system, ln(G.P.F.) = AF^(T). (11') 

The equations (10) now give 

E = XVkTY(T), P = XkTg(T), and N \Vg(T), 


whence 

PV = NkT and E = NkT^^\ng{T) ^ NkT^~\n(^.f.) 


which are results with which we are already familiar. 

The criticism, which may be made on physical grounds, that 
for fixed V the model of a perfect gas must break down for 
sufficiently large N (and we have summed over all values of N) 
is, formally, a valid one. But that some terms in (G.P.F.) have 
been evaluated incorrectly does not matter at all provided that 
these terms do not pertain to the equilibrium state of the 
assembly. 


(ii) Condensed phase: Einstein model 
Since (P-F.) = (p.f.)^ 

we have 


(G.P.F.) = 2 (p.f.)^A^ 

(N) 


I.e. 


(G.P.F.) 


1 


1-A(p.f.) 

The equations (10) for E and N now give 
A(p.f.) 


provided A(p.f.) < 1. 


E 


and 


l-A(p.f.)^’ ^ = *r^^ln(p.f.), 

,V_ A(p.f.) 

1-A(p.f.)’ 


whence E = Nij, as we should expect, and 

N 


A(p.f.) 


1+iV’ 


( 12 ) 


(13) 


Since for a real assembly X, though very large, is finite, the 
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condition A(p.f.) < 1 in (12) is strictly satisfied; but for all practical 
purposes, for any macroscopic assembly 

A(p.f.) = 1. (14) 

The equation (10) for P gives P — just as if we 

dV 

were using methods (I) or (II). 

The equation PV ~ feTln(G.P.F.), however, gives, using (13), 

PV - -*Tln[l-A(p.f.)] = kTln(l+N), 

and though N is large, In N is, thermodynamically, quite negligible. 
This shows that the present treatment possesses the familiar funda> 
mental weakness of neglecting the volume of the condensed phase. 
We shall refer to this matter again in the last section of this 
chapter. 

(hi) Crystal-gas equilibrium 
Equation (33) of Chapter XV, i.e. 

(P.F.) = 2 (P-f-)f (15) 

was obtained algebraically. We now have 

(G.P.F.) = 2 (P.F.)xA^ = y (p.f.)f 

= (.«) 

showing that the grand partition function for the assembly which 
is capable of forming two phases is the product of the grand 
partition functions for the two phases separately. 

Further discussion of this problem is unnecessary. But it should 
be noted that for two phases in equilibrium P, T, and A are the 
same for both phases, and therefore the physical requirement 
y = l^-f combined with the fundamental equation 

PF = fePln(G.P.F.), 

leads at once to the result (G.P.F.) = (G.P.F.)i(G.P.F.) 2 , of which 
equation (16) is simply a particular instance. 
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(iv) Imperfect gas 
Equation (29) of Chapter XVI, i.e. 




(.zim-N) Ajl I 

was an algebraic identity. We now have 


(G.P.F.) = 2 ttViP 

= 2ir;^i?w' 

(n,) Y ' 

(G.P.F.)^exp[|AV5rJ. 


The equations (10), applied to (18), now produce at once the 
equations (36) and (38) of Chapter XVI which were previously 
obtained only by the laborious technique of picking out the 
greatest term on the r.h.s. of (17). 


5. The next two examples with which we shall continue to 
illustrate the grand partition function method of statistical 
mechanics involve multi-component assemblies and therefore 
demand a slight extension of our general theory. 

If the assembly contains several components, distinguished by 
the suffixes 1, 2 ,..., m, then the immediate extension of equation 
{5'') is simply 

(G.P.F.) = y Q(£\F,V,,...,V,,)e-^/»'rAf*Af....A^, (19) 

(Nu.TNmlE) 

where A^,..., A,,^ are the absolute activities of the components 
1 ,..., m, respectively. The justification of (19) lies in the corre- 
sponding extension of the thermodynamic formula (6), i.e, 
d(PV) = SdT+PdV+2NiClpi. 

In place of the single equation for N in (10) we now have m such 
equations o 

(»■ = (20) 

but otherwise everything is unchanged. Proceeding to the further 
illustrative examples, we have 
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(v) Perfect mixed crystal: RaouWs law 

Considering just the condensed phase we have, in the notation 
of Chapter XIV, 

This is an algebraic identity, as the reader should confirm by the 
methods of Chapter XV. Then 


(G.P.F.) = 2 


(MaMb) 


MAM„l 




-2 2 


i.e. 


M {Ma + Mb^M) 

“ ^ (binomial theorem) 

(G.P.F.) =r ^ 


(21) 


1— A^(p.f.)^— Ap(p.f.)^ 

The equations (20) now give 

M - ^a{V-Ua 

^ “ i-A^(p.f.)^^-A^(p.f.)J,’ ^ l^A^(p.f.)^i-A^(p.f.)^’ 

(22) 

and for to be physically significant (say lO^^) we require 

A^(p.f.)^+A^(p.f.)fe » 1. (23) 


Equation (23), with « replaced by — , may be regarded as a 
chemical equation of state for the condensed phase. Equations 
(22) and (23) then give 




V = ^AiP-f-YA, 


Mn 


= A£f(p.f.)5?, 


equations which lead (§ 2, Chapter XIV) directly to Raoult’s law. 


(vi) Combining gases: Law of Mass Action 

Considering the problem of dissociative equilibrium of the type 
A-\-B AB previously discussed in paragraph 4 of Chapter XI, 
and using the same notation: 


(G.P.F.) = 2- 


N,\ 


N,\ 


N,J 


i i i 


12_ 
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where 


+ ^ = '^2 + -^12 ~ X 2 

and J?«, n?, nf ) = T n? €?+ 2 2 . 

1 I i 

Summing over ^ and iV^ implies an unrevstricted summation over 
the distribution numbers n", nf*: consequently 


XI (e- 4 /kTA^)«;xi ^e-‘flHTx^Xs)nr 

{G.P.F.) = 2 n<! n<’ 

(n) i f f 

= IT exp[e-*?"‘^A^] JJexp[e-‘J"‘^A^] H exp[e-'f*/'‘^’A^AB] 

i X i 

= expj^A^ 2 2 ^■^*^*‘^jexp|^A^Aj5 2^“^^^**^] 

i.e. (G.P.F.) = exp[A^(p.f.)^+A^(p.f.)jj4-A^ ^^(p.f.)^;^]. (24) 



The equations (20) and (10) now give 

iVg = A2f(p.f.)/j+A^ A^(p.f.)^;g 

and E = A^(p.f.)^e„+A^(P-f-)j?eft+A^ Aj,^(p.f.)^;je^^, 


where each c is given by ^ 


feT2^1n(p.f.). 


(25) 

(26) 


From (25) and (26) it follows physically that 
— A^(p.f.)^, = Ajg(j>.f.) 2 j, and 

(27) 

whence we at once obtain the law of mass action 
-^12 _ ( P-^ )/IH 

iVi (p.l*0^(p.f.j»* 

Moreover, substituting from (27) into (24), we have 

PV = kT(N^+N 2 +N^ 2 ) (equation (2), Chapter XII): 
this equation can also be obtained from the formula 

P _ain(G.P.F.) 
kT^ dV 


remembering that (p.f.)^, (p.f.)^, and (p.f.)^B of the form 

Vg(n 
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For dissociative equilibrium of the type find 

(G.P.F.) = exp[A^(p.f.)^+A^(p.f.)^,] 

and a mere extension of the analysis allowing for association of 
the A ’s into molecules Ai of any order I leads to 

(G.P.F.) = exp[|A 5 ,(p.f.u] ( 28 ) 

(cf. equation ( 28 ), Chapter XII). There is a close similarity 
between equations ( 28 ) and ( 18 ), but they are not identical since 
(p.f.)^j and Vgi have not quite the same meaning. Actually equa- 
tion ( 18 ) is exact, whereas equation ( 28 ) is only approximate since 
roughly speaking, it ignores the volume of phase-space taken up 
by the species in the assembly. But when interaction potentials 
are such as to allow the formation of physically stable ‘perma- 
nently’ associated species the deviations from Boyle’s law are of 
a much higher order than are those for an ordinary ‘imperfect’ 
gas and equation ( 28 ) can satisfactorily be used in place of 
equation ( 18 ). 

6. In all the above examples we have been able to construct 
the grand partition function exactly, from first principles, using 
no mathematical techniques other than those of straightforward, 
and fairly simple, algebra. Herein Hes the elegance and strength 
of the grand partition function method. Indeed the author knows 
of no problem in statistical mechanics as yet satisfactorily solved 
in which recourse to picking out the greatest term in an otherwise 
intractable sum is necessary when the grand partition function 
method is used. But for a condensed phase represented by an 
Einstein model our discussion so far has been somewhat cursory ; 
and before ending this chapter on grand partition functions we 
must examine the condensed phase problem rather more carefully. 

If the equations, (P.F.) = (p.f.)^, where (p.f.) = ^ 

pertaining to the Einstein model of a condensed phase, are to be 
physically appropriate to the condensed state then it is necessary 
that each energy, 17, and its degeneracy, m, must depend not on 
the total volume, F, of the assembly but on the specific volume^ 
VjN. For, clearly, doubling the content of the assembly by 
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doubling both N and V (e.g. considering two grams of liquid 
instead of one) will not significantly alter the permissible energies 
of a system within that part of the assembly originally under 
consideration. Consequently, for such an Einstein model 
(P.F.) = [/(?;, T)]^, where v ~ V/N, 


and 


(G.P.F.) 


(N) 


where = /l 




(29) 


so that, V being fixed, we cannot perform the summation over N 
(a point which was deliberately obscured in example (ii) above 
by suppressing any mention of the volume, V). 

Assuming, however, that only the greatest term on the r.h.s. 
of (29) makes any significant contribution to the sum, we have 


and 


ainT, 


N . 


InT^^ Nlnf^^,Tj+NlnX 

dN ^[n’ J m 8v ^ ’ 

SO that the maximum term corresponds to V/N = v*, where 

T) = In A, 

and (G.P.F.) = f{v*, T)^k^, 

where N* = Vjv* and v* is given by (30). 

The equations (10) applied to (31) now give 

/average energy of system in\ 

E = N*kT^-^\n f(v*, T) = iy*j Einstein model corresponding!, 


(30) 

(31) 


dT 

_P 

kT 


\ 


to V 


/ 




and 


N = A*. 


Of these equations (32) is the most important since combining 
(30) and (32) we find 

A/(d*, T) = e^*/**^ 

(see equation (44), Chapter XIII), in contrast with equation (14) 
above. 

We thus see that our previous, and rather uncritical, discussion 
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of the (G.P.F.) for a condensed phase was incorrect in so far as 
it neglected Pv*jkT, Nevertheless the (G.P.F. )’s so constructed 
are quite adequate for most purposes. We may call them quasi 
grand partition functions. Results derived from them become 
formally correct if in them we replace A by F by G, 

and E hy H (the heat content, given by E-\-PV). In Table XI, 
summarizing typical grand partition functions, with which we 
conclude this chapter, quasi grand partition functions are distin- 
guished by an asterisk. Results included in the table and not 
already proved are left as examples for the reader. 

Table XI 



Assembly 

Grand partition function 

(a) 

Perfect gas, one component 

(G.P.F.) = exp[A(p.f.)] 

(6) 

Condensed phase, Einstein model 

(G.P.F.)*= 1/[1-A(p.f.)3 

(c) 

Crystal-gas equilibrium 

(G.P.F.)* = exp[A{p.f.),]/[l-A(p.f.)J 

(d) 

Immobile adsorption: indepen- 
dent systems 

(G.P.F.) = [1+A(p.f.)„r. 

(e) 

Perfect mixed crystal 

(G.P.F.)* = 1/[1-A^(p.f.)^-A,{p.f.y 

(/) 

Dissociative equilibrium in gas 
phase 

(G.P.F.) ± exp[Aj(p.f.)^+A^(p.f.)j,+ 

Aj((p-f')^*] 

(e) 

Imperfect gas 

(G.P.F.) =exp[2A'Fi;,] 

(A) 

Dimerization in one -component 
condensed phase 

(G.P.F.)* = 1/[1-A(p.f.),-A'(p.f.)t] 

(i) 

Dimerization in otherwise per- 
fect solution 

(G.P.F.)* = 1/[1-A„(p.f.)i-Aj(p.f.).- 

-Mp.f.),] 


EXAMPLES 

1 . Derive the results (d), (h), and (z) above, and in each case show that 
these grand partition functions lead to the equations already obtained by 
method (I) or (II). 

2. Derive the formulae 

(G.P.F.)e.b. = 1/Jf (G.P.F.),,i,. = Jl 

for the grand partition functions appropriate to assemblies of systems, each 
capable of energies Cj, obeying Einstein-Bose and Fermi -Dirac 

statistics, respectively. (See Chapter III, § 3.) 





XVIII 
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1. Having now a fairly complete picture of the technical equip- 
ment of statistical mechanics, we shall end this introductory 
survey of statistical methods by considering some of the contri- 
butions made to the theory of binary solutions during the last 
ten or twelve years. It will be possible to touch on only two or 
three of the simpler problems in this field, which is notoriously 
difficult and very extensive. Nevertheless, it is hoped that the 
following rather discursive account of certain aspects of this work 
will serve to introduce the reader to a wide range of current 
literature. 

In Chapter XIV, Raoult’s law was derived for a model assembly 
which may or may not give a good description of any particular 
binary solution. The important characteristics of the model, with- 
out which the statistical treatment would not lead to Raoult’s 
law, were 

(i) that the systems of the assembly can be regarded as inde- 
pendent systems, the partition function, (p.f.), for any one 
of them being entirely unaffected by either the bulk com- 
position of the binary solution or the local composition of 
the solution in its immediate neighbourhood, and 

(ii) that the number of spacial arrangements of -systems 
and iVg R-systems is given by the permutational expressionf 


Nj\Ns\ • 


( 1 ) 


Moreover, it was evident, physically, that implicit in these postu- 
lates are the assumptions 

(а) that the systems move in potential fields which are not 
sensibly affected by the composition (either gross or local) 
of the solution, and 

(б) that the .4 -systems and R-systems are of roughly the same 
size and shape, 


f Although we are concerned with condensed phases, we shall in this chapter 
use the more custoznary symbols ^ and instead of and 
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— we noted a possible exception to (b), but this need not concern 
us further here. 

Exactly similar postulates characterized the model from which we 
derived Langmuir’s adsorption isotherm equation. The ‘binary solution’ 
now comprises adsorbed atoms and vacant lattice-sites — ^which could be, 
but are not, occupied by an adsorbed system. The parallelism is enforced 
by comparing the equations 

l+A(P-f-)o ^s(P-f')B+^^(P'f-)^ 

Explicitly, the assumptions in the adsorption problem are that adsorbed 
systems do not interfere with each other, either geometrically or due to 
intermolecular forces. 

But, of course, comparatively few physical or chemical assem- 
blies actually satisfy these requirements. Binary solutions satis- 
fying Raoult’s law for all concentrations (often called ideal 
solutions, though the word perfect is, perhaps, preferable)! are the 
exception, rather than the rule. This means that the assumptions 
(a) and (6) are generally too restrictive and that a statistical theory 
of solutions based on a more comprehensive model is required. 

Considerable progress has, indeed, been made towards the 
removal of assumptions (a) and (6) and their replacement by less 
restrictive conditions. But just as the statistical mechanics of 
imperfect gases is mathematically more difficult than that of 
perfect (or ideal) gases, so also every attempt to extend the scope 
of the model on which our theory of binary solutions is based 
leads to an increase in the mathematical complexity of the theory 
itself. Some of these mathematical difficulties have not yet been 
overcome, and an exact statistical theory for the new model is 
then impracticable. Failing an exact theory, we have to be content 
to derive approximate statistical theories, which are probably 
strictly valid for no particular model at all, but which may be 
sufficiently good to give us an indication of the true implications 
of the new model concerning the thermodynamical properties of 
the assembly. Naturally an approximation of the mathematical 
validity of which we can form some estimate will be more 
valuable than any ad hoc simplification of the theory having no 
particular range of validity (e.g. as a theory — as distinct from a 
t Ideal oaa then be used to signify ‘ideally dilute’. 
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semi-empirical formula — the first two terms of the virial expansion 
are of more value than van der Waals’s equation as an approxi- 
mation to the true statistical theory of an imperfect gas). 

After this rather lengthy introduction, we turn to consider some 
of the models used to represent non-perfect binary solutions, and 
approximate methods employed to deal with the otherwise in- 
tractable mathematics. 

2. When the condensed phase (crystal or liquid) contains only 
one type of system (atom or molecule), then the use of an Einstein 
model to represent this phase is equivalent to writing the partition 
function in the form 

(P.F.) = J (2) 

where J(T) is the factor in the partition function (p.f.) for the 
internal vibrations and rotations ot a system (supposed inde- 
pendent of the rest of its motion) and i/f(r) denotes the potential 
energy of the system when displaced a distance r (or {x, y, z)) from 
its mean position. 

For a perfect solution (leading to Raoult’s law) comprising 
Nj^ A-systems and Nq JS-systems, the generalization of (2) is 
simply 

(P.F.) = J drY^ X 

X J drY‘g{NM^ (3) 

where g(Nj^,N^) is a factor given by the number of arrangements 
of A -systems and R-systems on the lattice sites of the 
crystal or mean positions in the liquid phase. We shall write (3) as 

(P.F.) = [fAT.v)Y-[fB{T,v)Y-g(N^^^^^ (3') 

where v, the specific volume of the whole assembly (supposed 
independent of enters through the potential functions 

For a perfect solution, as we have already said, y(^, Njq) is given 
by (1), and (3') becomes 

(P-F-) = 


4$73 


XT 
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The expression on the r.h.s. of (4) leads immediately to Raoult’s 
law. 

But the assumption, which we have made, that the fields ifs{r) 
are independent of the composition of the phase is not likely to 
be correct, i.e. to give a model with properties approximating 
closely to those of most solutions of chemistry or metallurgy. 



Clearly the average field in which any atom (or molecule) of such 
a solution vibrates will depend, usually, on the kind of atoms 
which are surrounding it. 

Retaining, for the present, assumption (6), we seek, then, to 
modify assumption (a) so as to take some account of the specific 
influence which the environment will exert on the potential 
field within which any particular system moves as a whole. 

Almost all theoretical work to date has been based on the 
assumption that the modifying influence of the environment is 
merely to add a constant (whose value depends on the nature of 
the environment) to the potential ^(r) without changing its form 
as a function of r (see Fig. 43), This is probably a legitimate first 
step towards a more elaborate theory, though its validity has not 
yet received sufficient investigation. 

The simplest case to consider now is that in which each system 
is roughly spherical and has the same number of (nearest) neigh- 
bours in the solution. Denoting this coordination number by z, 
and assuming further that 

each AA pair of neighbours contributes to the energy, 

each BB pair of neighbours contributes to the energy, and 

each AB pair of neighbours contributes to the energy, 
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then the 'configurationar energy of the assembly is given by 

-®confier = ^AA '^AA~\'^BB '^BB'V^AB '^ABf (^) 

where = number of AA pairs of neighbours, and so on. 
But, on counting up all the neighbours of the ^ 4 -systems, we 

and similarly 
Consequently, 




IdB ~ ^^B- 


J^config = i^^A'^AA+i^^B^BB + ^si^AB-i^AA-i^BB) 

=: (7) 


where JS^ == ‘configurational’ energy of ^-systems in a con- 
densed phase of ^-systems only, 

= ‘configurational’ energy of B-systems in a con- 
densed phase of JS-systems only, 

and w — ^AB'^i^AA’^i^BB ~ energy gained on mixing, per 
creation of an u4jB pair of neighbours. 

The rest of the energy of the assembly, over and above iE?config> 
is vibrational, rotational, etc., and may be supposed included in 
the partition functions J^(T,v) and /b(T, Therefore, on these 
new assumptions, we have 

(P.F.)= 2 (8) 

(iV^ir) 

where 


g(Nj^,N^,Nj^^) = number of arrangements of ^-systems and 
Ng B-systems so that there are altogether 
pairs of -4 j5 neighbours. 

A solution for which the partition function is given by equation 
(8) is known as a regular solution. 


3. Equation (8) may be written 
(P.F.) = T 

whence the Helmholtz free energy of the assembly is given by 
F - -feTln(P.F.) = i^+F^+AF, 
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where 

~ free energy of systems of condensed phase of pure 
J[ -component, 

- -^kTln(f^Be-E%lhT)^ 

= free energy of iV^ systems of condensed phase of pure 
JS-component, 

and 

AF = ~kTln{ 2 (9) 

HNjs) f 

~ gain in free energy on mixing the two pure components. 

The equations for and Fj^ need not detain us: the factors 
involving the configurational energy of a pure phase should be 
absorbed into the partition functions jT^ and in order to obtain 
formulae strictly comparable with equatiohs (2) and (4) above. 
It is, however, rather more convenient in the present work to 
adjust the energy-zeros for and so that the terms involving 
Wj^j^ and appear explicitly: which we have done. 

Equation (9), for AjF, forms the basis of the present problem. 
From it, by means of the Gibbs-Helmholtz equation, we derive 


AE = w 




( 10 ) 


but to proceed further we have to evaluate the 'configurational 
partition function’ 

(P.F.)oon«g= 2 (11) 

and here the mathematical difficulties begin. 

The r.h.s. of (11) has not as yet been evaluated accurately 
except for the very simple case of linear arrangements of the A ’s 
and JB’s in a straight line (or in two or three such lines side by 
side). The whole difficulty is due to our not having an explicit 
mathematical formula available for ^5) for any two- 

or three-dimensional lattice aiTay (coordination number s). Quite 
recently very considerable progress has indeed been made, by 



XVIII, § 3 REGULAR, BUT NON-PERFECT, SOLUTIONS 


293 


Onsager, Wannier, and others, in dealing with the two-dimensional 
problem; but even this is not yet completely solved, and the 
mathematical difficulties are very formidable. Consequently at 
this point we have, at present, to resort to approximate methods. 


4. Although we do not know ^b) particular 

(non-linear) lattice with coordination number z, we do know that 


and 


2 g(N^,Ns,N^s) 


( 12 ) 

(13) 


The proof of (12) is immediate: for if we are not interested in the 
value of Nj^b then the number of arrangements of the systems is 
simply given by (1). In proving (13), we observe first that the 
l.h.s. gives simply the average value of Nj^b when w — 0^ i.e. when 

there is random mixing of the A- and J5-system8. We shall, there- 

-e- 

fore, denote the l.h.s. of (13) by We then consider two 

■O' 

neighbouring lattice-sites, say (i) and (ii). In evaluating Nj^b 
mixing is random, and consequently: 


the probability of A on (i) 




the probability of B on (ii) = 
and therefore 




the probabiUty of ^(i)5(ii) = 

Similarly, 

the probability of £(i)^(ii) = 

Therefore the probability that the pair of sites (i)(ii) contributes 
to Njb is Nb 
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But there are pairs of neighbouring sites in the whole 

lattice . Therefore , 




m+^B) 


2N^Ns 


= z 


N.+Nr, 


(13') 


which proves equation (13). 

Now the first approximation made to (11), which we may 
associate with the names of Bragg and Williams (though other 

authors have used it independently) is obtained by replacing all 

-e- 

values of ^aB' way we obtain 



whence 




N^IN, 




• zw 


N,N, 






AF 


zw 




-feTln 


kT, 

{N^+Nj,)\ 


’ 

AS — (as for random mixing), (14) 

^A- -"B- 


AE 


zw 




(= m^-^b)- 


(16) 


Using X to denote the mole fraction, N^j{Nj^-\-Ns), (14) and 
(15) become 

A8=- -(i^+iV^)fe(xlnx+(l-a:)ln(l-a;)} (14') 

and AE — {Nj^-\-Ng)zwx(\—x), (15') 

and as functions of the mole fraction, x, AS and AE have the 
forms shown in Fig. 44. 

When w > 0, AF, given by AE~T AS, can have the double- 
minimum form shown in Fig. 44 (c), with the physical signiiicance 
that the solution will then separate into two different (comple- 
mentary) concentrations — as indicated by the dotted line. (Note: 
tc > 0 implies that AA-\-BB is energetically more stable than 
2AB; which accords with the possibility of phase separation in 
this case.) 
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In terms of partial vapour-pressures, we have 


kT\n^ 


Pa 


Pa-Pa 


( 8^F \ 

Wl, 


Nb»T 


= zw- 




-zw- 






= zw(l—x)^-\-kTlnx, 


-kTln 


Na 




i.e. 


(16) 


Similarly, = p%(l—x)e^^^^l^^. 

Here p^ and p% refer to pure condensed phases of the A and B 
species, respectively. 



It is left to the reader to show that the equations (16) imply 
everywhere positive deviations from Raoult’s law if w > 0, and 
negative deviations from Raoult’s law if < 0. 

Straightforward differentiation now gives 


^Pa 

dx 


^ \ 
a; kT\2zw ' ’} 

_ Pa kT I f l\i»| 
X kT{2zw 2/ / 


(17) 


SO that the equation dp^jdx = 0 has two roots, symmetrical with 
respect to x = provided that 


i.e. provided that kT < — . 
2zw 4 2 
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It follows thermodynamically (see Appendix V) that separation 
into two phases, differing in concentration, will occur at tempera- 
tures below a temperature of critical mixing given by 

kT^ = \zw. (18) 

Thus, in outline, we have derived the properties of the partition 
function based on Bragg and Williams’s approximation. In parti- 
cular, positive and negative w (heats of mixing) imply positive 
and negative deviations, respectively, from Raoult’s law; and 
there is a temperature of critical mixing given by equation (18). 
To some extent we have certainly extended the perfect-solution 
model to take account of a possible heat of mixing, but it may be 
doubted whether equations (16) and (18) more than very qualita- 
tively describe attributes of a regular solution defined by the 
partition function (11). For equation (14) shows that although we 
allow for a possible heat of mixing, nevertheless we assume that 
the A and B systems still undergo completely random mixing 
(either in the whole assembly if there is no phase separation, or 
in each separate phase if there is). Indeed, we have assumed that 
all arrangements of the systems correspond to the same configura- 

tional energy, But this is in contradiction with equation 

(11), according to which some configurations will be energetically 
much more favourable, and so more probable, than others. In 
fact, according to equation (11), the entropy of mixing for a 
regular solution will depend on the temperature. A better approxi- 
mation to the partition function (11) is, therefore, required if the 
resulting thermodynamical equations are to do justice to the 
mechanical model underlying our concept of a regular solution. 

5. At this point it is convenient to digress and consider the 
exact treatment of a one-dimensional array. This was first given 
by Ising (1925) in connexion with an analogous problem in the 
theory of ferromagnetism. 

We require the number of arrangements of A -systems and 
Nff J3-systems, in a straight line, for which there are AB (or 
BA) ‘links’, or pairs of neighbours. We shall assume (justifiably) 
that Nj^ and are so large that we can neglect ‘end’ effects. 
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Then, since each unbroken succession of -4 -systems begins and 
ends with an 41 J5 link, in any such arrangement the Nj^ ^4 -systems 
are divided into Nj^bI^ groups, each containing at least one system 
(see Fig. 45). 

Let the left-hand member of each ^ -group be marked with a 
star. Then the division of the A ’s into groups is entirely specified 
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Fig. 45. 


by the placing of Nj^bI^ stars on N^bI^ of ^-systems. 

This can be done in 



ways. 

Similarly, let the right-hand member of each J5-group be marked 
with a star. This completely specifies the B-groups, which can, 
therefore, be specified in 



ways. 

If now we arrange that the ith ^*-sy8tem immediately follows 
the ^th J5*-system, then we have uniquely specified the arrange- 
ment of the ^’s and 5’s in a straight line. For given there- 
fore, the number of such arrangements is 



(Actually twice this would be more precise, since we could equally 
well suppose that the ith J5-group immediately followed the ith 
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^ -group. But a numerical factor of this kind is entirely unim- 
portant.) Consequently, 

AT f V f 

/T> 1? \ _ ^-NAnwlhT /OA\ 


(P.F.)oonfig — 






,^-N^wlhT^ (20) 


We can now proceed to pick out the greatest term in the sum 
on the r.h.s. of (20). But, since the corresponding (G.P.F.) can 
be evaluated explicitly, it is more elegant to use the grand 
partition function method. Strictly there is no such thing as 
(G.P.F. )coiifig» and so we must return to the full expression for 
(P.F.) which, by (20), is 




(N^-X)\ X\(N^-X)\ 


f^A f^Be-EAlhT^-E^^lhTy2X^ 


where X == and y = Then, since 

~ '^AA^A ^B ~ ^BB^B ~ 


we have 


(G.P.F.) = 2 


(Na.Ns,X) 


X\{N^-X)\ x\(Ns-xy. 


X y^(fA 

where and X^ — Therefore, 


{NaM»X) 


{G.F.F.) = J^y^^-k^X§'2- 


(N^-X)l 




Xl(Ns-X)\ 




= 2 y^Aixf(i-x^)-<^+«(i-x^)-<^+« 

(X) 

(by the binomial theorem, see Appendix II, §c) 

1 vf 

(l_X^)(l_X^) 4 U1-X^)(1 -Xb)/ 




(I-XJ(I-Xb) 1- 


■(1-X^)(1-Xb) 
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i.e. 


(G.P.F.) = 


( 22 ) 


This surprisingly simple and striking result can be generalized 
to include more than two species; but our present purpose is to 
deduce the thermodynamic properties of the assembly. Since, at 
constant temperature, 




aA, 


and Xr 


"ax. 


_ x ^ 


we havef 




i.e. 

Na=^ 

and 

Nb = 


X^(l X^)-f-X^ Xjg 

(1„X^)(1-X^)-X^X^2/^ 

(l-X^)(l-X^)-X^X5i/2 
Moreover, from (21) (see end of §3, Chapter XVII), 

2X = = y|^ln(G.P.F.). 

whence, from (22), 

But, from equations (6), 

Ia = + 

Nb = Nbb+IN^b 
Therefore, from (23) and (24), 

^ X^(l-Xg) 

(1 — ^^)(1 — ^b) 


N, 


BB 


^b(^ ^a) 


and from (24) and (26) we obtain 

(1-X^)(1-Xb) 


^AA^BB 

(^b)* 


4X^^b 


y~ 


(23) 


(24) 


(25) 


(26) 


(27) 


t It is convenient to use iV^ and rather than and to denote the 
equilibrium values of ^ and Nj^. 
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But if we are dealing with a macroscopic thermodynamical 
assembly, Nj^ and Njq must be very large quantities. Therefore 
the denominator in (24) and (26) must (effectively) vanish, i.e. the 
assembly must satisfy the ‘equation of state’ 

(1-XJ(1-X5)-X^X^2/" (28) 


(cf. discussion of Raoult’s law in Chapter XVII). Equation (27) 
therefore becomes 


i.e. 






NaaN^b 




(29) 


With equation (29) we shall close the present discussion of this 
rather artificial one-dimensional problem. But this final equation 
is of considerable interest. It may be compared with the analogous 
equation derived from Bragg and Williams’s approximation. 
Writing (see (25)) 


^A — ^ ^BB — ^B \^AB^ 


equation (13') becomes 


^A^B 



1 

4 


(30) 


-e- 

— which clearly makes sense, since Nj^j^ is the true average value 
of when w ~ Thus, for the one dimensional problem with 
which we have been concerned in this section, equation (30), 
which epitomizes the Bragg and Williams approximation, is false 
in so far as it replaces by unity the factor on the r.h.s. of 

equation (29). 


6. We are now in a position to appreciate an important approxi- 
mate treatment of the real, three-dimensional,! regular-solution 
problem : it is due, chiefly, to Guggenheim. Guggenheim suggested, 
in effect, that equation (29) should form the basis of an approxi- 
mate treatment of three-dimensional regular solutions: at any rate 

t The two-dimensional problem is also *real’ in the theory of adsorption. 
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equation (29) should be preferable to equation (30), which under- 
lies the Bragg and Williams approximation. 

Historically, this suggestion was made not by analogy with the 
correct solution of the corresponding one-dimensional problem but 
by analogy with the law of mass action for the reaction 

AA + BB--^2AB 

in a gas phase, i.e. with the equation 

BB /Ql\ 

i^As)^ (P*^*)^B 


And the analogy between (29) and (31) is very close: for if we 
destroy an A A and a BB pair of neighbours to form two AB 
pairs, then we increase the internal energy of the assembly by the 
amount 2w\ while with the A A link, and the BB link, there is 
associated a symmetry factor of 2 compared with an unsym- 
metrical AB link. For this reason Guggenheim refers to equation 
(29) as an equation of quasi-chemical equilibrium. 

Dropping the unnecessary bars, we shall now show that the 


equations 


^AA _ lp2wlhT 

^^AA~^^AB ~ 
^^BB~^^AB ~ ^^Bf 


and, of course. 




^AB^ 


(29) 


(6) 


(32) 


suffice to determine the thermodynamic properties of the solution. 

We start by calculating as a function of the temperature, T, 
and the mole fraction x (= 

It is convenient to denote the quantity by the 

(i^+Ajg) 

symbol 

On account of the equations (6), equation (29) can then be 
written as 

whence, solving this quadratic for f , we obtain 

_ -l±V{4a: (l-a;)(e^'*^-I)+l} 

^ ■' 1) 


( 33 ) 
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Now, on account of its physical meaning, we need 0 < ^ and 
this restricts us to the plus sign before the square root in (33).t 
Consequently, by (32), 

N^+Ns 2(e2“’"‘^’-l) ■ ^ ^ 

Having thus obtained A£ as a function of x and T, we must 
next obtain AF as a function of x and T by integrating the Gibbs- 
Helmholtz equation, i.e. from the equation 


AF = -T 


pdT+constant T. 


Substituting from (34) into (35), we have 


AF 

N^+Nb" 


zwT f V{4x(l— x)(e*«’"‘r— 1)+1}-1 


zwT r 

2 J 




constant Tj 


and to integrate (36) it is convenient to put 
4a:(l-a:)(e2^^’/*^— l)-f 1 = 

i.e. 4a:(l — = 2tdt, 

This gives 

t 

AF _ zwT r . . 4a;(l— x)/— fe\ tdt 

N^+Njs^ ^ J ^ ^ ^2_l + 

+ constant T, 


AF 

N^+Nb 


F zkT C 4tx(l-—x)tdt 

J (Tfl)i«‘^^ 

^ -f constant T 

4a:(l-— a:) 

= "Y‘ -1 ■ 2fl + V{l-4x(l-x)}] 

J <-V{l-4x(l-x)} 

4a:(l— -a?) 

2[l-V{l-4x(I-x)}] d<+constant T. (37) 
^*(1— *)} - 

t This is true whether e***’/*^ > 1 or < 1, i.e. whether w > 0 or < 0. 
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(Here we have used the partial fraction identity 
u 

{u—a)(u—b)(u—c) 

_ a(a~h)-^{a-cy^ b{h-a)-\b-c)-^ c{c~ay\c-b)-^ 

(u—a) {u—b) (u—c) 

to express the integrand as the sum of three terms each of which 
is the differential coefficient of a simple logarithmic function of t,) 
Thence, from (37), 

AF zkT( 4x(l—x) , r 

+ ln(.+ .)) + 

+ constant T. (38) 

At this point it is convenient (but see below) to assume 
Njt > Njy. Then 


^x(\—x) 


2Nn 


and 


l+Vi^ — 4a;(l — x)} 

^x(\—x) 


2N^ 


l-V{l-4a;(l-x)} N^+N^ 

and (38) becomes 

-ln(V{4J^ + 

+Ns iz[ln(^{iN^ Nse^l’*'>'+(N^-Nj,r}-N^+Ns)- 

-\n{^{iN^Nse^>^l'‘^+{N^-Nj,n+N^+Nji)] + 
+ constant. (39) 


Our next task is to determine the ‘constant’ in equation (39); 
but before proceeding further the reader should verify that equa- 
tion (38) again produces equation (39) on the assumption that 
Ns>N^. 

To fix the constant in (39) we observe that, since this constant 
is independent of T, we can find it provided that we know the 
value of AF’ for some particular temperature. Now the simplest 
temperature to take is a very large temperature, for which wfkT 
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can be ignored: for in this case we have random mixing and AjF 
is given by 


^ - N hi I y In 

kT - NJNsl ~ N^+Ns‘ 


(40) 


And when wjkT can be ignored, (39) becomes 

+2^3 J2{ln 2^— In 2(^+ ^3)}+ constant. (41) 
Equating the r.h.s.’s of (40) and (41), we thus find 


constant 


„z— 2, 

-iVL— — In ,, - 

^ 2 N^+Nb 


„ 2—2, Nb 

• N„——hi - — ^ 


2 ~N^+Nb 

Thus, finally, Guggenheim’s equation of quasi-chemical equi- 
librium yields 

^ = 2^ j2|^ln(V{4i^iVBe»+(2^-iVB)*}+i^-iVB)- 

-ln(V{42^ Nb c*+ {N^-Nb^+N^+Nb)- 

z-2 


:in. 




N^+Nb. 

+2Vb 42[ln(V{42^ Nb e2-/fcJ’+(2^-2V3)2}-2^+2V3)- 
-ln(V{42^ Nb {Nj^-Nb^N^+Nb)- 


+ 




-I 


2 ‘2^+2V3J' 

And from equation (42) all further thermodynamic properties of 
the assembly can at once be deduced. 

7. The equations 




0. = 


Pa 


and 


H-b—Pb 


kTln^ = 

Pb 

give (as can be verified without difficulty) 


WaIn, 

/ 8AF \ 

UnbL, 


kTln^ = J2:(first quantity in [ ] in (42)) 


Pa 


feTln^ = ^2:(second quantity in [ ] in (42)). 
Pb 


and 
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Thus, in terms of the mole fraction, rr, 


-ln(-y/{4x(l — a:)e2<Wfcr_j_(2a;— 1)2}+ 1) . 


and 


ln(l— a;)j 


-ln(V{4rr( 1 -x)e^^l^'^+(2x-lf}+l)- 


, (43) 


from which it can be proved that, just as in the case of the Bragg 
and Williams approximation, positive w impUes everywhere posi- 
tive deviations from Raoult’s law and negative w implies every- 
where negative deviations from Raoult’s law. 

In paragraph 4 above, we saw that the Bragg and Williams 
approximation predicted the occurrence, when > 0, of phase- 
separation at temperatures below a certain critical mixing tem- 
perature, 7J.. Examining the present approximation for the same 
possibility, we find, by straightforward differentiation (followed 
by an algebraic factorization) that dpjdx vanishes if and only if| 


z — 2 

Now equation (44) implies 


i.e. 


(2x-l)i = {g/(2- 

I_e2«7ic2' 


(44) 


(44') 


The l.h.s. of (44') always lies between 0 and 1 : but we must discuss 
separately the two cases, w < 0 and w > 0. 


Case (i), w < 0, < 1. 

Then (44') can be satisfied (for some x) provided 
, ^ {zl(z-2)Y^e^-l^^ ^ , 

^ ^ l^^ZwjkT ^ • 

But this is impossible, since the numerator of this fraction is 


t The same is true, of course, of dp^jdx. 

X 


4973 
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necessarily greater than the denominator. Consequently dpj^jdx 
does not vanish for any x (at any temperature), and phase- 
separation does not occur. 


Case (ii), > 0. ^ i 

Then (44') can be satisfied (for some x) provided 

^2wlkT__l ^ ’ 

i.e. provided g^wiUT > , 


i.e. 


w 


>ln 


2-2 


(45) 


Consequently, if T < T^, where is given by 

kT, = ( 46 ) 

then phase-separation occurs at some concentration. 

Actually for T — ^ (twice) at a; = ^: so a solution 

with composition x = ^ will separate into two phases whose 
compositions differ progressively from a; = | as the temperature 
is reduced below T^. A solution with initial composition x ^ ^ 
will start to separate into two phases when T — TJ^x) < JJ.. We 
shall not here attempt to evaluate TJ^x): this requires graphical 
methods, and is best done by plotting the isothermals (42) — see 
Fig. 44(c) and Appendix V. 

Here we must leave the discussion of the approximate treat- 
ment of a regular solution based on Guggenheim’s equation of 
quasi-chemical equilibrium. Qualitatively the partial vapour- 
pressure curves so calculated are not unlike those derived from 
the Bragg and Williams approximation, though there are quantita- 
tive differences as is, of course, evidenced by the difference between 
equations (18) and (46) for the critical mixing temperature. 

Of the two approximations this second one is certainly the 
better: it gives a temperature-dependent entropy of mixing and, 
moreover, provides the exact solution in the (artificial) one-dimen- 
sional case: which the Bragg and Williams approximation does 
not. And here we should observe that according to equation (46) 
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there is no finite critical temperature when z == 2 : sl result empha- 
sized by Ising in connexion with the analogous ferromagnetic 
problem. 

Nevertheless, it is only an approximate treatment of the under- 
lying regular solution problem. Kirkwood, indeed, has shown that 
for plane square (z = 4) or simple cubic (z — 6) lattices, the 
expansion in ascending powers of wjkT of the r.h.s. of equation 
(42) agrees with the strict requirements of equation (9) up to and 
including t the terms in (wjkT)^, but not further. Moreover the 
recent work by Wannier and Onsager, though incomplete, strongly 
suggests that for a plane square lattice (z = 4) the critical tem- 
perature, ?J., is given correctly by the equation 

= 1 - ( 47 ) 

Comparing, for 2=4, the predictions of the three equations (18), 
(42), and (47), we have 
tv 

_ = 0*50 (Bragg and WiUiams), 

KJ.C 

'ijj 

— = 0-70 (Guggenheim), 
w 

_ =r 0-88 (correct). 

Klc 

The comparison probably gives a fair indication of the relative 
validities of the two approximations which we have discussed in 
the present chapter. 

Finally, it should be noted that equation (9) necessarily implies 
that AF, as a function of is symmetrical about x = |. This 
important feature of the regular solution model has been preserved 
in both of the above approximate treatments. 

8 . So far in this chapter we have dealt only with attempts to 
relax the first of the two physical assumptions underlying the 
concept of a perfect solution — assumption (a) of paragraph 1 
above. Any relaxation of the second of these assumptions, (6) 
above, so as to allow solvent and solute species to differ markedly 

t This refers to AF/kT, 
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in size or shape, gives rise to statistical problems even more 
formidable than those with which we have been here concerned. 
It is possible within the scope of this book only to indicate very 
qualitatively the nature of some of the obstacles encountered, and 
one or two of the conclusions apparently established, in this 
important, but decidedly difficult, field. 

Practically all the truly statistical, as distinct from thermo- 
dynamical, work so far attempted has been based on the assump- 
tion that the spacial configurations of the solvent and solute 
species may be enumerated against the background of a quasi- 
crystalline structure in the condensed phase, i.e. assuming at least 
a definite coordination number in the condensed phase. The 
simplest problem would then seem to be that of a binary solution, 
with no heat of mixing, in which one species is just twice the size 
of the other: i.e. in which each solute system, say, occupies two 
neighbouring lattice-sites compared with a solvent system, which 
occupies just one lattice-site. All the permissible configurations 
having the same energy, the problem is then only the combina- 
torial one of enumerating the number, of arrange- 

ments of AA-systemsf and 5-systems on a lattice of 
sites, having coordination-number z. 

However, no exact mathematical expression for 
known, and so even in this simplest problem approximate methods 
must be used. We shall not enter into these approximations here, 
but merely assert that several independent lines of attack all lead 
to the same conclusion, namely that the partial vapour-pressure 
curves for such a solution will show everywhere small negative 
deviations from Raoult’s law. And if the solute species occupy 
three or four neighbouring lattice-sites, instead of just two, and 
again there is no heat of mixing, then the small negative devia- 
tions from Raoult’s law would seem to be rather larger than in 
the case of the double- and single-molecule problem. 

If the problem for zero heat of mixing can be regarded as solved, 
then some account can be taken of interaction-energies, i.e. of a 
non-zero heat of mixing, by an extension of the quasi-chemical 

t A A emphasizes that each such system occupies two sites: but the notation 
has no further molecular signiiioance. 
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equilibrium method already discussed in this chapter. The reader 
is referred, in this connexion, to a recent paper by Guggenheim, 
listed in the bibliography (Appendix VII). 

Perhaps the most important solutions of physical chemistry, 
however, in which solvent and solute molecules differ markedly 
in size, are solutions of polymers in simple solvents. If the polymer 
molecules are flexible as is often, indeed usually, the case, then 
an additional difficulty is introduced into the statistical theory. 
For even if there is only one solute molecule, i.e. just one polymer 
molecule surrounded by solvent molecules, we do not now know 
the number of possible configurations of this limitingly dilute 
solution. At first sight we may be tempted to say that if the 
polymer consists of n sub-species, or monomer units, then the 
number of such configurations when one end of the polymer is 
kept fixed is simply for there are apparently z ways 

of laying down the first link and then (2 — 1) ways of laying down 
each succeeding link. But this ignores the fact that many of the 
configurations so enumerated must be ruled out since they imply 
that more than one unit of the polymer can occupy the same 
position in the quasi-lattice structure. It is this ability of a long 
flexible molecule to ‘get in its own way’ which so complicates the 
statistical theory of polymer solutions. Nor is this self-obstruction 
unimportant: indeed the late W. J. C. Orr, responsible for some 
of the best work on these problems, has shown that excluding these 
forbidden configurations may reduce the corresponding entropy by 
as much as 10 or 20 per cent. But for further details the reader 
must be referred to the original papers : since these have not yet 
been summarized in standard treatises a short list of appropriate 
references is given in the bibliography (Appendix VII). 


EXAMPLES 

1. In the problem of immobile adsorption, let there be an interaction 
energy, —w, between each pair of adsorbed atoms, (w > 0 corresponds 
to attraction between the adsorbed systems.) Show that the Bragg and 
Williams approximation leads to 




(p.f.)^ 
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whonce the adsorption isotherms are given by 

where g(T) ^ (p.f.)^/F, (Fowler’s adsorption isotherms,) 

2 . Show that, when w? > 0, Fowler’s isotherms predict critical conditions 
below a critical adsorption temperature given by kT^. ~ zwj^i and that 
when w < 0 there are no such critical conditions. (Consider (dlnP/d0)j^.) 

3 . Show that the partial vapour-pressures given by equations (43) satisfy 
the Duhem-Margules equation. (Equation (22), Chapter XIV.) 


4 . Prove that the quasi -chemical approximation is equivalent to assum- 
ing that is given by 





l-z/2 


(Chang.) 



XIX 


STATISTICAL MECHANICS, THERMODYNAMICS, AND 
PHYSICAL MODELS 

1 . Our introductory survey of the methods of statistical me- 
chanics is now practically complete. In this final chapter we shall 
attempt, very briefly, to set the two disciplines of statistical 
mechanics and thermodynamics in their proper mutual perspec- 
tive. Anything like a complete discussion of the foundations of 
statistical mechanics is certainly outside our present scope, but 
it is hoped that these final paragraphs may serve as some intro- 
duction, however inadequate, to the fuller treatments to be found 
in standard treatises (see Bibliographyf ). For this reason we shall 
proceed to introduce one or two technical terms which have, 
hitherto, been avoided. 

In the previous chapters we have recognized three alternative 
statistical methods, summarized in the equations 

8{E, V,N) = felnli, where Q = Q(E, V,N) (I) 

F(T,F,N) - ~feTIn(P.F.), where (P.F.) (II) 

i 

PV(TJ,X) = fcrin(G.P.F.), where (G.P.F.) = T 

In using all three methods, D is to be evaluated on the basis of 
the hypothesis (6) of Chapter II (or its classical counterpart); and 
in all three methods internal distribution functions for the assembly 
are derived on the assumption (see hypothesis (6) of Chapter II, 
§ 1 of Chapter XV and § 3 of Chapter XVII) that any term 
in fi, (P.F.) or (G.P.F.) is proportional to the probability of 
occurrence of the corresponding state, or condition, of the 
assembly concerned. 

The three methods, (I), (II), and (III), are said, in statistical 
terminology, to be based on the concepts of the micro-canonical 
ensemble, X canonical ensemble, and grand-canonical ensemble, 

t In this connexion the reader is especially referred to Tolman's magnificent 
book, The Principles of Statistical Mechanics. 

t Sometimes called petit ensemble. 
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respectively, of Willard Gibbs. But we shall not examine these 
concepts further here. 

In the fibrst of these methods, and sometimes also in the second, 
we had generally to proceed by picking out the greatest of a large 
number of terms, each corresponding to a large number of distinct 
states of the assembly, but only the greatest of them contributing 
appreciably to Q, or (P.F.). Normally this was entirely justifiable 
mathematically, but for an assembly of non-localized systems that 
we obtain the right result for in this way is entirely fortuitous, 
since in deriving the result we use Stirling’s theorem to handle 
21n%! and then find that nf is a very small number — strictly 
0 or 1, but since we have treated as a continuous variable we 
actually obtain a very small fraction (see paragraph 3, Chapter 
III), Historically, this difficulty was first successfully avoided by 
Darwin and Fowler. The Darwin-Fowler method is based on the 
micro-canonical ensemble, i.e. on fi, but rests on the fact that 
Q is itself 

the coefficient of in T Q(Ey V, N)x^y^, 

{E^N) 

and we have already seen that this sum, which is simply the grand 
partition function with x in place of and y in place of A, 

can generally be evaluated in closedf algebraic form — in fact for 
a perfect gas the sum is simply expj^i/ J coefficient 

can then be evaluated, asymptotically for large E and N, by a 
perfectly valid analytic method, the so-called method of steepest 
descents] but since this entails complex variable analysis we cannot 
pursue the matter further. The results obtained are identical with 
those with which we are already familiar. 

The Darwin-Fowler method is of great elegance, but ceases to 
be necessary if we adopt the grand partition function approach. 
And the grand partition function method is certainly valid, 
whatever the statistics, for thermodynamical assemblies. 

2. Application of these statistical methods to particular assem- 
blies, either simple or composite, has frequently yielded results 

t Certain summations, analogous to partition functions (p.f.), do remain but 
cause no trouble. 
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which might have been predicted thermodynamically but actually 
came directly out of the statistical treatment. For instance, the 
fact that systems which can be found in several different phases 
possess, for the equilibrium state of the composite assembly con- 
cerned, the same chemical potential in each phase was discovered 
by applying method (I) to determine the internal distribution of 
the systems among the various phases in which they could occur 
(see Chapter XIII). This at once raises the question of how much 
thermodynamics need be assumed to supplement the equations 
of statistical mechanics. And the strict answer is, none. 

Throughout the past chapters we have looked upon statistical 
mechanics as a bridge, or set of bridges, between mechanics and 
thermodynamics, and we have consciously built these bridges 
‘from both ends’. But the hypothesis (b) of Chapter II, amplified 
to the extent of explicitly stating (see Chapter V) that physical 
measurements give average or ‘equilibrium’ values of internal 
distribution functions, is a sufficient basis not only for specifically 
statistical results but also for all the equations of equilibrium 
thermodynamics . 

Thus, underlying method (I) is the assumption that 
the measurable properties of any assembly^ for which E, F, and 
N are ^given\ are found by averaging over all distinct, accessible, "f 
complexions {quantum mechanically, stationary states, classically, 
descriptions in phase space) of the assembly 'without fear or 
favour', (a) 

The total number of these complexions, Q{E,V,N), has the 
property that if we writej 

dlnQ = --pdE+ydV-adN (1) 

then is the same for all assemblies which can interchange energy 
and a is the same for all assemblies which can interchange systems.§ 
It can similarly be shown that if two assemblies are separated by 
a partition, through which they can exchange energy and which 
is itself capable of movement, then this partition will adjust itself 

f For the signihcaace of the qualification * accessible' see Chapter VII, § 6 and 
Chapter IX, § 4. 

} Notation chosen to conform with usage earlier in the book. 

§ For brevity, the argument is outlined for one-component assemblies only. 
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SO that y is the same for both the assemblies. Such arguments 
allow us to conclude that equation (1) is merely another form, 
usiin^ different symbols, of the well-known thermodynamical equa- 
tion , p 

dS==±dE+^dV-^dN. ( 2 ) 

Comparison of the equations (1) and (2) merely enables us to give 
to the symbols Q, a, jS, y names such as entropy, temperature, etc., 
with which we are already familiar: it does not add anything more 
to the content of equation (1). 

Analogous arguments apply also to the methods (II) and (III). 
And it can further be shown that the three methods are essentially 
equivalent, in that if the hypothesis (a) above is justified then 
so also, usually, are the statistical methods (II) and (III) (which, 
at first sight, appear to rest on quite different statistical pre- 
suppositions). We have already had considerable evidence, and 
some demonstration of this in earlier chapters: but for a full 
treatment the reader is referred to the two references to Tolman 
in the Bibliography. 

In this book we have dealt only with equilibrium statistical 
mechanics, and consequently have been concerned only with 
equilibrium thermodynamics. But such well-known laws of non- 
equilibrium thermodynamics as the increasing property of entropy 
in irreversible changes are also in fact implied in (the suitable non- 
equilibrium extension of) the fundamental statistical hypothesis 
(a) above. The proof of this is the content of the famous Boltz- 
mann JT-theorem, a full treatment of which will be found in 
Tolman ’s book. Here we can only assert that all thermodynamics, 
whether equilibrium or not, may be regarded, logically, as an off- 
shoot of statistical mechanics based on the assumption (a), or its 
suitable non-equilibrium extension. 

In the early days of statistical theory it was hoped that just 
as the equations of thermodynamics follow logically from the 
assumption (a) above, so also it might be possible to show that 
the assumption (a) itself, i.e. the equal a priori probability of all 
conceivable complexions of an assembly, was a logical consequence 
of the exact laws of Newtonian or quantum mechanics. But this 
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is now realized to be a false, indeed (bearing in mind the ‘reversible* 
nature of the equations of mechanics and the ‘directional’ content 
of the second law of thermodynamics) an unreasonable, hope. 
We can only say that statistical mechanics, based on the hypo- 
thesis (a) above, forms a natural extension — indeed, the only 
natural extension at all possible for its purpose — of mechanics 
(whether classical or quantal). The extra postulate, of equal 
a priori probabilities, is required, since, to quote from Tolmanif 
^Without this postulate there would be nothing to correspond to 
the circumstance that nature does not have any tendency to 
present us with systems [assemblies] in conditions which we regard 
as mechanically entirely possible but statistically improbable . . 

3. Although, as we have just seen, the equations of pure thermo- 
dynamics are only a part of the corpus of statistical theory (and 
can be derived logically from the fundamental hypothesis of 
statistical mechanics in much the same way as the laws of con- 
servation of energy and momentum in classical mechanics can 
be derived logically from Newton’s laws of motion), they in no 
way lose their importance, or usefulness, on that account. Not 
only do they apply to any assembly whatever, however little we 
may know in detail of its microscopic structure, but they also 
provide a useful check on the validity, or consistency, of approxi- 
mate statistical treatments. 

Moreover, there are problems of considerable practical interest 
which, whilst they can be solved accurately, are nevertheless based 
on certain physical approximations which appear, at first sight, 
to exclude a direct statistical attack. For example, throughout 
this book we have always treated solid or liquid phases on the 
basis of an Einstein model. For a pure, one component, phase 
the treatment is certainly formally correct (see § 1, Chapter 
XVIII): the real usefulness of the concept of an Einstein model 
is revealed in the theory of perfect and regular solutions. Recent 
work of Kirkwood in America and of Bom and Green in this 
country offers hope of a more fundamental treatment of condensed 
phases, at the same level as the theory of imperfect gases outlined 

t The Principles of Statistical Mechanics, p. 70. 
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in Chapter XVI, but for many practical purposes the Einstein 
model approach is likely to retain its value. And in dealing with 
Einstein models we have had frequently to appeal to the require- 
ments of pure thermodynamics: as, for instance, when insisting 
that the partition function, (p.f.), for a system in a condensed 
phase depends on the specific volume, v, of the assembly and not 
on its total volume, F. 

We shall conclude by discussing another case in which a physical 
approximation appears to exclude a direct statistical approach. 

4 . Fundamentally, statistical mechanics deals with mechanical 
pictures, or models, of physical assemblies: for example, with a 
perfect gas of structureless particles whose allowed energies are 
given by either classical mechanics or quantum theory. Thus, in 
particular, the possible energies themselves are purely mechanical 
concepts and may be supposed known when V and N are given. 
On the other hand, and less fundamentally, the most adequate 
simple description of a physical assembly may itself involve 
energy levels, or energy differences, depending directly on the 
temperature. Thus we might, for instance, in the problem of im- 
mobile adsorption, suppose that the heat of adsorption was directly 
dependent on the temperature of the surface concerned. 

Since, at first sight, there is no room in fundamental statistical 
theory for temperature-dependent energy levels, thermodynamic 
considerations are now very helpful. Let us examine what pure 
thermodynamics has to say on this matter. 

Fig. 46 [a) represents an assembly comprising a gaseous phase, 
assumed perfect, and an adsorbed phase, upon the surface S, 
which we shall suppose characterized by an adsorption energy 
W(T) per adsorbed atom. If we take this assembly round the 
Carnot cycle indicated in Fig. 46(6), in which AB and CD are 
isothermals and BC and DA are adiabatics; and then let and 
tend to coincidence and afterwards let the adiabatics (a) and 
(6) tend to coincidence, we find in this purely thermodynamic way 
that the assembly must satisfy the differential equation of state 
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where M denotes the number of adsorbed systems and y is the 
ratio CpjC^ for the gas concerned. 



(a) 



When W is a constant, independent of T, we can easily show that 
the differential equation (3) simply asserts that M(P, T) is a 
function solely of the variable x given by 


ry/(y-i>exp(-lf/ftr)* ^ ^ 

Of course not all functions of x are physically permissible; and 
actually Langmuir’s adsorption isotherms correspond to 

where and A are constants. 

On the other hand, in the general case when W is a function 
of T, the equation (3) asserts that M{P, T) is a function solely 
of the variable y given by 



where IJ, is a constant. Now, comparing the equations (4) and 
(5) we see that the energy W in (4) has been replaced in (5) by 

- J dT, i.e. by ^F, where W 
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i.e. where AF is the corresponding free energy changef related to 
W by the Gibbs-Helmholtz equation. 

This result can be proved quite generally, and by more fully 
statistical methods, but in doing so the demands of pure thermo- 
dynamics have always to be kept in mind. It then appears that 
if an energy level e occurring in a partition function, or Boltzmann 
factor, J depends directly on the temperature T then the expression 
^-efhT should always be replaced by where <j)(T) is the 

Helmholtz free energy connected with the energy €{T) through the 
Gibbs-Helmholtz equation 



This is necessary in order that the resulting equations may be 
thermodynamically correct. 

Two comments on this result, which has considerable practical 
importance, may usefully be added. First, if we define the entropy 
a(T) by the equation <f>{T) = €{T)—T(j(T), then 

e-<l>(T)lkT ^ ^a(T)lk^-€{T)lHT ^ 

i.e. where (j(T) = klnco{T), (7) 

Thus the new Boltzmann factor is indeed of the normal form, 
but we now see that when e depends directly on T so 
also must w, and the functions €(T) and co(T) are not independent. 
For the equations (6) and (7) imply that 

de(T) ^^^dlnco(T) 

It- ^ 

(the reader should confirm this), and our equations will not be 
thermodynamically correct unless this condition is satisfied. 
Secondly, formulae of the type 

7) - (9) 

where .4 is a constant, are of frequent occurrence in physical 
chemistry. When AE is a constant, independent of T, then 

t The arbitrariness in AF due to the constant To in (5) can usually be removed 
by suitable physical considerations. 

X Single term exp(~€/feT). 
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RT^BlnrjjdT — AE. If, however, AE varies with T, then (9) 
must be replaced by 

ri = ( 10 ) 

but AE is still determined by the equation BT^dhirjjdT = AE. 
For we now have 

RTmn^JdT = = aF, 



by the Gibbs-Helmholtz equation. Fig. 47 shows the well-known 
graphical construction for determining AE from values of —In 7^ 
plotted against l/T, 
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FUNDAMENTAL THERMODYNAMIC FORMULAE 


(a) A THERMODYNAMIC System (i.e. statistical assembly) is characterized by 
certain extensive properties, e.g. its volume V, internal energy JS/, entropy 
S, etc., and by certain intensive properties, e.g. the external pressure F, 
the temperature T, and chemical potentials /x^, etc. The extensive properties 
are directly proportional to the size of the assembly: in thermodynamics 
this is usually specified by the number of moles of substance concerned, 
whilst in statistical mechanics it is more convenient to use the number 
of microscopic systems for each component of the assembly. We shall here 
use Ni in this second, statistical, sense, i.e. to denote the number of systems 
of the ith component in the assembly. Intensive properties are independent 
of the size of the assembly. 

If the numbers Ni are fixed then, by the first law of thermodynamics, 
in any small change of state the heat absorbed by the assembly, 8Q, is 
equal to the change in the internal energy of the assembly plus the work 
done by the assembly against the external pressure, i.e. 

SQ ^ dE-hPdV, ( 1 ) 

whilst, if the change is reversible, then according to the second law of 


thermodynamics 


SQ == TdS, 


( 2 ) 


Combining (1) and (2) we have, for a small, reversible change of state. 


dE = TdS-PdV. 


(3) 


If now the numbers are changed, then we must add to the r.h.s. of 
(3) terms proportional to the changes so that (3) becomes 


dE = TdS-PdV+ W 

Here we know only that the factors must be intensive properties of the 
assembly (since dE must be independent of the amount of substance 
originally present). We shall later see that the quantities /x^ are indeed 
the chemical potentials of the various components. 

Finally, we may now suppose that the assembly is built up (from nothing) 
in such a way that the intensive properties remain constant throughout 
the process. Then, adding together equations of the form (4), and writing 
2 dE — E, etc., we obtain 

127= TS-^PV+^fiiNi, (6) 

which is the basic formula of thermodynamics. 

Defining the Helmholtz free energy F and the Gibbs free energy O by 


the equations 

F = E-TS 

(6) 

and 

O = F+PV, 

(7) 

we thus obtain, from (5), 

G = I/x,N, 

(8) 


i 
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which identifies the quantities with the chemical potentials (or par- 
tial molar free-energies divided, in our nomenclature, by Avogadro’s 
constant, Nq), 

Equation (4) becomes equation (4) of Chapter I for single -component 
assemblies. 


(6) To obtain equation (23) of Chapter II, we consider simultaneous 
small changes in all the quantities occurring in equation (6), so obtaining 
the formula dP = dE-TdS-SdT 

which, combined with equation (4), leads at once to 

dF = -SdT^PdV-j- XfiidNi. (9) 


PV = l(,iNi-F 


(c) To obtain equation (6) of Chapter XVII we combine equations 
(7) and (8) to give 

i 

whence, for simultaneous small changes in all these quantities, 
d(PV) = 'Xl^idNi-dF 


which, by equation (9), gives 

d(PV) = SdT^PdV^- J^N^dyn, 


(10) 


(d) Finally, on writing d(PV) = P dV -f V dP, equation ( 10) leads to the 
formula ^ ^ j,_ y ^ ^ ^ 


We have not explicitly used this equation in the text. 


4973 


Y 



APPENDIX II 


COMBINATORIAL FORMULAE AND MULTINOMIAL 
THEOREM 

(a) Number of ways of dividing N distinct things into sets of Wj, ng,..., n^, 

where ^ni = N, with no particular order of arrangement in any set. 

% 

The N things can be arranged in an ordered sequence in JV! ways: for 
the first in the sequence can be chosen in N ways (the objects being 
distinct), then the second in the sequence in (JV— 1) ways (there being 
N— 1 things left to choose from), the third in (N—2) ways and so on, 
giving altogether JV(N — 1 ){N — 2).. .2 . 1 = iV! ways of choosing the sequence. 

Now the first items in this sequence may be regarded as forming the 
set of things, the next n^ items as forming the set of n^ things and so 
on (since ^ = N^, Consequently, at first sight there are N\ ways of 

dividing the N things into groups of ng,..., nj^. 

But most of these JV! distributions differ from each other only in the 
sequence of the items within a given set. For instance, with all the last 
JV—nj things in the sequence fixed, there are, by the above argument, 
n^\ ways of forming the sequence which differ only in the order of the 
items in the first set. But we do not wish to distinguish arrangements 
within any paiticular set: so there are Ni/n^! possibilities when the first 
set is unordered and all later sets are ^ordered. Similarly, there are 
Nl/n^Ing! possibilities when the first two sets are unordered and all later 
sets are ordered. Finally, there are 

N\ 

n^\n^\...ni,\ 

possibilities of dividing N things into sets of n^, rig,..., n^y where ^n^ ~ N, 

I 

with no particular order of arrangement in any set. 

(h) Multinomial Theorem. 

(xi-fajg-f ...-fajjt)" = (Xi+a:2+...+a:fc)(Xi+X2+...+a5fc)...(a;x+iC2+».4-a^fc) 

( 1 ) 

there being altogether n bracket expressions on the r.h.s. of (1). 

A term involving where, necessarily, ^ = n, is obtained 

by choosing brackets from which, on multiplication, we shall take the 
term x^, rig brackets from which we shall take the term Xg, and so on. 
Having decided from which brackets the n^ terms x^ are to be taken we 
do not desire to lay down any particular sequence in which we shall multiply 
these n^ x^’s together: however we do so we shall obtain xj< and we only have 
to do so once. Consequently the coefficient of xj> x5*...xj* in the expansion 
of the r.h.s. of (1) is simply the number of ways in which we can divide 
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n things (the above brackets) into sets of ng,..., njt, where — n, 

and with no particular order of arrangement in any sot, i.o., by (a), the 
coefficient of is nl/nj! n 2 !...n;t!, so that, taking all possible choices 

of the numbers n^. 




2 


n! 


(Lii<=n) 






(c) The above multinomial theorem has been proved for n a positive 
integer. In Chapter XVIII, in deriving equation (22) from (21), we used 
the binomial theorem for a negative index, i.e. 


iy ! O ! 


a:’+...+ 


-I- (->)*»(»+ 1)-(^+*- it) ^ ^ 


in which the coeflBcient of of is 


(- 1 )' 


(n+s-1)! 


(n— 1)!«! 

We shall not prove this expansion here. It is valid when — 1 < x < 1. 
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LAGRANGE^S UNDETERMINED MULTIPLIERS 


Quite generally, if we require stationary values of/(a;i,a? 2 ,...,a?n) where the 
variables have also to satisfy the equations == 0, 

g%(Xi,,„,x^) = 0, gjg{Xi,...,Xn) = 0, where k <n, we may argue as 

follows. 

For any small changes in iCj,..., we have 


whence 


Si,* = gSx,+g8^,+... + gK. 

n . k . 

(8/+a(i8pi+...+at8j*) = 2 V o£j^|8a:j 

1-1 \ * j~i V 


( 1 ) 


for any values of oci, cxj,..., a^fc. And if the ‘point* (a;i-f-3a;i,a;3+Sa;2,...,a:„-fSx;j) 
is also to satisfy g| ~ gfg = 0, then = SfiTj = ...= = 0 and 

(1) becomes ^ * 

\ 

(2) 




Now the equations hgi = 0, hg^ == 0 ,..., hgj^ = 0 may be regarded as 
giving Safj, Sxi,..., in terms of Sa;„. If then we choose 

aif ttjk to satisfy 

it 


i^2“' 


equation (2) becomes 


i-i 


% ^ 
dx^ 


0 (i=l ,2 A;) 


i-Ttl' i-i ' 


(3) 


(4) 


and we can now choose all but one of the Sa;*s in (4) to vanish, in which case 

it 




and if / is stationary, 8/ must vanish for small but non-zero Bx^. Conse- 
quently j 


(6) 
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Combining the equations (3) and (5) we have n equations 

dXi 

i-i 





which, together with the k equations gj{Xif„.,Xn) = 0, j = 1, 2,,. 
to determine Xp Xj,..., and a^, a 2 »*-» 


, A;, suffice 
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STIRLING’S FORMULA 


Stirling’s formula may be written 


i“S=V(27r)iV^+*e-^ ^ 

or, more precisely, 


whence 


InJV! 


(N+i)lnN-N+iln{2n)+o{^^). 


For the very large values of N in statistical mechanics (rw 10*®) the less 
exact form InNl NlnN-N 


is good enough, and has been used throughout this book. 

Table XII lists InN!, N\nN—Nt and (N -^i)lnN~N -\-^ln(27T) for 
N = 5, 10, 15, 20, 25. 


Table XTT 


N 

InV! 

NhiN—N 

(N + i)lnN-N + 

+ iln(2,r) 

5 

4-8 

30 

4*8 

10 

161 

130 

16 1 

16 

27-9 

26-6 

27-9 

20 

42-3 

39-9 

42-3 

26 

680 

56-6 

68-0 
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THERMODYNAMICS OF BINARY SOLUTIONS 


(a) The Duhem-Mar gules equation. The Duhem-Margulea equation 

Pa ^Pb 

follows from the Gibbs-Dutiem thermodynamic equation 

XjtdfjLj^+XjudjjLB = 0 ( 1 ) 

on using the fact that for a perfect gas fx is of the form (equation (19), 
Chapter III) ^ ^ kT{\np+aln T+b), 

where a and b are constants and the changes in (1) are assumed to occur 
at constant temperature. The equation (1) itself is applied simply to the 
condensed phase: but systems in the condensed phase have the same 
chemical potential as in the vapour phase in equilibrium therewith. 
Equation ( 1 ) is a particular case of the more general relationship 

= -SdT+VdP, (2) 

i 

which holds for the condensed phase and follows at once from equations 
(7), (8), and (9) of Appendix I. For from these equations we obtain 

dG = -SdT-hVdP+ 
and dG = 

i 

whence (2) follows on equating the two right-hand sides. 

For processes at constant temperature, T, and constant total pressure, P, 
(which, for a binary solution, is usually atmospheric pressure) (2) becomes 

2 N^dfXi = ^ 

which, for just two components reduces to (1) on dividing throughout by 
Na+Ns- 

Even when P is not strictly constant the term V dP on the right-hand 
side of (2) is usually negligible compared with any particular term on the 
left-hand side, and consequently equation ( 1 ) is still effectively true. 


(6) Phase- Separation. Writing 




we have 




-H'A 



/aAF\ 

0 

\dNs/. 


( 3 ) 

(4) 


On the other hand, dividing (3) throughout by and writing 

Fm+Ns) = F, NM-^Ns) = X, NsRHi+Ns) - (1-x), we have 
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where, since Af is necessarily an intensive property of the condensed 
phase we can write 

F = + ( 1 — + Ap(x) (S') 

== r®4-AF(a?). 


Now F® = -x)fx% and is therefore a linear function of x (see 

Fig. 48 (i)). Moreover 


dF 

dx 




d Ar 
dx 


(all differentiations being at constant temperature), so that plots of F and 
Af as functions of x have gradients which differ everywhere by a constant 



amount (equal to /x^). Consequently if the curve Ar(a?) has a double 
tangent so also has the curve t(x), and the points of contact, x^ and x^, 
are the same for both curves (Fig. 48 (i)). 

Now, by (4) 


a[(N^-fN^)AF(a;)] 

“ m , — 






: AF(x)-f 


Nji dAv 


N^-j-Njs dx 

dAv 


: AF(x)-i-(l—x) 


dx 


( 6 ) 


But, in Fig, 48 (ii), NX measures Ar and NA mesusures (1— re). Therefore 
d Af 

AM measures AF4-(l--a;)— i.e. AM = fx^“~/x^ (a negative quantity 
in the case illustrated). 
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It follows that a double tangent of r(x) touches the curve at points, 
Xi and corresponding to two compositions of the solution for which 
the chemical potentials of the component A are equal. It is easy to show 
that the chemical potentials of the component B are also equal for these 
two compositions. It can also bo shown that the parts of the curves lying 
between Xi and X 2 correspond to thermodynamically unstable states of 
the solution, so that increasing x beyond Xi results in phase separation 
into two conjugate phases with compositions x^ and x^. When the mole 
fraction x is increased beyond x^ we again have a single, or homogeneous, 
phase. 

In § 7 of Chapter XVIII we used as a criterion of critical conditions the 

vanishing of i.e. of On account of (6) this implies 
ox ox 


d Af 
dx 


d Af . , , , d* Af 


I.e. 


d* Af 
dx* 


= 0, since we can rule out the solution x = 1 . 


(6) 


But it is evident from Fig. 48 (ii) that a double tangent to Af implies (at 
least) two points of inflexion of Af between x^ and Xj, and at any point 
of inflexion d* ^vjdx* — 0. Consequently equation (6) is a necessary 
criterion for the existence of a double tangent, i.e. for phase separation. 
It can also be shown to be a sufficient condition in the case of the sym- 
metrical curves with which we are concerned in the theory of regular 
solutions. 
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PHYSICAL CONSTANTS 


The values of fundamental physical magnitudes listed below are taken 
from the tables of R, T. Birge (1941) as given in his article, ‘The General 
Physical Constants’ published by the Physical Society in Reports on 
Progress in Physics^ vol. viii, 1941. 

Velocity of light c = (2*99776± 0-00004)10^® cm. sec.~^ 

Electronic charge c = (4-8026 ± 0*00 lOllO""^® e.s.u. 

Planck’s constant h = (6*624i: 0*002)10“®’ erg sec. 

Avogadro’s number No ~ (6-0228 ±0-001 1)10*®. 

Joule equivalent J = (4* 1855 ±0-0004) abs. joule cali 5 .~^ 

Boltzmann’s constant k — (1-38047 ±0-00026)10“^* erg deg.“^ 
Electronic mass m = (9*1066±0-0032)10“*® gram. 

Mass of atom ^ (1*67339±0*00031)10~** gram. 

Standard atmosphere A = (1*013246±0*000004)10* dynecm.“* 

Note: 1 volt — 10*c“^ e.s.u. and 1 joule =10’ ergs. 
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W. J. C. Orb, ‘Statistical Treatment of Poljmier Solutions at Infinite 
Dilution’. Trans. Faraday Soc. 43 , 12-27 (1947). 

(These papers give useful references to other recent work in this field.) 
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Adsorption, Fowler’s isotherm, 310. 
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Band spectra, 114 et seq. 

Boltzmann’s constant, 7, 12, 49 et seq., 
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iy-theorem, 314. 

Bragg and Williams approximation, 
294, 309. 

Chemical potential, and law of mass 
action, 187 et seq. 
of condensed phase, 35. 
of monatomic gas, 49. 
of perfect gas, 50, 190. 

Classical statistics, condition for, 46. 
Conversion factors, 121 et seq. 

Critical adsorption, 310. 

Critical mixing temperature, 296, 306, 
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Darwin-Fowler method, 312. 

Debye, specific heat of solid, 34, 140, 
147. 
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set of distribution numbers, 22. 
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Phase integral, 60. 
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Practical entropy, 144. 

Quantal statistics, 46. 

Regular solution, 291. 
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Representative point, 56. 

Restrictive condition, 17. 
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Spectroscopic entropy, 138. 
Symmetry factor, 88. 
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Thermodynamic method (for poly- 
phase assemblies), 205. 
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et seq., 286. 

in solution, 230 et seq., 286. 

Dipole moments, 167. 
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A-\-B = ABy 178 et seq., 282 et seq. 
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general, 196, 284. 

Doppler broadening, 78 et seq. 
Duhem-Margules equation, 230, 234, 
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Dulong and Petit, law of, 33, 65. 

Einstein-Bose statistics, 45, 63, 286. 
Einstein model, 198, 214, 218, 224, 279, 
284, 289, 316. 
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Entropy, and disorder, 8 et seq. 
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of perfect solutions, 229, 234. 
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154. 

of rigid molecule, 153, 154. 
translational, 48. 
vibrational, 35, 97. 

Eulerian angles, 131, 157 et seq. 

Fermi-Dirac statistics, 45, 63, 286. 
Fluctuation effects, 2, 28. 

Gibbs-Helmholtz formula, 32, 237, 302, 
318. 

Gibbs paradox, 177. 

Grand partition function, defined, 274. 
for [l]-regular solution, 299. 
references, 332. 
table of, 286. 

Guggenheim’s equation of quasi- 
chemical equilibrium, 300 et seq., 
310. 



334 


INDEX 


Heisenberg's uncertainty relation, 65 
et seq. 

Hindered rotation, 150 et seq. 

Imperfect gas, 46, 250 et seq., 281. 
mixture, 270. 

Intensity of spectral lines, 116 et seq. 
Internal distribution functions, 9, 81 et 
seq. 
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quantal, 75. 
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linear rotator, 117. 
Maxwell-Boltzmann law, 78. 
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seq. 

Ising model, 296. 

Isotopes, 144. 

Lagrange's undetermined multipliers, 
19, 207, 273, 324. 

Langevin function, 162. 

Law of mass action, condensed phase, 
217. 

gas phase, 185 et soq., 282 et seq. 

Maxwell-Boltzmann law, 78, 83. 
Metastable equilibrium, 109 et seq., 141. 
Multinomial theorem, 243, 322. 

Nemst’s law, 136 et soq., 143 et seq. 
Non-rigid molecules, 149 et soq., 309. 
Nuclear spin, 101 et seq., 143. 

Partition function, defined, 24, 40, 59. 
diatomic gas, classical, 89; quantal, 
93. 

electronic (in molecule), 96. 
factorization property of, 80 et seq., 
248. 

[1] -harmonic oscillator, classical, 65; 

quantal, 32, 63. 

[2] -harmonic oscillator, 35. 

[3] -harmonic oscillator, 32. 
[l]-rotator, 152, 154. 
monatomic gas, 127. 
orientational-rotational, 157 et seq. 
rotation of diatomic molecule, clas- 
sical, 88; quantal, 91. 

deuterium, 110. 
hydrogen, 102 et seq. 
rigid molecule, 130 et seq. 


Partition function (cont.): 
translational, classical treatment, 63. 
numerical value, 63. 
quantal treatment, 43. 

Partition function for assembly, de- 
fined, 237. 
imperfect gas, 265. 
independent localized systems, 244. 
independent non-localized systems, 
246, 252. 

perfect .solution, 289. 
regular solution, 291. 

Perfect gas, 51. 

Phase separation, 296, 306, 327 et seq. 

Physical constants, 121 et seq., 330. 

Polarizability, 165 et seq. 

Polymers, 309. 

Raoult's law, 227, 282, 287. 

Kotational levels and selection rules, 
113. 

Sackur-Tetrode equation, 48, 136, 146, 
154, 176. 

Specific heat, diatomic gas, classical, 
89 ; quantal, 92, 94. 
electronic (in molecules), 95 et seq. 
equilibrium hydrogen, 105. 
hindered rotation, 152. 
hydrogen, 90. 
monatomic gas, 48. 
ortho- and para-hydrogen, 99 et seq. 
polyatomic rigid molecules, 134. 
solid, 30 et seq. 
vibrational, 97. 

Stirling’s formula, 20, 28, 245, 310, 326. 

Temperature-dependent energy levels, 
316 et seq. 

Translational energy levels, 40. 

Van der Waals’ equation, 268 et seq. 

Vibrational levels and selection rules, 
113, 115. 

Vibrations of polyatomic molecule, 
128 et seq. 

Virial expansion, 259, 267, 270. 
for mixture, 271. 

Volume of condensed phase, effect of, 
209 et seq., 284 et seq. 

Zero-point energy, 31, 76. 



PKINTED IN 
GREAT BRITAIN 
AT THE 

UNIVERSITY PRESS 
OXFORD 
BY 

CHARLES BATEY 
PRINTER 
TO THE 
UNIVERSITY 



DATE OF ISSUE 

Thi« book mtt«l bo returned 
withia 8, 7, 14 d%yB of its issue. A 
fine of ONE ANNA por day will be 
charged if the book is overdue 




